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PREFACE 

In  preparing  this  edition  the  authors,  after  careful  consideration 
and  consukation  with  many  who  have  used  the  work  in  the  past,  have 
decided  to  adopt  the  octavo  size  and  to  issue  the  new  edition  in  parts. 
It  is  beheved  that  this  arrangement  will  make  the  work  much  more 
convenient  as  a  text-book,  and  that  it  will  also  be  acceptable  to  those 
who  may  use  it  only  as  a  reference  book.  From  the  authors'  stand 
point  it  greatly  facilitates  the  work  of  revision. 

It  is  expected  to  issue  the  work  in  three  parts.  The  present  volume, 
Part  I,  treats  of  Simple  Structures,  including  beams  and  trusses;  Part 
II  will  treat  of  structures  requiring  higher  methods  of  analysis,  such  as 
swing  bridges,  arches,  suspension  bridges  and  cantilever  bridges,  and 
will  include  a  comprehensive  treatment  of  secondary  stresses;  Part  III 
will  be  devoted  to  the  subject  of  design.  Parts  I  and  II  correspond, 
therefore,  in  a  general  way  with  Part  I  of  the  old  edition,  and  Part  III 

with  Part  II. 

The  present  volume  covers  essentially  the  same  ground  as  Chapters 
I  to  VII  and  Chapter  XV  of  the  old  edition.  This  material  has,  how- 
ever, been  largely  rewritten  and  considerably  expanded.  The  plan 
originally  adopted  of  carrying  the  graphical  and  algebraic  methods 
along  together  has  been  adhered  to,  with  an  increased  amount  of  atten- 
tion given  to  the  graphical  processes. 

Chapter  I,  relating  mainly  to  the  Historical  Development  of  the 
Truss,  has  been  left  practically  as  written  in  1893  by  the  lamented 
Professor  Johnson.  Chapter  II,  on  the  Elements  of  Analysis,  has  been 
considerably  enlarged  so  as  to  serve  more  satisfactorily,  in  connection 
with  Chapter  III,  as  a  course  in  graphic  statics.  Chapter  III  has  also 
been  much  enlarged  and  includes  the  complete  analysis  of  the  more 
common  types  of  roof  trusses.  The  revision  of  Chapters  II  and  III  has 
been  almost  wholly  the  work  of  Mr.  W.  S.  Kinne,  Assistant  Professor 
of  Structural  Engineering  in  the  University  of  Wisconsin,  to  whom  the 
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thanks  of  the  authors  are  due  for  this  work  and  for  many  valuable  sug- 
gestions relative  to  other  parts  of  the  revision. 

Chapter  IV,  dealing  with  Uniform  Loads,  remains  essentially  as 
rewritten  in  1904,  with  some  additions  to  the  introductory  matter  and 
to  the  graphical  analysis  at  various  points.  Chapter  V  on  Concentrated 
Loads  has  been  entirely  rewritten.  The  use  of  influence  Imes,  first 
brought  to  the  attention  of  American  engineers  by  Professor  Swain  in 
1887,  and  introduced  in  the  first  edition  of  this  work  in  1893,  has  i)roven 
to  be  a  valuable  aid  in  the  calculation  of  stresses,  especially  for  such 
structures  as  swing  bridges,  arches,  etc.,  where  the  conditions  are  some- 
what complex.  While  their  use  in  the  study  of  beams  or  the  ordinary 
single-mtersection  trusses  is  of  minor  importance,  it  has  been  thought 
best  to  treat  the  general  subject  at  the  outset  and  to  make  such  use  of 
them  in  the  various  classes  of  problems  as  seemed  expedient.  The  dis- 
cussion of  equivalent  uniform  loads  is  included  ui  this  chapter.  The 
use  of  the  influence  Ime  in  the  selection  of  such  loads  is  explained  and 
a  diagram  given  of  a  system  of  equivalent  loads  for  Cooper's  E-50  load- 
ing for  moments  for  all  spans  and  panel  points. 

Chapter  VI  on  Lateral  Trusses  includes  new  material  on  Tresdes 
and  Towers.  In  Chapter  VII  the  subject  of  Deflections  and  Stresses 
in  Redundant  Members  has  been  revised  and  amplified  by  the  addition 
of  the  graphical  methods  applied  to  both  these  problems. 

In  the  new  edition  the  plus  sign  is  used  for  tension  and  the  minus 
sign  for  compression,  this  being  contrary  to  former  usage.  For  the 
usual  stress  analysis  it  is  quite  immaterial  which  rule  is  employed,  but 
m  problems  involvmg  distortions  it  is  more  logical  and  convenient  to 
use  the  plus  sign  for  tension  and  the  minus  sign  for  compression  in 
order  to  correspond  with  the  signs  of  the  resulting  deformations.  This 
usage  appears  to  be  rapidly  extendmg  and  will  doubtless  prevail. 

Many  valuable  suggestions  have  been  received  from  engineers  and 
teachers  relative  to  this  revision,  and  the  thanks  of  the  authors  are  due 
them  for  the  interest  they  have  taken  in  this  work. 

F.  E.  TURNEAURE. 

C.  W.  Bryan. 
Janxtaky,  1910. 
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STRESSES  IN  SIMPLE  STRUCTURES 


CHAPTER  I 

DEFINITIONS  AND  HISTORICAL  DEVELOPMENT 
Section  I.— Forces  and  Stresses 

I.  Forces.— A  Force  is  that  which  tends  to  change  the  state  of  motioi 
of  a  body.  It  becomes  evident  either  as  a  push  or  a  pull  appHed  at 
some  point  of  the  body. 

Forces  exerted  upon  a  given  body  by  another  body  are  called 
external  forces  with  respect  to  the  one  under  consideration.  Forces 
acting  in  the  interior  of  a  body  are  called  internal  forces  or  stresses. 
One  body  may  exert  a  force  upon  another  without  contact,  as  by  gravity 
or  magnetic  action,  or  by  direct  contact  producing  a  direct  push  or  pull. 

In  the  structures  to  be  considered  in  this  work  the  external  forces 
include  all  the  loads  and  foundation  reactions,  including  the  weight  of 
the  structure  itself,  which  act  upon  and  which  tend  to  distort  it.  These 
forces  are  always  replaced  by  their  equivalent  forces  applied  at  the 
joints  before  the  direct  stresses  in  the  members  can  be  computed. 

2.  Strain  is  the  distortion  of  a  body  caused  by  the  application  of  one 
or  more  external  forces.*     It  is  measured  in  units  of  length,  as  inches, 

"  *  In  popular  language  "strain"  and  "stress"  are  often  confused  and  used  indiscrimi- 
nately. Some  authors  of  repute  have  also  followed  the  popular  usage,  but  the  definitions 
here  given  conform  to  the  practice  of  the  leading  authorities. 
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and  not  in  pounds.  The  proportional,  or  relative,  strain  is  usually 
meant,  this  being  the  distortion  per  unit  of  original  length,  or  in  other 
words,  the  actual  distortion  divided  by  the  original  length  of  the  member. 

3.  Stress  is  the  resistance  of  a  body  to  distortion,  and  can  only  exist 
in  unconfined  bodies  when  these  are  soHd  or  plastic.  It  is  measured 
in  pounds  or  tons  the  same  as  the  external  forces.  The  stresses  resist, 
or  hold  in  equilibrium,  the  external  forces,  but  the  immediate  cause 
of  the  stress  is  the  distortion  of  the  body.  The  external  forces  upon 
a  framed  structure  distort  the  members  until  the  resisting  stresses 
developed  in  them  are  sufficient  to  hold  in  equilibrium  these  external 
or  distorting  forces.  For  bodies  in  equilibrium  the  external  forces  and 
the  internal  stresses  stand  in  the  relation  to  each  other  of  action  and 
reaction  in  mechanics.  Furthermore,  when  the  stress  in  one  member 
is  resisted  by  or  transmitted  to  another  member  or  part  of  a  structure 
it  acts  upon  the  latter  as  an  external  force. 

Sign  of  the  Stress.— In  this  work  tension  is  called  plus  and  com- 
pression minus.  In  ordinary  stress  calculations  the  opposite  conven- 
tion is  quite  as  convenient,  but  in  problems  involving  distortions  it  is 
more  convenient  to  use  plus  for  tension  and  minus  for  compression 
because  the  accompanying  changes  of  length  are  respectively  plus  and 

minus. 

4.  Relation  between  Stress  and  Strain.— In  all  solid  bodies  there 
is  a  definite  relation  between  the  intensity  of  the  stress  and  the  amount 
of  the  accompanying  strain.  No  body  is  so  rigid  as  to  remain  un- 
strained, or  undistorted,  under  the  appHcation  of  any  finite  externa] 
force,  however  small.  Within  a  certain  limit  for  any  particular  material 
a  given  increase  in  the  external  force  is  always  accompanied  by  a  pro- 
portionate increase  in  the  strain,  or  distortion,  and  this  develops  a  Hke 
increase  in  the  stress,  or  resistance.  Thus  if  any  bar  of  rolled  iron  or 
steel  be  distorted  by  an  external  force  (pull  or  thrust)  of  28  lbs.  per 
square  inch,  it  will  stretch  or  shorten,  as  the  case  may  be,  an  amount 
equal  to  one  one-milUonth  part  of  its  length,  the  internal  stress,  or 
resistance  to  distortion,  then  coming  to  be  just  equal  to  the  external 
force  of  28  lbs.  per  square  inch.  An  external  force  of  28,000  lbs.  per 
square  inch  distorts  or  strains  the  bar  one  one-thousandth  part  of  its 
length  and  then  develops  in  the  bar  a  resistance  or  stress  of  28,000 
1>>5.  per  square  inch.     It  is  evident  however,  that  this  resistance  cannot 
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continue  to  increase  indefinitely  in  proportion  to  the  distortion. 
There  always  comes  a  time,  if  the  external  force  continues  to  in- 
crease, when  a  greater  increment  of  distortion  is  requisite  to  develop 
a  given  increment  of  resistance.     This  point  is  called 

5.  The  Elastic  Limit.— Below  this  limit  the  stress  and  the  strain  are 
proportional,  equal  increments  of  one  always  producing  equal  incre- 
ments of  the  other.*  Also,  below  this  limit,  when  the  distorting  force 
ceases  to  act  the  body  returns  to  its  original  shape  and  dimensions  and 
the  stress  is  relieved.  If  the  body  be  distorted  beyond  the  elastic  Umit, 
the  strain  increases  more  rapidly  than  the  stress,  or  than  the  external 
force,  these  two  always  of  necessity  being  equal  to  each  other,  and  some 
of  the  distortion  becomes  permanent.  That  is,  when  the  external  force 
is  removed  the  body  does  not  fully  return  to  its  original  dimensions,  but 
remains  permanently  distorted  somewhat,  or  it  is  said  to  have  "taken 

a  set.^' 

6.  The  Modulus  of  Elasticity  is  the  ratio  of  the  stress  per  unit  of  area 
to  the  relative  strain,  or  distortion,  which  accompanies  it.  In  other 
words,  it  is  unit  stress  divided  by  unit  strain,  or 

unit  stress       /       fl^         /  -;:;.  /  x 

unit  stram       _a_       « 
I 

where    a  =  distortion  or    strain  (either  elongation   or  compression) ; 
/  -  original  length  of  part  under  stress; 
/  =  stress  per  unit  area  (pounds  per  square  inch  in  English  units). 

Since  pounds  and  inches  are  the  standards  used  in  EngUsh,  the 
modulus  of  elasticity  as  given  and  used  in  all  English  works  must  be 
understood  to  represent  pounds  per  square  inch,  the  denominator  of 
our  fraction  in  eq.  (i)  being  an  abstract  number.f 

This  modulus  or  ratio  is  constant  within  the  elastic  limit.  Beyond 
that  it  steadily  decreases  until  it  reduces  to  zero  in  the  case  of  solid 
metals  where  the  material  becomes  plastic  and  draws  out  or  compresses 
under  a  constant  load.     All  working  stresses  are,  or  should  be,  well 

*  This  is  known  as  Hooke's  Law  and  was  originally  expressed  by  the  Latin  phrase 
"  Ut  tensio  sic  vis." 

t  If  this  denominator  could  become  unity,  which  it  never  can  in  solids,  then  the  fraction, 
or  E,  would  represent  the  number  of  pounds  per  square  inch  required  to  stretch  a  body  to 
twice  its  original  length,  and  the  modulus  of  elasticity  is  sometimes  so  de6ned. 
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within  the  elastic  limit,  and  hence  for  all  such  stresses  this  ratio  is  con- 
stant for  any  given  material.  When  it  is  known,  the  resisting  stresses 
can  be  found  for  a  known  distortion,  or  the  distorUon  may  be  computed 
for  a  known  stress.  The  determination  of  this  ratio  requires  very 
delicate  measuring  apparatus  with  the  most  careful  and  expert  hand- 
ling. Tabular  values  given  for  these  moduli  for  different  materials  in 
standard  works  are  not  very  reHable.  Thus,  for  all  the  rolled  irons 
and  steels  this  modulus  is  remarkably  constant,  being  perhaps  always 
between  26,000,000  and  31,000,000  lbs.  per  square  inch  for  the  ordinary 
temperatures,  while  the  tensile  strength  of  these  metals  will  vary  from 
45,000  lbs.  per  square  inch  for  wrought-iron  and  soft  steel  to  over 
200,000  lbs.  per  square  inch  for  hard-drawn  steel  wire.  It  is  an  ex- 
tremely valuable  property  of  engineering  materials,  and  is  used  to  great 
advantage  by  the  scientific  designer. 

Examples.— The  following  examples  are  given  to  illustrate  some  of  the  uses  to  be  made 
of  the  modulus  of  elasticity.  In  solving  these  problems,  take  the  modulus  of  wrought-iron 
as  27,000,000,  and  of  steel  as  29,000,000;  of  cast-iron  as  12,000,000;  and  of  timber  as 
1,500,000  lbs.  per  square  inch. 

1.  A  steel-^\'ire  cable  5  miles  long  and  one  square  inch  in  soHd  section  is  pulled  with 
an  average  force  of  15,000  lbs.     What  is  the  strain,  or  stretch? 

2.  The  rim  of  a  cast-iron  fly  wheel  10  feet  in  diameter  is  subjected  to  a  tensile  stress  of 
5,000  lbs.  per  square  inch  from  the  centrifugal  force.     How  much  is  its  diameter  increased  ? 

3.  If  an  iron  or  steel  rail  30  feet  long  is  prevented  from  expanding,  what  will  be  the 
.stress  in  it  per  square  inch  resulting  from  a  rise  of  temperature  of  80°  F.,  the  coefficient  of 
expansion  being  taken  at  0.0000065  ? 

4.  A  series  of  wooden  posts  superposed  upon  each  other  in  a  building  to  a  total  height 
of  60  feet  are  subjected  to  an  average  compressive  stress  of  1,000  lbs.  per  square  inch. 
How  much  will  be  the  settlement  at  the  top  from  this  cause  ? 

Section  II.— The  Truss  and  Its  Elements 

7.  A  Truss  is  a  framed  or  jointed  structure  designed  to  act  as  a 
beam  while  each  member  is  usually  subjected  to  longitudinal  stress 
only,  either  tension  or  compression. 

8.  The  Struts  are  those  members  which  are  compressed  endwise, 
and  which  therefore  have  developed  in  them  compressive  resistances 
or  stresses.     Struts  are  sometimes  called  Posts,  or  Columns. 

9.  The  Ties  are  those  members  which  are  extended,  and  which  thus 
have  developed  in  them  tensile  resistances  or  stresses. 
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10.  The  Upper  and  Lower  Chords  are  composed  of  the  upper  and 
lower  longitudinal  members  respectively.  When  the  loads  are  down- 
ward and  the  truss  is  supported  at  its  ends,  the  upper  chord  is  always 
in  compression  and  the  lower  chord  always  in  tension.  The  spaces 
between  the  chord  joints  are  called  panels. 

11.  The  Web  Members  are  those  which  join  the  two  chords.  They 
are  alternately  in  tension  and  compression,  or  the  struts  and  ties  alter- 
nate in  the  web  system. 

12.  A  Counterbrace  is  a  member  which  is  designed  to  resist  both 
tensile  and  compressive  strains.  That  is,  for  one  position  of  the  load 
the  member  may  be  elongated,  while  for  another  it  may  be  compressed, 
and  hence  at  different  times  it  must  resist  both  extension  and  com- 
pression. When  two  or  more  external  forces  act  upon  it,  some  of  which 
tend  to  compress  the  member  and  others  to  extend  it,  it  is  evident  that 
only  the  algebraic  sum  of  these  forces  really  acts  upon  the  member. 
It  is  subjected  to  a  stress,  therefore,  equal  to  and  of  the  same  kind  as 
the  algebraic  sum  of  all  the  external  forces  acting  upon  it. 

Hence,  also,  a  tension  member  or  tie  may  resist  a  compressive  ex- 
ternal force  without  becoming  a  counterbrace,  so  long  as  this  com- 
pressive force  is  smaller  than  another  extending  force  which  also  acts. 
Similarly  with  struts,  they  can  resist  tensile  external  forces  without 
becoming  ties,  so  long  as  these  are  less  than  other  compressive  forces 
which  continue  active.  The  residual  stress  is  tension  in  the  one  case 
and  compression  in  the  other,  for  which  only  the  member  is  designed, 
and  therefore  we  may  say  that  both  struts  and  ties  may  resist  the  con- 
trary external  forces  without  becoming  counterbraces,  the  stresses  in 
the  member  always  being  of  one  sign  or  kind. 

13.  Mains  and  Counters.— A  main  member,  whether  strut  or  tie,  is 
one  which  acts  when  the  entire  structure  is  loaded.  A  counter  is  one 
which  acts  only  for  particular  partial  loads. 

14.  Illustration.— In  Fig.  i,  which  represents  a  Pratt  truss,  the 
compression-jnembers,  or  struts,  are  shown  by  double  lines,  and  the 
tension  members,  or  ties,  by  single  lines.  When  the  end  posts  are 
inclined  as  in  the  figure,  they  would  seem  to  belong  about  as  much  to 
the  upper  chord  as  to  the  web  system.  They  are  usually  spoken  of 
separately  as  the  "inclined  end-posts"  or  the  "batter-braces." 

The  members  eF,  jG,  F  g,  and  G  h  are  counters,  or  counter-ties. 
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There  are  no  counterbraces  in  this  truss;  that  is,  no  members  have  to 
resist  both  tension  and  compression. 

The  tension  members  Bc,Cd,D  c,  Ej,  gH,  h  I,  i  J,  and  ;  K  are 
main  tie-rods.  The  members  BhdJidKk  are  not  elements  of  the  truss 
proper,  since  they  serve  only  to  carry  the  loads  at  h  and  at  k  to  the  hip- 
joints. 


Fig.  I. 


15.  The  Action  of  a  Truss.— Since  a  truss  is  a  jointed  structure 
composed  of  rigid  but  elastic  members  so  arranged  as  to  form  an  un- 
yielding combination,  it  must  be  composed  of  an  assemblage  of  rigid 
polygons.  But  the  only  rigid  polygonal  figure  is  a  triangle.  A  truss 
must  therefore  be  composed  of  an  assemblage  of  triangles.  Any 
assemblage  of  triangles  fastened  together  at  their  apices,  consecutive 
figures  having  sides  in  common,  is  a  truss,  and  will  act  as  a  beam.  In 
Fig.  I  the  triangles  are  all  right-angled.  A  load  placed  at  joint  e,  for 
instance,  is  carried  by  the  truss  as  a  beam  to  the  abutments  at  a  and  I. 
The  part  of  this  load  which  goes  to  the  left  abutment  may  be  conceived 
as  being  carried  up  to  D,  down  to  d,  up  to  C,  down  to  c,  up  to  B,  and 
then  down  down  to  a,  where  it  passes  to  the  ground.  The  part  which 
goes  to  the  right  passes  over  the  path,  e,  F,  f,  G,  g,  H,  h,  I,  i,  J,  j,  K 
and  /.  Thus  for  such  a  load  the  ties  e  F  and  /  G  are  put  under  stress, 
while  Ej,F  g,  and  G  h  are  idle,  as  well  as  the  post  E  e  and  the  hangers 
BhdindK  k.  If  all  these  idle  members  were  removed,  the  truss  would 
stand  under  this  particular  loading,  since  it  would  still  remain  an 
assemblage  of  triangles  properly  joined.  If  the  load  were  placed  ri 
/,  £  /  and  /  G  would  be  under  stress,  while  e  F  and  F  g  would  be  idle. 
If  the  two  middle  joints  /  and  g  were  loaded  equally,  the  part  of  the 
load  at  /  going  to  the  right  is  just  balanced  by  the  part  of  the  load 
at  g  going  to  the  left,  and  hence  there  is  no  stress  in  the  intermediate 
web  members  f  G,  F  g,  Ff,  g  H.  The  counter-ties  e  F  ^ndG  h  are 
also  idle. 
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In  Fig.  2  we  have  generalized  conceptions  of  a  truss.  They  are 
assemblages  of  triangles,  adjacent  figures  having  a  common  side,  and 
exemplify  the  generic  idea  of  a  truss. 

A  truss  is  not  weakened  from  its  want  of  symmetry  or  from  its 
sagging  in  the  middle,  provided  all  the  members  are  properly  pro- 
portioned to  carry  their  loads. 


Fig.  2. 


A  Through-bridge  is  one  in  which  the  roadway  is  carried  directly 
at  the  bottom-chord  joints,  with  lateral  bracing  overhead  between  the 
top-chord  joints,  thus  inclosing  a  space  through  which  the  load  passes. 

A  Deck-bridge  is  one  in  which  the  roadway  is  carried  directly  at  the 
top-chord  joints,  or  on  the  upper  chords  themselves.  The  trusses  are 
usually  placed  closer  together  than  on  through-bridges,  the  roadway 
extending  over  them. 

A  Pony  Truss  is  a  low  truss  of  short  span,  with  the  roadway  carried 
at  the  bottom  joints,  but  not  of  sufficient  height  to  allow  of  the  upper 
lateral  bracing.  The  trusses  are  stayed,  or  held  in  place,  by  bracing, 
connected  with  the  floor  system. 

Section  III.— Historical  Development  of  the  Truss  Idea 

16.  Primitive  Systems.— The  earliest  forms  of  truss  were  built  of 
timber,  the  progressive  development  of  the  forms  used  for  bridge  pur- 
poses being  shown  in  the  following  figures. 

Figs.  3a,  3&,  3c  are  three  forms  of  truss  construction  employed  by 
Palladio,  a  famous  Italian  architect,  1560-80.  These  trusses  were 
built  entirely  of  timber,  and  are  believed  to  be  the  earliest  examples 
of  a  scientific  use  of  the  truss  element,  the  rigid  triangle.  Palladio 
wrote  an  elaborate  illustrated  treatise  on  architecture  in  which  these 
and  other  forms  of  truss  have  been  preserved. 

The  mastery  of  the  principles  of  truss  construction  did  not  follov 
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the  practice  of  PaUadio,  and  so  fine  an  example  of  the  use  of  the  truss 
element  is  not  found  again  for  nearly  three  hundred  years. 

Fig.  4  represents  one  span,  170  feet  long,  of  a  bridge  over  the  Rhine 
at  Schaffhausen,  built  in  1758  by  Ulric  Grubenmann,  a  carpenter  by 
trade  but  really  a  great  engineer.     He  afterwards  bulk  a  wooden  bridge 


of  similar  design,  366  feet  long,  near  Baden.     Both  these  bridges  served 
their  purpose  till  destroyed  by  Napoleon  in  1799. 

Fig.  5  represents  the  "Permanent  Bridge"  over  the  Schuylkill 
River  at  Philadelphia,  buiU  by  Mr.  Timothy  Palmer  of  Newburyport, 
Mass.,  in  1804.*     The  middle  span  was  195  feet  and  the  side  spans 


*  See  Paper  on  American  R.  R.  Bridges,  by  Theodore  Cooper,  Trans.  Am.  Soc.  Civ. 
Engrs.,  Vol.  XXI,  p.  i. 
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were  150  feet  each.     It  was  covered  in  and  continued  in  service  till 
1850,  when  it  was  replaced  by  a  bridge  for  railroad  purposes. 

In  1804  Mr.  Theodore  Burr  built  a  bridge  over  the  Hudson  River 
at  Waterford,  in  four  spans  of  154,  161,  176,  and  180  feet  clear  span, 
respectively,  after  the  pattern  shown  in  Fig.  6.  All  members  were  of 
timber,  and  counter-struts  were  inserted  the  entire  length,  thus  giving 


Fig.  5. 


176'o"C.  to  C.  of  End  Posts 


great  rigidity.  This  is  probably  the  most  scientific  design  for  an  all- 
wooden  bridge  ever  invented,  and  for  a  half-century  it  stood  unrivalled 
for  cheapness  and  efficiency  for  highway  purposes  in  this  country. 
These  bridges  were  always  covered  in,  the  covering  extending  many 
feet  beyond  the  end  of  the  truss  proper. 

In  Fig.  7  is  shown  a  view  of  the  Colossus  Bridge  over  the  Schuylkill 
River  at  Philadelphia,  built  in  181 2  by  Mr.  Lewis  Wernwag.  It  was 
340  feet  clear  span,  and  marked  a  great  advance  on  previous  practice 


lO  DEFINITIONS    AND    HISTORICAL    DEVELOPMENT 

in  America  in  the  length  of  span.  It  was  destroyed  by  fire  in  1838. 
These  three  gentlemen,  Palmer,  Burr,  and  Wernwag,  were,  up  to  1840, 
the  leading  bridge  engineers  of  America. 

All  the  above  types  of  bridges,  Figs.  4-7.  are  composite  forms  and 
not  simple  trusses.  The  last  three  are  really  trussed  arches,  the  arch 
carrying  the  greater  part  of  the  load,  while  the  truss  prevented  undue 
distortions  in  it.  The  Burr  truss  would  have  had  considerable  strength 
alone  if  the  bottom  chord  had  been  more  efficiently  spHced. 


V 


Fig.  8. 


17.  Early  Forms  of  Simple  Trusses.— It  is  behevcd  that  the  Howe 
truss  Fi<^  8,  is  the  earUest  form  of  simple  truss  for  long  spans  ever  built 
for  bridge  purposes,  except  those  of  Palladio.*  It  was  patented  in  the 
Umted  States  in  1840  by  William  Howe.  Although  but  a  modification 
of  the  Burr  truss,  it  was  designed  to  carry  the  entire  load  as  a  truss, 
without  any  aid  from  arches  or  from  auxihary  struts  projecting  out  from 
the  abutments.  It  is  constructed  of  timber  except  the  vertical  tie-rods, 
which  are  of  iron.     It  has  been  repeated  thousands  of  times  in  this 


country  on  both  railroads  and  highways,  and  will  long  continue  a 
favorite  form  of  bridge  for  new  lines  of  railroad,  and  for  wagon-roads 
in  places  where  timber  is  cheap  and  the  site  distant  from  a  railway 
station.     It  will  be  fully  treated  in  the  second  part  of  this  work. 

The  earliest  type  of  iron  truss  construction  in  the  United  States  was 
the  invention  of  Mr.  Wendell  BoUman,  Fig.  9.     It  is  really  a  trussed 


*  Long's  truss  was  braced  out  from  the  abutments  and  hence  did  not  give  simple  varticaJ 
■"actions. 
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beam,  each  joint-load  being  carried  directly  to  the  ends  of  the  upper 
chord  by  two  incUncd  tension  members.  There  is  no  stress  in  the  lower 
chord.  It  is  therefore  a  kind  of  multiple  suspension  system  and  not 
properly  a  truss  at  all.  It  was  largely  used  from  1840  to  1850  on  the 
Baltimore  and  Ohio  Railroad. 

An  improvement  on  the  Bollman  truss,  as  shown  in  Figs.  10  and 
loa,  was  made  about  185 1  by  Mr.  Albert  Fink,  then  assistant  engineer 


Fig.  10, 


on  the  B.  &  O.  R.  R.  These  are  called  "Fink  trusses,"  the  loads  being 
carried  at  the  lower  and  upper  joints  respectively.  This  design  has 
been  more  often  used  for  deck-bridges,  though  many  through-spans 
have  been  built  on  this  plan. 

In  both  the  Bollman  and  the  Fink  trusses  the  compression  members 
were  usually  made  of  cast-iron,  and  in  neither  case  was  there  any  stress 


Fig.  10  a. 

in  the  lower  chord  for  static  loads.  Bollman  trusses  were  very  soon 
abandoned,  but  Fink  trusses  were  built  for  some  twenty-five  years,  or 
down  to  about  1876,  the  compression  members  being  made  finally  of 
wrought-iron.  Pins  and  eye-bars  were  freely  but  not  exclusively  used 
for  joints  in  the  Bollman  and  Fink  trusses. 

The  first  near  approach  to  the  modern  style  of  iron  truss-bridges 
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was  made  by  Squire  Whipple*  in  1852,  in  a  bridge  of  146  feet  span, 
which  he  buiU  7  miles  north  of  Troy,  N.  Y.,  on  the  Rensselaer  and 
Saratoga  Railway  (Fig.  11).  The  ties  in  the  web  system  extend  over 
two  panels,  and  it  is  therefore  called  a  "double-intersection"  truss. 
The  lower  chord  was  composed  of  wrought-iron  Hnks  passing  over 
wrought-iron  trunnions  in  the  bottoms  of  the  posts.  All  the  com- 
pression members  were  of  cast-iron,  and  it  was  pin-connected  in  both 

upper  and  lower  chords. 
This  form  of  arrange- 
ment of  members  is  still 
known  as  the  Whipple 
truss. 

In  1863  Mr.  John  W. 
Murphy  first  used 
wrought-iron  for  all  the 
compression  members  in  truss  construction,  but  still  used  cast-iron  in 
joint-blocks  and  pedestals.  On  account  of  this  improvement  by  Mr. 
Murphy  in  the  Whipple  truss,  the  modern  wrought-iron  or  steel  double- 


FlG.    II. 


*  Mr.  Squire  Whipple,  C.E.,  a  philosophical  instrument-maker  of  Utica,  N.  Y.,  seems 
to  have  the  distinguished  honor  of  being  the  first  man  who  ever  correctly  and  adequately 
analyzed  the  stresses  in  a  truss,  that  is,  in  a  framework  by  which  loads  are  carried  hor- 
izontally from  joint  to  joint  by  means  of  chord  and  web  systems  and  finally  delivered 
vertically  upon  the  abutments.  This  is  the  true  function  of  a  truss;  and  although  Palladio, 
Long,  Howe,  and  Pratt  had  already  designed  and  built  such  structures,  they  had  never 
known  what  stresses  the  members  were  subjected  to,  and  did  as  all  engineers  and  builders 
did  in  those  days— dimensioned  their  parts  in  accordance  with  such  experience  and  judg- 
ment as  they  could  bring  to  bear  upon  the  problem.  For  instance,  the  vertical  tie-rods  in 
the  Howe  truss  were  at  first  made  of  the  same  size  from  end  to  end.  Mr.  Whipple's  work 
is  preserved  in  a  small  book  of  120  pp.  entitled  "A  Work  on  Bridge  Building,  consisting  of 
Two  Essays,  the  one  elementary  and  general,  the  other  giving  Original  Plans  and  Practical 
Details  for  Iron  and  Wooden  Bridges.     By  S.  Whipple,  C.E.,  Utica,  N.  Y.,  1847." 

This  book  had  been  pubHshed  three  or  four  years  when  Hermann  Haupt  wrote  his 
work  on  bridges.  Apparently,  Mr.  Haupt  had  never  seen  a  copy  of  it,  since  he  claims  his 
work  as  original  also,  and  there  is  no  internal  evidence  that  he  had  seen  Whipple's  book. 
His  methods  of  analysis  are  much  cruder  than  Mr.  Whipple's  and  far  less  complete. 

The  theory  of  the  stone  arch,  and  of  arch  and  suspension-bridges  under  fi.xed  or  uniform 
loads,  was  eariy  developed,  but  the  true  theory  of  truss  action  seems  to  have  originated  with 
Mr.  Whipple.  His  manuscript  was  written  in  1846.  See  Development  of  the  Iron  Bridge, 
by  S.  Whipple  in  R.  R.  Gazette,  April  19,  1889;  and  Discussion  by  A.  P.  Boiler  in  Trans- 
actions Am.  Sac.  Civ.  Engrs.,  Vol.  XXV,  p.  362.  Also  American  R.  R.  Bridges  by 
Theodore  Cooper,  Trans.  Am.  Sac.  Civ.  Engrs.,  Vol.  XXI,  p.  i. 
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intersection,  horizontal-chord  truss  is  sometimes  called  the  Murphy 
Whipple  truss. 

In  1 86 1  Mr.  J.  H.  Linville  first  used  wide-forged  eye-bars  and 
wrought-iron  posts  in  the  web  system.  He  still  retained  the  cast-iron 
upper  chord. 

To  Messrs.  Whipple,  Murphy,  and  Linville,  therefore,  is  largely 
due  the  credit  for  estabHshing  in  this  country  the  distinctive  practice 
of  eye-bar  and  pin  connections  which  are  still  used  here  on  all  long-span 
iron  bridges. 

From  1865  to  1880  a  great  many  railroad  and  highway  bridges  were 
built  under  patents  granted  to  Mr.  S.  S.  Post,  all  being  of  the  style 
shown  in  Fig.  i2»     This  truss  is  known  as  the  Post  truss,  its  distinctive 


Fig.  12. 


feature  being  that  the  web  struts,  instead  of  standing  vertically,  have 
a  horizontal  run  of  one-half  a  panel  length,  w^hile  the  ties  have  a 
horizontal  run  of  one  and  one-half  panel  lengths.  The  theoretical 
economy  from  this  arrangement  is  now  thought  to  be  offset  by  corre- 
sponding practical  disadvantages  and  the  truss  is  no  longer  built. 

Since  this  historical  account  treats  only  of  truss  forms,  no  mention 
is  made  of  the  early  cast-iron  arch-bridges,  ynd  of  iron-link  and  wire 
suspension-bridges,  many  kinds  of  which,  of  long  spans,  preceded  the 
introducdon  of  the  truss  proper.  In  fact,  in  England  and  on  the  Con- 
tinent the  truss  developed  out  of  a  combination  of  the  arch  and  sus- 
pension systems,  cast-iron  being  used  in  the  arched  upper  chord,  and 
wrought-iron  Hnks  in  the  curved  lower  chord,  the  two  being  rigidly 
held  with  vertical  struts  and  diagonal  tie-rods. 

Since  about  1870  cast-iron  has  been  entirely  abandoned  in  America 
in  the  construction  of  railroad  bridges,  and  since  about  1880  in  highway 
bridges  as  well. 

The  favorite  style  of  truss  now  for  moderate  spans  for  all  purposes 
is  the  Pratt  truss  (Fig.  i).  It  was  patented  in  1844  by  Thomas  W.  and 
Caleb  Pratt  as  a  combination  wood  and  iron  bridge.     It  was  a  variation 
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from  the  Howe  truss  in  that  the  diagonals  were  of  iron  and  used  in 
tensioru  while  the  verticals  were  struts  and  were  made  of  timber.  It 
never  became  a  popular  style  until  wrought-iron  came  to  be  used  ex- 
clusively in  bridge  construction,  when  it  was  found  to  have  advantage 
over  all  other  forms.  It  will  be  fully  developed  in  the  body  of  this 
work.* 

In  closing  this  short  account  of  the  development  of  the  idea  of  the 
simple  truss,  it  should  be  said  that  only  within  the  last  forty  or  forty- 
live  years  have  the  mathematical  principles  governing  the  distribution 
of  stresses  in  a  truss  been  generally  understood,  and  for  a  still  shorter 
period  has  the  actual  strength  of  full-sized  members  and  joints  been 
even  approximately  known.  All  the  earlier  examples  of  bridge  con- 
struction were  designed  and  executed  by  carpenters  and  mechanics 
wholly  ignorant  either  of  the  values  of  the  stresses  or  of  the  strength  of 
the  parts,  except  as  experience  had  educated  their  judgments  of  what 
would  probably  serve  the  purpose.  They  are  deserving,  therefore,  of 
high  honor  for  the  great  works  they  were  able  to  build  without  any  of 
those  scientific  aids  now  offered  to  every  student  in  our  numerous 
engineering  schools. 


*  No  historical  account  of  American  iron  bridges  would  be  complete  without  some 
notice  ox  the  efforts  of  Thomas  Paine  to  introduce  long  cast-iron  arch- bridges  of  low  rise. 
As  early  as  1 786  he  advocated  the  use  of  cast-iron  for  long  arch-bridges,  with  a  rise  of  about 
one-twentieth  of  the  span;  and  he  had  such  arches  made  and  tested  at  his  own  expense 
90  feet  in  length,  as  models  for  a  400-foot  span  which  he  urged  Congress  to  build  as  an 
example  to  educate  the  pubUc.  The  Academy  of  Sciences  of  Paris  reported  favorably  on 
his  design  for  this  length  of  span,  but  his  model  was  sold  for  debt  and  afterwards  used  in 
England.     He  never  took  out  a  patent,  his  object  being  purely  benevolent. 


CHAPTER  II 

ELEMENTS  OF  THE  ANALYSIS  OF  FRAMED  STRUCTURES 

Section  I.— Definitions 

1 8.  Forces  are  concurrent  when  their  lines  o^  action  meet  in  a  point; 
non-concurrent  when  their  Unes  of  action  do  not  so  meet. 

Forces  may  also  be  coplanar,  that  is,  lying  in  the  same  plane;  or 
non-coplanar,  lying  in  different  planes.  Coplanar  forces  only  will  be 
here  considered. 

A  force  is  fully  defined  when  its  amount,  its  direction,  and  its 
position  are  known. 

19.  The  Moment  of  a  Force  about  a  point  is  its  tendency  to  produce 
rotation  about  that  point.  It  is  measured  by  the  product  of  the  mag- 
nitude of  the  force  into  the  perpendicular  dropped  from  the  point  upon 
the  Hne  of  action  of  the  force. 

20.  A  Couple  is  a  pair  of  equal  and  opposite  forces  having  different 
lines  of  action. 

21.  The  Resultant  of  a  system  of  forces  is  a  single  force  which  will 
replace  that  system  as  regards  its  effect  upon  the  state  of  motion  of  the 
body  acted  upon.  A  force  equal  and  opposite  to  the  resultant  will 
balance  the  resultant  and  therefore  the  original  system.  In  the  single 
case  where  the  system  reduces  to  a  couple  no  one  force  will  replace  the 
system. 

22.  Equilibrium. —A  system  of  forces  acting  upon  a  body  is  in 
equilibrium,  or  balanced,  when  the  state  of  motion  of  the  body  is  not 
thereby  changed;  e.g.,  a  body  at  rest  or  moving  at  a  uniform  velocity 
is  being  acted  upon  by  a  balanced  system  of  forces.  The  body  also  is 
said  to  be  in  equiHbrium. 

As  we  distinguish  two  kinds  of  motion,  translation  and  rotation,  so 
we  may  distinguish  two  kinds  of  equiHbrium,  equiHbrium  of  translation 
and  equiHbrium  of  rotation.  A  body  to  be  in  complete  equilibrium 
must  be  so  in  both  these  senses,  and  one  does  not  imply  the  other. 
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For  equilibrium  of  translation  the  resultant  must  equal  zero.  For 
equilibrium  of  rotation  the  sum  of  the  moments  of  the  forces  about  any 
point  must  equal  zero. 

Section  II.— Resultant  and  Equilibrium  of  Concurrent  Forces 

23.  Algebraic  Method.— Let  P„  .  .  .  P„  Fig.  i,  be  a  system  of  con- 
current forces  applied  at  O.  Resolve  each  force  into  horizontal  and 
vertical  components   (any  two  directions  at  right  angles  will   do   as 

well),  or  along  the  axis  of  X  and  the  axis 
of  Y,  respectively.  These  components  forra 
a  system  equivalent  to  the  given  system. 

Let  I  H  he  the  algebraic  sum  of  the 
horizontal  components,  H,  in  the  figure,  and 
2  V  that  of  the  vertical  components,  V,  in 
the  figure.  The  resultant  R,  of  the  forces 
p^  _  p^^  is  evidently  equal  in  amount  to 
{YH^  +  Y~V^)^-  The  tangent  of  the  angle 
a,  between  R  and  the  axis  of  X,  is  given  by 
I  V/I  H.  Thus  R  is  determined  in  amount 
and  direction.     Its  point  of  appUcation  is  at  O,  whence  it  becomes 

fully  known.  

For  equihbrium,  R  must  be  zero,  or,  (2'  H' +  ^  VT  =  o,  which 

('equires  that 

I  H  =  0 (i) 

and 

XJ^=  o (2) 

These  two  equations  express  the  conditions  which  must  exist  in 
order  to  have  equihbrium  in  any  concurrent  system  of  forces. 

The  equilibranl,  E,  is  a  force  equal  in  magnitude  to  the  resultant 
R,  but  acting  in  the  opposite  direction,  as  shown  in  Fig.  i.  It  is  a 
single  force  which  will  hold  in  equilibrium  the  given  system. 

24.  Graphical  Method.— Two  Forces.— Lei  P,  and  P.,  Fig.  2  (a), 
be  two  forces  apphed  at  point  O.  By  the  principle  of  the  paraUelogram 
of  forces,  R  is  their  resultant  in  amount  and  direction.  The  same 
result  is  obtained  by  the  use  of  the  force  triangle,  Figs,  (b)  and  {c). 
The  order  in  which  the  forces  arc  laid  off  in  the  figures  is  immaterial, 
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as  each  force  will  evidently  have  the  same  effect  upon  the  final  position 
of  a  point  in  following  around  the  figure,  in  whatever  part  of  the  i)ath 
the  force  occurs.  It  is  necessary,  however,  to  draw  each  force  in  its 
true  direction. 

The  force  E,  necessary  to  hold  the  system  in  equihbrium  will  be 
equal  in  amount  but  opposite  in  direction  to  R,  as  shown  in  Fig.  2  [d) . 


The  operation  of  combining  two  forces,  P^  and  P^,  into  a  single 
force  R,  is  called  the  composition  of  forces.  The  reverse  operation,  that 
of  dividing  a  force  into  two  equivalent  forces,  is  called  the  resolution  of 
forces. 

25.  Any  Number  of  Forces.— Let  P^  -  P4,  Fig.  3,  be  a  system  of 
concurrent  forces  applied  at  point  O.  The  resultant  R  of  the  system 
may  be  found  by  successive  applications  of  the  triangle  of  force  as 


Fig.  3. 

given  in  Art.  24,  The  process  is  as  follows:  Lay  off  A  B,  Fig,  (b), 
equal  by  scale  to  P^  and  having  the  same  direction,  then  from  B  lay  off 
B  C,  equal  and  parallel  to  Pj-  By  the  principle  of  the  triangle  of  the 
forces,  ^  C  is  the  resultant  of  P^  and  P^  in  amount  and  direction. 
Similarly  by  laying  off  C  P>  and  D  E  equal  and  parallel  to  P^  and  P^, 
respectively,  we  have  A  D  equal  to  the  resultant  of  Pi,  Pg  and  P3,  and 
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finally,  A  E  equal  to  the  resultant  of  the  given  system.  Its  point  of 
application  is  at  O.  As  in  the  triangle  of  forces,  the  order  in  which  the 
forces  are  taken  is  immaterial  so  long  as  the  proper  direction  is  used. 

A  figure  such  as  Fig.  3  {b)  is  called  a  Force  Polygon,  and  Fig.  3  (a) 
is  called  a  Force  or  Space  Diagram.  In  a  force  diagram,  a  force  is 
represented  by  a  line  parallel  to  the  action  Une  of  the  force  in  question. 
The  arrow  shows  the  direction  in  which  the  force  acts.  In  the  force 
polygon,  a  force  is  represented  to  a  certain  scale  by  a  Hne  parallel  to 
the  action  Hne  of  the  force. 

The  force  notation  used  in  the  graphical  work  to  follow  will  be  as 
shown  in  Fig.  3.  Forces  are  designated  in  the  force  diagram  by  small 
letters  placed  on  each  side  of  the  action  line  of  the  force.  In  the  force 
polygon  corresponding  capital  letters  are  placed  at  each  end  of  the  Hne 
representing  the  magnitude  of  the  force.  By  taking  consecutive  letters 
for  adjacent  forces,  only  one  letter  need  be  placed  at  each  apex  of  the 
force  polygon. 

Since  R  is  the  resultant  of  P.-Pi^  if  a  force  E  is  appHed  at  O,  equal 
and  opposite  to  R,  the  forces  P,-P„  E,  wiU  form  a  balanced  system. 
This  is  seen  to  be  true  from  the  force  polygon  also,  for  since  E  A  is 
equal  and  paraUel  to  E,  the  resuhant  of  the  system  P^-P,,  E,  is  zero, 
and  therefore  we  have  equiHbrium  of  translation.  Equilibrium  of 
rotation  is  not  in  question,  the  forces  being  concurrent.  Expressed 
graphically,  the  only  condition  necessary  for  equiHbrium  of  a  system 
of  concurrent  forces  is  that  their  force  polygon  must  close. 

To  sum  up,  we  may  state  that  the  resultant  of  a  system  of  concurrent 
forces  is  given  in  amount  and  direction  by  the  closing  Hne  of  the  force 
polygon,  this  closing  Hne  being  drawn  from  the  origin  to  the  end  of 
the  last  force;  and  the  force  necessary  to  balance  the  given  system  is 
given  by  this  same  closing  Hne  drawn  in  the  opposite  direction. 

Any  system  of  concurrent  forces,  with  the  force  polygon  beginning 
at  A  and  ending  at  E,  would  be  equivalent  to  the  given  system,  and  if 
beginning  at  E  and  ending  at  A,  would  balance  the  system.  More- 
over, each  of  the  forces  in  a  closed  polygon  is  equal  and  opposite  to  the 
resuhant  of  aU  the  other  forces. 

26.  Solution  of  Problems  in  Equilibrium  of  Concurrent  Forces.— 
General  Method  of  Procedure.— Frohlems  in  the  equiHbrium  of  con- 
current forces,  part  of  which  are  unknown,  may  in  certain  cases,  be 
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solved  by  the  principles  given  in  the  preceding  articles.  The  number 
of  unknowns  which  can  be  determined  is  limited  to  two,  for  the  algebraic 
method  of  Art.  23  furnishes  only  two  independent  equations,  and  the 
graphical  method  of  Arts.  24  and  25,  makes  possible  the  determination 
of  only  two  unknowns  by  the  closure  of  a  force  polygon,  the  length  and 
direction  of  the  closing  line.  If  more  than  two  unknowns  are  in  ques- 
tion the  problem  is  indeterminate  and  a  solution  is  not  possible.  The 
two  unknowns  which  can  be  determined  are  the  amount  and  direction 
of  one  force,  the  amounts  or  directions  of  two  forces,  or  the  amount  of 
one  and  the  direction  of  the  other. 

In  general  the  first  thing  to  be  done  in  the  solution  of  problems  in 
equihbrium  is  to  draw  a  sketch  showing  all  that  is  known  of  the  forces 
and  Unes  of  action.  From  the  sketch  find  which  forces  or  Unesof  action  are 
unknown,  from  which  decide  whether  the  problem  is  determinate  or  not. 

In  applying  the  algebraic  method,  substitute  the  known  and  un- 
known forces,  etc.,  in  eqs.  (i)  and  (2)  of  Art.  23.  The  solution  of  the 
resulting  equations  will  give  the  values  of  the  unknowns  in  terms  of 
known  forces.  In  applying  the  graphical  method,  complete  the  force 
polygon  as  far  as  the  known  data  will  allow.  Then,  subject  to  the 
condition  that  for  equihbrium,  the  force  polygon  must  close,  complete 
the  polygon  with  lines  parallel  to  known  action  hnes  of  unknown  forces. 
The  desired  values  are  then  given  by  the  polygon. 

Problems  in  equihbrium  of  concurrent  forces  capable  of  solution 
by  the  methods  given  in  the  preceding  articles  and  which  are  of  sufficient 
importance  to  require  special  consideration,  may  be  classed  under  two 
heads  as  follows : 

Given  a  system  of  concurrent  forces,  in  equihbrium,  (a)  all  known 
except  one,  which  is  wholly  unknown,  (b)  all  known  in  Hne  of  action, 
but  two  are  unknown  in  amount.  In  the  following  articles,  a  general 
solution  of  these  problems  will  be  given. 

27.  Algebraic  Solution — {a)  Given  a  system  of  concurrent  forces 
in  equihbrium,  all  known  but  one  which  is  wholly  unknown. 

Let  Pi-Pi,  Fig.  4,  be  the  given  system,  P^  being  wholly  unknown. 
Two  unknowns  are  to  be  determined,  the  amount  and  position  of  P^. 
Assume  P^  to  act  as  shown.     Required  P^  and  o:^. 

Substituting  known  values  in  eqs.  (i)  and  (2),  of  Art.  23,  consider- 
ing forces  acting  upward  and  to  the  right  as  positive  we  have 
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From      I  H  =  o 

+  Pi  cos  «!  +  P2  cos  aj  -  P-i  cos  0:3  -  P^  cos  0:4  =  0. 

Whence       Hor.  comp.  P4  =  +  P4  cos  o:^ 

=  +  Pi  cos  «!  +  P2  cos  a,  -  P3  cos  0:3  .      . 


(3) 


From      2  F  =  o 

+  Pi  sin  rti  -  P,  sin  a^  -  P3  sin  ^3  +  P4  sin  a:^  =  o. 

Whence      Vert.  comp.  P4  =  +  Pi  sin  a^ 

=  -  Pi  sin  «i  +  P2  sin  a^  +  P3  sin  0:3      ..      .      (4) 

If  the  correct  direction  was  assumed  for  P4  in  Fig.  4,  the  sign  of  the 
results  in  eqs.  (3)  and  (4)  will  be  positive.     A  negative  result  shows 

Y  Y 


Fig.  4. 


Fig.  5. 


that  the  direction  should  be  reversed.  Then,  having  the  directions  of  the 
components  of  P4,  it  is  easy  to  find  the  direction  of  the  required  force. 
The  amount  of  P4  is  given  by  the  equation 

P4  =  [(Hor.  comp.  P4)-  +  (Vert.  comp.  P4)'l^     •      •      (s) 

The  angle  which  P4  makes  with  the  axis  of  X  is 

,  Vert.  comp.  P4  /^\ 

a.  =  tan"'  ^ ^^—^ W 

*  Hor.  comp.  P4 

P4  and  a  4  are  thus  known  and  the  required  force  is  completely  deter- 
mined. 

{h)  Given  a  system  of  concurrent  forces  in  equilibrium,  all  known 
in  line  of  action,  but  two  unknown  in  amount. 

Let  P1-P4,  Fig.  5,  be  the  given  system,  Pi  and  P^  completely  known, 
P3  and  P4  known  only  in  line  of  action.  Two  unknowns  are  to  be 
determined,  the  amounts  of  P3  and  P4. 
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Assume  P3  and  P^  to  act  in  the  direction  shown  by  the  arrows. 
Substituting  in  eqs.  (i)  and  (2)  of  Art.  23,  considering  forces  acting 
upward  and  to  the  right  as  positive  gives 

From  I  H  =  o 

-  P3  cos  a'3  -  P4  cos  «4  +  Pi  cos  a^  +  P^  cos  a^  =  o     .     (7) 

From  I  V  =  o 

-  P3  sin  a'3  +  P4  sin  a^  +  Pi  sin  a'l  -  P^  sin  «2  =  o     .      (8) 

We  have  here  two  independent  equations  involving  the  unknowns  P3 
and  P4.     Solving  eqs.  (7)  and  (8)  simultaneously  gives 

_  +  Pi  sin  (CV3  -  a^  +  P2  sin  {a^  +  a^  ,  s 

^  sin  (a3  +  CV4) 

_   +  Pi  sin  («4  +  tti)  +  P2  sin  {a^  -  a^ 
sm  (0:3  +  ^4) 

As  before,  the  sign  of  the  result  will  show  whether  the  correct  directions 
are  assumed  for  P3  and  P4. 

28.  Graphical  Solution.— {a)  Given  a  system  of  concurrent  forces 
in  equilibrium,  all  known  except  one  which  is  wholly  unknown. 

Let  P1-P4,  Fig.  6  (a),  be  the  given  system,  P4  unknown.  Two 
unknowns  are  to  be  determined,  the  amount  and  direction  of  P4.     This 


is  the  same  problem  as  given  in  Art.  25,  and  consists  in  finding  the 
equihbrant  of  a  set  of  forces. 

To  find  the  unknowns,  construct  the  force  polygon  as  far  as  the 
known  data  will  allow.     This  gives  the  load-line  A  B  C  D  oi  Fig.  {b). 


21: 
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For  equilibrium  the  force  polygon  must  close.  A  line  drawn  from  D 
to  A  will  give  in  magnitude  and  direction  the  required  force.  A  line 
drawn  through  O,  Fig.  {a),  parallel  to  D  A,  will  give  the  position  of  P, 
in  the  force  diagram.  The  force  acts  as  shown  by  the  arrow.  P,  is 
thus  completely  determined. 

{b)  Given  a  system  of  forces,  all  known  in  line  of  action,  but  two 
unknown  in  amount. 

Let  Pi-P„  Fig.  7  (a),  be  the  given  system,  P3  and  P,  known  only 
in  lines  0/ action,  Is  shown.  Two  unknowns  are  to  be  determined,  the 
amounts  of  P3  and  P4. 


P3  =  T 


Fig.  7. 


Draw  the  force  polygon.  Fig.  (b),  as  far  as  the  known  data  will 
allow.  This  gives  the  load-Une  ABC.  For  equilibrium  the  force 
polygon  must  close.  From  the  conditions  of  the  problem,  the  closing 
forces  have  action  Unes  parallel  to  cds^nd  ad  of  Fig.  (a) .  To  complete 
the  force  polygon,  draw  from  C  a  line  parallel  to  c  d,  and  from  A  a  hne 
parallel  to  a  d.  The  point  D  at  which  these  lines  meet  will  determine 
the  magnitude  of  the  required  forces.  Thus  D  A  acting  from  P>  to  ^, 
gives  the  magnitude  and  direction  of  P„  and  C  D,  acting  from  C  to  D 
gives  the  magnitude  and  direction  of  P3.  The  forces  are  thus  com- 
pletely determined. 

It  is  immaterial  in  what  order  the  forces  are  drawn,  but  the  arrange- 
ment shown  conforms  to  the  system  of  notation  adopted.  The  same 
result  could  be  obtained  by  taking  A  C,  the  resultant  of  P.  and  P,,  and 
resolving  this  force  into  components  parallel  to  c  d  ^nd  a  d  by  means  ot 
a  force  triangle  as  explained  in  Art.  24. 
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Section  III.— Resultant  and  Equilibrium  op  Non- 
Concurrent  Forces 

29.  Algebraic  Method. — Let  P1-P3,  of  Fig.  8,  be  a  system  of  non- 
concurrent  forces.  Required  their  resultant  and  conditions  of  equi- 
librium. 

Resolve  the  forces  into  vertical  and  horizontal  components,  as  in 
the  case  of  concurrent  forces.     The  amount  of  the  resultant  is  given  by 


/< 


R 


,Jts  line  of  action  is  found  by  placing  its  moment  about  O  equal  to  the 
sum  of  the  moments  of  the  given  forces,  or 

Ra  =  P^a^  +  P^az  —  Paa^  =  I M. 

To  cause  equilibrium  requires  the  application  of  a  force  E  (the  equi- 
librant),  equal  and  opposite  to  R,  and  having  the  same  line  of  action. 


Fig.  8. 

The  resultant  of  the  system  Pj,  P2,  P3,  E,  will  be  zero  and  the  sum 
of  the  moments  of  these  forces  about  O  will  be  zero.  The  former 
condition  gives  equilibrium  of  translation  and  requires  that 

I H  =  0 (i) 


I  V  =  o 

and  the  latter  gives  equilibrium  of  rotation  and  requires  that 

I  M  =  o 


(2) 


(3) 


Equations  (i),  (2),  and  (3)  are  the  three  equations  of  equiHbrium  oi 
non-concurrent  forces.  These  three  equations  hold  true  for  any 
system  of  non-concurrent  forces  in  equiHbrium.     In  problems  pertain- 
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ing  to  such  a  system  we  can  therefore  in  general  determine  three  un- 
knowns. As  the  forces  are,  as  a  rule,  known  in  position  and  direction 
from  other  considerations,  the  unknowns  are  usually  the  amounts  of 
three  forces.  If,  however,  the  three  forces  themselves  meet  in  a  point 
they  are  indeterminate;  for,  since  the  system  is  by  supposition  in 
equilibrium,  the  resultant  of  the  known  forces  must  pass  through  the 
same  point,  and  the  system  is  essentially  a  concurrent  system.  As  we 
have  then  but  two  independent  equations,  a  solution  of  three  unknowns 
is  not  possible. 

In  many  cases  it  is  convenient  to  use  three  moment  equations  taking 
a  new  moment  centre  each  time  instead  of  two  resolution  equations  and 
one  moment  equation.  Eqs.  (i)  and  (2)  are  then  no  longer  independ- 
ent. In  the  case  of  parallel  forces  the  number  of  independent  equa- 
tions reduces  to  two,  since  the  assumption  of  parallel  forces  is  equivalent 
to  eqs.  (i)  or  (2)  (either  I  H  or  I  V  will  be  zero).     In  this  case  we  then 

have 

2:  H  or  IV  =  o (4) 


M 


(5) 


from  which  two  unknowns  may  be  determined. 

30.  Graphical  Method.— Let  P,-P„  Fig.  9,  be  a  system  of  non- 
concurrent  forces.  Required  their  resultant  and  conditions  of  equi- 
librium. 

By  means  of  the  principle  of  the  triangle  of  forces  as  given  in  Art.  24, 
combine  Pi  and  P.,  getting  their  resultant  R„  then  this  resultant  with 


Fig.  9. 


P3  getting  R.,  and  finally  R,  and  P„  getting  R,  the  resuhant  of  the 
entire  system  in  amount,  direction  and  position. 

To  save  drawing  the  separate  force  triangles  we  may  draw  a  force 
polygon  as  in  Fig.  10  (6).     The  lines  AC,  A  D  and  A  E  will  be  the 
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resultants  R^,  R2,  and  R,  respectively,  of  Fig.  9,  in  amount  and  direction. 
Their  position  in  Fig.  (a)  can  be  found  by  drawing  from  point  1,  the 
intersection  P^  and  P^,  a  line  1-2  parallel  to  R^,  Then  from  the  inter- 
section of  1-2  and  P3,  draw  2-3  parallel  to  R2.  Finally  from  the  inter- 
section of  2-3  and  P^,  draw  a  line  parallel  to  R.  This  will  be  the  line 
of  action  of  R,  whose  amount  and  direction  are  given  in  the  force 
polygon.     Thus  R  will  be  completely  determined. 


Fig.  ic. 

The  figure  1-2-3  is  called  an  equilibrium  polygon,  and  1-2,  2-3  are 
its  segments.  The  point  A  is  called  the  pole;  R^,  R2,  and  R  are  rays  of 
the  force  polygon ;   and  A  BC  D  E  \s  called  the  load-line. 

To  cause  equilibrium  there  must  be  applied  a  force  E,  equal  and 
opposite  to  R,  and  applied  along  the  same  line.  Graphically,  then, 
for  equilibrium  of  non-concurrent  forces,  the  force  polygon  must  close, 
giving  equilibrium  of  translation,  and  the  last  force  must  coincide  with 
the  last  segment  of  the  equilibrium  polygon,  giving  equilibrium  of 
rotation.  It  is  important  to  remember  that  each  segment  of  an 
equilibrium  polygon  is  the  line  of  action  of  the  resultant  of  all  the 
forces  to  the  left  of  that  segment,  and  if  the  system  is  in  equilibrium, 
it  is  as  well  the  line  of  action  of  the  resultant  of  all  the  forces  to  the 
right  of  that  segment. 

The  notation  used  for  the  equilibrium  polygon  is  shown  in  Fig. 
10  (a).  As  the  segments  of  the  equilibrium  polygon  are  the  resultants 
of  the  forces  at  the  left,  we  can  use  the  same  notation  as  used  for  forces. 
Thus  in  Fig.  {a)  the  small  letters  a-c,  a-d,  etc.,  are  placed  on  each  side 
of  the  line  of  action  of  the  various  resultants,  and  in  Fig.  (b)  the 
corresponding  capital  letters  are  placed  at  the  ends  of  the  magnitudes 
of  the  resultants. 
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31.  Forces  nearly  parallel  require  some  modification  of  the  method 
of  Art.  30  in  order  to  make  better  intersections  between  the  segments 
of  the  equiUbrium  polygon.  Given  the  forces  P,-P„  Fig.  11  (a), 
required  the  resultant. 

The  force  polygon,  Fig.  {h),  gives  their  resultant  AEm  amount 
and  direction;  £^  is  a  force  which  will  balance  the  given  system. 
Resolve  this  force  into  any  two  components,  P'  and  P",  by  drawing  the 
force  triangle  EOA,0  being  so  chosen  as  to  give  fair  angles  with  all 
the  other  forces.  The  forces  P'  and  P",  together  with  the  given  forces, 
P-P^,  will  form  a  system  in  equiUbrium,  provided  they  are  inserted  in 


Fig  II  (a),  in  the  proper  positions.  The  position  of  one  of  them,  P', 
may  be  chosen  at  will,  and  the  other  will  be  given  by  the  last  segment 
of  the  equilibrium  polygon  constructed  for  the  forces  P',  P,-P,,  with  O 
as  the  pole  of  the  force  polygon.  Choose  the  position  of  P'  at  any  point. 
Complete  the  equihbrium  polygon,  1-2,  2-3,  3-4.     This  is  done 


as  I 


in  exactly  the  same  way  as  in  the  preceding  article.  Pomt  4  will  be  a 
point  on  the  line  of  action  of  P",  the  other  arbitrary  force.  Draw  4-5 
parallel  to  P"  of  Fig.  (b).  The  last  force  thus  coinciding  with  the  last 
segment,  and  the  force  polygon  closing,  equihbrium  is  assured.  The 
intersection,  5,  of  P'  and  P"  is  a  point  on  the  resultant  of  these  two 
forces,  and  since  EAis  this  resuhant  in  amount  and  direction,  it  is 
therefore  fully  known.  It  is  represented  by  E  in  Fig.  (a),  and  since  it 
balances  P,-P,,  an  equal  and  opposite  force,  R,  is  the  required  resultant 
of  the  given  system,  in  amount,  direction,  and  position. 
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Since  the  resultant  of  all  the  forces  up  to  any  segment  applied  along 
that  segment  will  balance  the  remaining  forces,  it  follows  that  the  inter- 
section of  any  tivo  segments  of  an  equilibrium  polygon  is  a  point  on  the 
resultant  of  the  intermediate  forces.  Thus  the  point  X  is  a  point  on 
the  resultant  of  Pj  and  P,;  the  line  ^  C  in  the  force  polygon  gives  the 
amount  and  direction  of  this  resultant. 

32.  Parallel  Forces. — ^The  method  is  the  same  as  for  forces  nearly 
parallel. 

Let  Px-Pi,  Fig.  12,  be  a  system  of  parallel  forces.  Required  the 
resultant  and  conditions  of  equihbrium.  Figs,  (a)  and  {h)  show  all 
the  necessary  construction. 


Fig.  12. 

33.  Solution  of  Problems  in  the  Equilibrium  of  Non-Concurrent 

Forces.— Genera/  Method  of  Procedure.— Vvohlems  in  the  equihbrium 
of  non-concurrent  forces  involving  not  more  than  three  unknowns  may 
be  solved  by  means  of  the  principles  given  in  Arts.  29-32.  The 
number  of  unknowns  which  can  be  determined  is  hmited  to  three,  for 
the  algebraic  method  of  Art.  29  furnishes  only  three  independent 
equations.  Also  the  closing  of  the  forces  and  equiUbrium  polygons 
in  the  graphical  method  of  Arts.  30  and  31  makes  possible  the  deter- 
mination of  three  unknowns,  represented  by  the  length,  position,  and 
direction  of  the  closing  Hne.  If  more  than  three  unknowns  are  in 
question  the  problem  is  indeterminate. 

The  three  unknowns  usually  desired  in  problems  relating  to  framed 
structures  may  be  classed  under  a  few  general  cases.  Only  those 
cases  will  be  considered  which  are  Ukely  to  arise  in  practice.  These 
cases  are  the  following: 
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Given  a  system  of  non-concurrent  forces  in  equilibrium: 

(a)  All  known  but  one,  which  is  wholly  unknown. 

(b)  All  known  but  two,  one  of  these  known  only  in  line  of  action, 
the  other  known  only  in  point  of  application.  A  special  case  is  when 
both  are  known  in  line  of  action  only. 

(c)  All  known  in  line  of  action,  but  three  unknown  in  amount. 
When  the  forces  involved  are  parallel,  the  number  of  independent 

equations  reduces  to  two,  as  given  in  eqs.  (4)  and  (5)  of  Art.  29.  It 
is  therefore  possible  to  determine  but  two  unknowns.  The  problems 
to  be  solved  involving  parallel  forces  can  be  classed  under  the  following 

cases: 

{a)  All  known  but  one,  which  is  completely  unknown. 

(b)  All  known  in  Une  of  action,  but  two  unknown  in  amount. 

In  applying  the  algebraic  method  to  the  solution  of  a  given  problem, 
It  is  possible  to  apply  the  three  independent  equiUbrium  equations  in 
several  ways.  We  can  use  two  resolutions  and  one  moment  equation, 
or  one  resolution  and  two  moment  equations,  or  three  moment  equa- 
tions. In  sohing  a  given  problem  a  sketch  should  first  be  drawn 
showing  all  known  forces  and  Hnes  of  action,  and  then  the  unknowns 
indicated  whose  values  are  required.  From  a  study  of  this  sketch  it 
is  usually  possible  to  determine  by  inspection  which  independent 
equations  will  give  a  solution  with  the  least  amount  of  work.  Then 
substitute  known  values  in  the  equations  selected  and  solve  for  the 
unknowns,  which  can  thus  be  obtained  in  terms  of  known  quantities. 

In  applying  the  graphical  method  it  will  be  necessary  to  draw  a 
force  and  equilibrium  polygon,  for  equilibrium  of  rotation  as  well  as 
translation  is  to  be  obtained.  Then,  by  closing  the  force  and  equi- 
librium polygon,  subject  to  the  conditions  of  the  given  problem,  the 
unknowns  can  be  determined.  In  the  following  articles  a  general 
solution,  both  algebraical  and  graphical,  will  be  given  for  the  cases 
mentioned  above. 

34.  Algebraic  Solution.— (a)  Given  a  system  of  non-concurrent 
forces  in  equilibrium,  all  known  but  one,  which  is  completely  unknown. 
Required  the  unknown  force. 

Let  Pj-P^,  Fig.  13,  be  the  given  system,  P,  wholly  unknown.  Since 
the  system  is  in  equilibrium,  P,  must  balance  the  remaining  forces. 
Choose  any  convenient  axes,  A'  and  Y  at  right  angles.     Let  forces  act- 
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ing  upward  and  to  the  right  be  taken  as  positive.  Assume  P4  to  be 
divided  into  its  components  parallel  to  X  and  F,  taken  as  acting  in 
positive  directions.  For  equilibrium  of  translation  I  H  and  I  V 
must  be  zero. 


Therefore  from  I H  =  o 

,.  +  Pj  cos  «!  +  P2  cos  a^  -  Pa  cos  «3  -  Hor.  comp.  P^  =  c 
Hor.  comp.  P4  -  +  Pi  cos  a^  +  P^  cos  a^  -  P3  cos  0:3 

from  I  V  =  o 

-  Pi  sin  ai  -  P2  sin  a^  -  P3  sin  0:3  +  Vert.  comp.  P4  =  o 
Vert.  comp.  P4  =  +  Pj  sin  «!  +  P2  sin  aj  +  P3  sin  0:3. 


(6) 


(7) 


Fig.  13. 

The  sign  of  the  result  in  eqs.  (6)  and  (7)  will  show  whether  the  correct 
direction  was  assumed. 

he  amount  of  the  force  P4  will  be 

P4  =  [(Hor.  comp.  P,y  +  (Vert.  comp.  P,y]K     .      .     (8) 

The  angle  which  the  line  of  action  of  P4  makes  with  the  axis  of  X  is 

_j  Vert.  comp.  P4 


y 


0:4  =  tan" 


(9) 


Hor.  comp.  P4'  ' 

The  signs  of  the  vertical  and  horizontal  components  of  P4  will  show 
how  this  Une  slopes.  If  both  are  positive  or  negative,  the  line  of  action 
of  P4  slopes  upward  and  to  the  right;  if  one  is  positive  and  the  other 
negative,  the  Hne  slopes  downward  and  to  the  right. 

The  position  of  P4  can  be  determined  from  the  condition  that 
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IM  =o.      Considering  moments    clockwise    as   positive,   the  origin 
being  taken  at  O,  gives 

P^a.+P^a.  +  P^a^-P^a.^o,    ....     (lo) 

P,  fli  +  P;  a^  +  P3  a%  C„\ 

^^  = p:        ^  ^ 

The  direction  of  P4  can  be  determined  from  eq.  (10),  for  it   must  be 
such  as  to  balance  the  moments  of  the  other  forces. 

The  position  of  P^  can  also  be  determined  by  finding  the  point  at 
which  the  fine  of  action  cuts  the  X  or  Y  axis.  Suppose  it  cuts  the  X 
axis,  a  distance  x  from  the  origin.  Resolve  the  force  into  its  vertical 
and  horizontal  components,  considered  as  appUed  at  the  point  where 
Jhe^j,c.tion  Hne  cuts  the  axis  ol;  ,.JL_  Taking  moments  about  the 
origin  we  have 

+  Pi  ai+  P2a,+  Psfla-Hor.  comp.  P,Xo- Vert.  comp.  P,Xx  =  o 

P,  a,  +  P,a2  +  Pafl 
X  = 


,  .,  ^.  ,.2   ,  .3.,  ....      (12) 


Vert.  comp.  P4 


The  sign  of  x  shows  whether  it  Hes  to  right  or  left  of  the  origin, 
and,  as  before,  the  direction  of  the  Une  of  action  is  given  in  eq.  (10). 

(b)  Given  a  system  of  non-concurrent  forces  in  equihbrium,  all 
known  but  two,  one  known  only  in  line  of  action,  the  other  only  in  point 
of  appUcation.     Required  the  unknown  forces. 


Fig.  14. 


Let  Pi-P,,  Fig.  14,  be  the  given  system.  P,  is  known  only  in  point 
of  application,  which  is  at  point  O,  and  P,  is  known  only  in  Une  of 
action,  which  is  given  by  the  dotted  Une.     Since  the  system  is  in 
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equilibrium,  the  unknown  forces  must  balance  the  known  forces. 
Assume  the  direction  of  P^  to  be  as  shown  by  the  arrow.  Choose  a 
pair  of  axes,  A"  and  F,  with  the  origin  at  the  known  point  of  appUcation 
of  Pj.  A  moment  equation  about  point  O  will  eliminate  Pp  and  the 
amount  of  P^  will  then  be  the  only  unknown. 

From  I  M  =  o 

+   P,  a,    +    P3  03    -   ^4  ^4    =    o 

P,a, +  P3a3 


(13) 


The  sign  of  the  result  will  show  whether  the  correct  direction  was 
assumed. 

The  force,  Pj,  can  now  be  determined  by  resolution  equations. 
Assume  Pi  to  be  divided  into  components  parallel  to  the  X  and  Y  axes 
and  assume  that  they  act  in  positive  directions.  For  equiHbrium  of 
translation  I  H  and  I  V  must  be  zero. 

Therefore    {I  H  =  o) 

+  P2  cos  «2  -  ^3  cos  «3  -  P4  COS  a^  +  Hor.  comp.  Pj  =  o 
Hor.  comp.  P,  =  -  P2  cos  a.,  +  P3  cos  0:3  +  P4  cos  a^,     .     (14) 

also     {IV  =  o) 
-  P2  sin  «2  -  P3  sin  ^3  +  P4  sin  ^4  +  Vert.  comp.  Pi  =  o 
Vert.  comp.  Pi  =  +  P2  sin  a^  +  P3  sin  0:3  -  P4  sin  a^.     .     (15) 

The  signs  of  the  results  will  show  whether  the  correct  directions  were 
assumed. 

The  amount  of  Pj  will  be 

Pi  =  [(Hor.  comp.  P,y  +  (Vert.  comp.  P,y]\    .     .     (16) 

The  angle  which  Pi  makes  with  the  axis  of  X  is 

,  Vert.  comp.  P,  .  ^^ 

a,  =  tan-'  ^j ^^ (17) 

^._  ^  Hor.  comp.  Pi 

The  slope  oF  the  line  of  action  is  determined  as  in  the  preceding  case. 
The  point  of  application  is  at  the  origin.  The  unknown  forces  are 
hence  completely  determined. 

(c)  Given  a  system  of  non-concurrent  forces  in  equilibrium,  all 
known  in  line  of  action,  but  three  unknown  in  amount.  Required  the 
amounts  of  the  unknown  forces. 
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Let  P,-P,,  Fig.  15,  be  the  given  system,  P„  P,  and  P^  known  only 
in  lines  of  action,  which  arc  shown  in  position  by  the  dotted  lines. 

The  problem  can  be  solved  by  taking  moment  equations  about 
points  so  chosen  as  to  ehminate  aU  but  one  of  the  unknowns.     This 

A, 
/    \  \    ^  ,-">'" 

Fig.  15. 

can  be  done  by  taking  the  moment  centre  at  the  intersection  of  two  of 
the  unknowns.  Taking  moments  about  O,  the  intersection  of  P^  and 
P3,  assuming  the  unknowns  to  act  as  shown  by  the  arrows,  we  have 

-  P,  a  +  P,b  ^o, 

from  which  p 

P,=  +  -y-.       • (18) 

Taking  moments  about  M,  the  intersection  of  P^  and  P,  gives 

+  P,c  -  P^d^o, 

from  which  p  ^ 

-PT^-T^v (19) 

Again,  taking  moments  about  A^,  the  intersection  of  P3  and  P^  gives 
^P,e  -P^f-o 

from  which  p 

P3  =  +  ^ (20) 

In  some  cases,  where  two  of  the  unknowns  are  parallel  or  nearly  so. 
this  method  can  be  modified  by  taking  two  moment  and  one  resolution 
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equations.  The  method  is  then  a  combination  of  the  above  case  and 
the  previous  cases. 

35.  Graphical  Solution— {a)  Given  a  system  of  non-concurrent 
forces  in  equiUbrium,  all  known  but  one,  which  is  completely  unknown. 
.Required  the  unknown  force. 

Let  P1-P4,  Fig.  16,  be  the  given  system,  P4  being  unknown.  Since 
the  system  is  in  equiUbrium  the  force  and  equihbrium  polygons  must 
close.  Drawing  the  force  polygon  of  Fig.  {h)  gives  the  amount  and 
direction  of  P^  as  given  hy  D  A.  To  determine  the  position  of  P4 
in  Fig.  (a),  draw  an  equilibrium  polygon  with  O  as  pole.  The  point 
of  intersection  of  segments  £>  a  and  0  (^  will  give  a  point  on  the  line  of 


Fig.  16. 

action  of  P4  which  can  be  drawn  paraUel  to  P  ^  of  Fig.  (&)  and  in  the 
direction  shown  by  the  arrow.  P,  is  thus  completely  known.  The 
above  case  is  exactly  the  same  as  treated  in  Art.  32. 

(&)  Given  a  system  of  non-concurrent  forces  in  equilibrium,  all 
known  but  two,  one  of  these  known  only  in  line  of  action,  the  other  only 
in  point  of  apphcation. 

Let  P1-P4,  Fig.  17,  be  the  given  system.  P,  is  known  only  in  point 
of  apphcation,  which  is  at  O.  P,  is  known  only  in  hne  of  action,  which 
is  shown  by  the  dotted  Hne.  The  unknown  forces  can  be  completely 
determined  by  the  condition  that  for  equihbrium  the  force  and 
Equihbrium  polygons  must  close. 

With  the  known  forces  draw  the  force  polygon  of  Fig.  {h)  as  far  as 
possible,  which  gives  B,  C,  D  of  the  polygon.  Also,  draw  from  D  a 
line  parallel  to  P ,.  With  O  as  pole  draw  the  rays  OB,OC,  and  O  D. 
Draw  an  equihbrium  polygon  as  far  as  the  known  data  will  allow. 
Since  O  is  the  only  known  point  on  P„  it  will  be  necessary  to  start  the 
equilibrium  polygon  at  this  point.     This  gives  O  2  3  4,  of  Fig.   (a). 
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The  condition  for  equilibrium  of  rotation  requires  that  the  equihbrium 
polygon  must  close.  O  4  of  Fig.  (a)  is,  therefore,  the  required  closing 
line.  At  point  4  the  segments  3  4  and  O  4,  and  the  unknown  force  P^, 
form  a  system  of  forces  in  equilibrium.  The  force  3-4  is  given  in 
amount  and  direction  by  O  Z)  of  Fig.  (b) .  The  line  O  A ,  drawn  parallel 
to  0-4,  closes  the  force  triangle  O  ^  Z)  and  determines  the  amount  and 
direction  of  P^. 

Again,  at  O  of  Fig.  [a),  force  Pj  with  segment  O  2  and  O  4  form  a 
system  of  forces  in  equilibrium.  O  2  is  given  in  amount  and  direction 
by  O  5,  and  O  4  by  O  ^,  as  found  above.  Thus  by  completing  the 
force  triangle  OAB,  P,  is  determined  in  amount  and  direction  by  AB. 
Then  through  O  of  Fig.  (a)  draw  a  line  parallel  to  ^  5  of  Fig.  {b) ,  which 


p^=? 


Fig.  17. 


will  give  the  line  of  action  of  P,.  Pj  and  P^  must  have  directions  such 
that  the  arrows  in  the  force  polygon  will  follow  continuously  from  the 
point  of  beginning  to  closing  point.  P^  and  P4  are  thus  completely 
determined. 

The  case  where  the  two  unknowns  are  both  known  in  line  of  action 
but  unknown  in  amount  often  occurs.  Here  it  is  unnecessary  to  draw 
an  equilibrium  polygon  (except  where  the  unknowns  are  parallel,  which 
will  be  treated  in  another  article).  It  is  only  necessary  to  draw  a  force 
polygon  and  satisfy  the  condition  that  the  force  polygon  closes.  Let 
Pj-P^,  Fig.  18,  be  such  a  system.  P,  and  P^  are  known  only  in  line 
of  action.  Fig.  (a)  shows  the  position  of  the  forces  in  space.  Draw 
the  force  polygon,  Fig.  (b),  as  far  as  the  known  forces  will  allow.  This 
c;ives  the  load-line  BCD.     Then  from  B  and  D  draw  lines  parallel 
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respectively  to  the  known  action  lines  of  Pj  and  F^,  which  will  give 
A  B  and  D  A.  These  lines  meet  at  D,  thus  determining  the  amounts 
of  the  unknowns.  Their  directions  will  be  as  shown  by  the  arrows. 
The  order  in  which  the  unknowns  are  taken  will  not  affect  the  result. 


Pi=? 


1- 


(a) 


D     (b) 


Fig.  18. 


(c)  Given  a  system  of  non-concurrent  forces  in  equilibrium,  all 
known  in  Hne  of  action  but  three  unknown  in  amount.  Required  the 
amounts  of  the  unknown  forces. 

Let  P1-P5,  Fig.  19,  be  the  given  system,  P^,  P2  and  P^  known  only 
in  Kne  of  action.  By  producing  two  of  the  unknowns  to  an  intersection 
and  considering  the  two  forces  replaced  by  their  resultant,  this  case 


Fig.  19. 

becomes  a  special  case  of  case  (b)  above.  The  construction  is  as  shown 
in  Fig.  19.  Pi  and  P^  intersect  at  O,  at  which  point  the  equiHbrium 
polygon  is  started  as  before.  P5  is  given  in  amount  and  direction  by 
EA,oi  Fig.  (b).  AC  gives  in  amount  and  direction,  the  resultant  of 
Pi  and  Pj-  By  drawing  the  force  triangle  ABC,  with  A  B  and  B  C 
parallel  respectively  to  P^  and  P^,  the  amounts  and  directions  of  these 
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The 


forces  can  be  obtained  and  their  directions  shown  in  Fig.  (a). 
unknowns  are  thus  completely  determined. 

36.  Parallel  Forces.-{a)  Given  a  system  of  parallel  forces  in 
equihbrium,  all  known  but  one  which  is  completely  unknown.  Re- 
quired the  amount  and  position  of  the  unknown  force. 

Algebraically.-Let  P,-P„  Fig.  20,  be  the  given  system,  P,  wholly 
unknown.  Since  the  system  is  in  equihbrium,  the  unknown  force 
must  balance  the  remaining  forces.     Choose  any  convenient   axes 


e 


>.P4=? 


--ai--*{ 
at=t 


P2 


P3 


-ar—H 


Fig.  20. 


X  and  Y  at  right  angles  and  so  taken  as  to  have  one  of  the  axes  parallel 
to  the  given  forces.  The  amount  of  the  unknown  force,  P„  may  be 
determined  by  a  resolution  equation.     Assume  P,  to  act  upwards. 


From  2"  F  =  o 


+  P,-Pr-P2-Pz  =  0 

P,=     +P,+P2    +    p.' 


(21) 


The  position  of  P,  can  be  determined  by  a  moment  equation.  Take 
O,  the  origin,  as  the  moment  centre,  and  let  a,  be  the  distance  from 
O  to  the  line  of  action  of  P4. 

From  I  M  =  o 

+  P,a,  +  P.  a,  +  Ps  ^3  -  P4  «4  =  o 

_     +P,a.    +P2fl^2    +    -^3^3  (22) 

The  amount  and  position  of  P,  are  thus  given  and  as  its  line  of  action  is 

paraUel  to  the  other  forces,  the  unknown  is  completely  determined. 

GrapJiically.— The  graphical  solution  of  this  problem  is  the  same 

as  given  in  Art.  32. 

(b)   Given  a  system  of  non-concurrent  parallel  forces  all  known  in 
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line  of  action,  but  two  unknown  in  amount.     Required  the  amounts 
of  the  unknown  forces. 

Algebraically.-l^et  P,-P„  Fig.  21,  be  the  given  system,  P,  and  P, 
known  only  in  line  of  action  as  shown  by  the  dotted  lines.  Choose  any 
convenient  axes  as  X  and  F.  Here  the  axis  Y  is  assumed  so  as  to  co- 
incide with  the  line  of  action  of  P,.  The  unknowns  can  be  determmed 
from  the  condition  that  for  equilibrium  of  rotation  I  M  =  o.  The 
moment  equations  can  be  written  so  as  to  involve  but  one  unknown. 


pi=? 


p» 


P4=? 


t^-^ 


U:--ao— *l< ^i 


e 


-a  4     or    br 


-^- 


-63—5 


Fig.  21. 


This  is  done  by  taking  the  moment  centre  on  the  known  Ime  of 
action  of  one  of  the  unknown  forces.  Thus  a  moment  equation  about 
the  origin  O,  assuming  P4  to  act  upward,  gives 


+  P^a,  +  P3  ^3  -  ^4  «4  =  o 
+  P2  flj  +  P3  ^3 


P.- 


(23) 


In  the  same  way,  a  moment  equation  about  O',  a  point  in  the  line  of 
action  of  P4  will  give, 

-  P3  63  -  P,  &2  -f  Pi  &i  =  o 
-f  P3  &3  +  P2  h 


Pt  = 


^ 


(24) 


The  value  of  P,  could  have  been  obtained  by  use  of  a  resolution 
equation,  since  for  equilibrium  of  translation,  I  V  =  o.      Smce  Pi  is 
given  in  eq.  (24),  P4  is  the  unknown,  and  we  have 
-P,-Ps  +  P^+P.  =  o 

P,=P,-\-Pz-Pr (25) 

Thus  the  unknowns  in  such  a  case  may  be  obtained  by  the  use  of  two 
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independent  moment  equations,  or  by  the  use  of  one  moment  and  one 
resolution  equation. 

Graphically. — As  above,  let  P1-P4  be  the  given  system,  P,  and  P.j 
fully  known,  P^  and  P^  known  only  in  line  of  action.  Required  the 
amounts  of  the  unknown  forces.     This  is  a  special  case  of  the  problem 


P4  =  ? 


Fig.  22. 


given  in  section  (b),  of  Art.  35.     The  method  is  exactly  the  same.     The 
necessary  construction  is  shown  in  Fig.  22. 

37.  Problem.  To  Pass  an  Equilibrium  Polygon  through  Three  Given 
Points. — Let  P1-P5,  Fig.  23,  be  the  given  forces  and  R,  S  and  T  the 
given  points.  Select  any  pole  O'  and  draw  an  equilibrium  polygon 
through  one  of  the  given  points,  as  S.  Consider  the  given  system 
divided  into  two  parts  and  find  the  resultants  of  each  part.  In  Fig.  (b), 
A  D  is  the  resultant  of  Pj,  P2  and  P3  and  D  Fis  the  resultant  of  P^  and 
Pj.  Through  R  and  T  draw  R  R'  and  T  T'  parallel  to  these  resultants. 
Draw  R'  S  and  S  T',  the  closing  lines  of  the  equilibrium  polygons  for 
the  two  parts  of  the  given  system.  In  Fig.  (6),  draw  O'  n^  and  O'  n^ 
parallel  respectively  to  R'  S  and  S  T'.  O'  n^  and  O'  n^  will  divide 
the  resultants  into  components  which  are  equivalent  to  the  two  systems 
PrPa  and  P4-P5  when  applied  through  points  P  and  S,  and  5  and  T 
respectively.  The  same  results  would  evidently  be  obtained  from 
any  other  equilibrium  polygon  drawn  through  S.  The  line  R  S  will  be 
the  closing  line  of  an  equihbrium  polygon  for  P^-P^,  passing  through 
R  and  S.  Its  pole  will  evidently  lie  somewhere  on  a  line  n^  O,  drawn 
parallel  to  R  S.  Likewise  the  line  n.  O  drawn  parallel  to  S  T  will 
contain  the  pole  of  the  equilibrium  polygon  for  P^  and  P^  passing 
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through  S  and  T.  Hence  the  pole  of  the  equiUbrium  polygon  of  the 
whole  system  passing  through  R,  S  and  T  will  lie  at  point  O,  the  inter- 
section of  Wi  O  and  Wj  O. 


Fig.  23. 

For  parallel  forces  the  same  method  can  be  used.  For  this  case  a 
somewhat  shorter  solution  is  given  in  Fig.  24.  This  solution  depends 
upon  the  fact  that  the  pole  distances  of  any  two  equihbrium  polygons, 
for  the  same  system  of  parallel  forces,  are  inversely  proportional  to  the 
intercepts  on  a  line  parallel  to  the  forces.     In  Fig.  (a),  i?  i  2  3  4  T' 
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is  an  equilibrium  polygon  drawn  for  any  selected  pole  distance,  H,  and 
passing  through  one  of  the  points,  R.  y  is  the  intercept  on  a  line 
drawn  through  S  parallel  to  the  forces.  Since  R  T  \s  the  closing 
line  for  the   required    polygon,   y'  will   be  the   intercept  for  the  re- 


FiG.  24. 

quired  polygon.  Then  the  required  pole  distance  H'  is  found  from 
the  proportion  H' :  H  =  y  :  y' ;  or  by  the  construction  of  Fig.  (<:)• 
To  find  the  new  pole  A^,  Fig.  {b),  draw  OF  parallel  to  R  T  and 
F  N  parallel  to  R  T.  The  pole  A''  is  located  on  F  N  at  a  distance 
H'  from  the  load  line. 
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Section  IV.— Centre  of  Gravity,  Moments,  and  Moments 

OF  Inertia 

38.  Centre  of  Gravity. — The  centre  of  gravity  of  a  body  is  the  point 
through  which  the  resuhant  of  all  the  gravity  forces  acting  on  a  body 
will  pass.  The  problem  of  determining  centres  of  gravity  is  therefore 
one  in  parallel  forces,  since  the  attraction  of  gravity,  or  of  one  body  on 
another  acts  in  parallel  lines. 

Since  the  sum  of  the  moments  of  the  gravity  forces  acting  on  the 
particles  of  a  body,  referred  to  any  plane,  is  equal  to  the  moment  of  the 
resultant  gra\dty  force  of  the  whole  body  about  the  same  plane,  we  can 
write  (considering  gravity  as  acting  parallel  to  the  plane  in  question), 

X  J  (o  =  2!  (OX  ] 

y  2:  CO  =  I  (oy  '> (i) 

Z  2'  ft)  =  2  a>  z 

where  x,  y  and  z  are  the  distances  of  the  various  particles  of  the  body 
for  the  X,  Y  and  Z  planes  respectively,  x,  y  and  z  the  distances  of  the 
centre  of  gravity  of  the  entire  body  from  the  same  planes,  «  is  the  weight 
of  each  particle  and  Ico  the  total  weight  of  the  body. 

To  find  the  coordinate  of  the  centre  of  gravity  we  have  from  (i) 


X 

1  cox 

2  (O 

y 

I  (oy 
^  l<o 

z 

~   (OZ 
I  (O 

(2) 


39.  Centre  of  Gravity  of  Areas  and  Lines. — It  is  frequently  con- 
venient to  speak  of  the  centre  of  gravity  of  bodies  which  have  no  weight, 
such  as  areas  or  Hnes.  Here  a  portion  of  the  area  of  the  surface  or  of 
the  length  of  the  Hne  can  be  used  as  a  unit,  in  place  of  (o.  In  the  work 
to  follow  particular  attention  will  be  given  to  areas. 

Any  area  whose  centre  of  gravity  is  desired,  can  be  divided  into 
single  areas  whose  gravity  centres  are  easily  obtained,  as  squares, 
rectangles,  or  triangles.  Then  by  applying  at  their  centres,  forces  in 
proportion  to  the  partial  areas,  a  system  of  parallel  forces  is  obtained 
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whose  resultant  will  give  the  position  of  the  centre  of  gravity  with 
respect  to  one  axis  of  coordinates.  Then  by  repeating  the  process 
with  respect  to  another  coordinate  axis  a  centre  of  gravity  is  obtained 
with  respect  to  the  second  axis.  The  intersection  of  these  two  gra^ty 
lines  ^vill  give  the  centre  of  gravity  of  the  area  for  all  axes.     It  is  usual 

to  choose  axes  at  right  angles  to 
each  other.  The  axes  here  chosen 
will  be  the  axes  of  X  and  Y. 

Algebraic  Application.  —  Re- 
quired the  centre  of  gra\dty  of  the 
area  of  Fig.  25.     Divide  the  area 


TT^ 


y-2P, 


JL± 


into    rectangles    as    shown.      The 
centre  of  gravity  of  each  rectangle 
is  evidently  at  the  intersection  of 
the  diagonals.    Apply  at  each  cen- 
tre thus  obtained,   a  force  in  pro- 
portion to  the  area  of  the  rectangle, 
Choose  as  the  axis  of  reference  O  X 
and   O  Y  common  to  two  sides  of    the    area.      The  coordinates  of 
each  force  are  given  by  x  and  y  with  proper  subscripts. 


Fig.  25. 


giving  forces  Pj,  P2  ^^^  -^5 


From  eq.  (2)  we  have 


X 


P,  X,    +   P2  A"2    +    ^3  ^^3 


and 


-  _  Piyi  +  ^2>'2+  P^yz 
y  "        Pi  +  P3  +  Ps 


(3) 


(4) 


The  centre  of  gravity  (C.  G.)  is  thus  definitely  located  with  reference 
to  the  coordinate  axis. 

Graphical  Application.— Required  the  centre  of  gravity  of  the  area 
of  Fig.  26.  Divide  the  area  into  rectangles  as  before.  Find  the  re- 
sultants of  the  vertical  and  of  the  horizontal  forces  by  the  methods  of 
Sec.  III.  The  point  of  intersection  of  these  resultants  will  give  the  cen- 
tre of  gravity  of  the  area.     The  construction  is  shown  in  Fig.  26. 

40.  Moments  of  Forces.— Graphical  Method.— The  moment  of  a 
force  has  been  defined  in  Art.  19,  as  its  tendency  to  produce  rotation 
about  a  point.     It  is  measured  by  the  product  of  the  magnitude  of  the 
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force  and  the  length  of  the  perpendicular  dropped  from  the  point  upon 
the  Hne  of  action  of  the  force.  When  the  direction  of  the  rotation  is 
clockwise  it  will  be  called  a  positive  moment.  Counter  clockwise 
moments  will  be  called  negative. 

Given  a  system  of  forces,  required  the  moment  of  the  forces  about 
a  given  point. 

Let  P1-P4,  Fig.  27,  be  the  given  system  of  forces.  Let  P  be  the 
point  about  which  the  moment  is  required.     Draw  the  force  and 


A  PiB  fl  ^C      Ri       D 


Fig.  26. 


equilibrium  polygons  for  the  given  system  and  determine  the  resultant 
R.  Since  the  sum  of  the  moments  of  all  of  the  forces  about  point  P  is 
equal  to  the  moment  of  the  resultant  about  the  same  point,  we  have 


ikf  =  Pi  fi  + 


+  P.r, 


Rr. 


(5) 


Draw  through  P  a  line  parallel  to  R,  intersecting  the  segments  0  a  and 
0  e  at  X  and  Z.  In  Fig.  (b)  drop  the  perpendicular  O  F  whose  length 
=  H.  Then  triangle  O  A  E  is  similar  to  triangle  Y  X  Z,  and  we  have 
r  :  y  =  H  :  R,  or  R  r  =  H  y;  hence  also 


M  =  Hy. 


(6) 


The  distance  H  is  called  the  pole  distance  of  the  resultant  R.  H  is 
measured  in  pounds  to  the  scale  of  the  force  diagram,  and  y  is  measured 
in  units  of  length  to  the  scale  of  the  space  diagram. 


44 
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In  the  same  way  the  moment  about  the  same  point  of  only  a  part 
of  the  forces  can  be  found.  For  example,  required  the  moment  of 
P,  and  P.  of  Fig.  (a),  about  P.  The  resukant  of  P,  and  P,  acts  as 
shown  in  Fig.  {a),  and  parallel  to  A  C.  Through  P  draw  a  Ime  paraUel 
to  ^  C  The  distance  \\,  intercepted  between  the  segments  oa^x^^o  c 
adjacent  to  the  forces  P,  and  P„  is  the  required  intercept.  The  pole 
distance  will  be  PT,  the  perpendicular  distance  from  O  to  ^  C.     1  hen 


u  =  n,  y, 


(7) 


If  the  given  system  of  forces  is  in  equilibrium,  as  is  often  the  case, 
the  value  of  R  is  zero  and  the  moment  of  the  entire  system  about  any 
point  is  zero.     The  moment  of  a  part  of  the  forces  is  found  as  before. 


Fig.  27. 

Therefore,  in  general,  the  moment  of  any  system  of  forces,  about  a 
point,  is  equal  to  the  pole  distance  of  the  resultant  of  the  forces,  multiplied 
by  the  distance  intercepted  between  adface-t  segments  of  tlie  equilibrium 
polygon  on  a  line  drawn  through  tJie  given  point  parallel  to  tJie  resultant. 

For  parallel  forces  the  method  is  the  same  as  given  above.  The 
problem,  which  usually  arises  in  practice  is  to  determine  the  moment 
about  a  point  of  a  part  of  a  system  of  forces  which  is  equihbrium,  as, 
for  example,  the  loads  and  reactions  acting  upon  a  beam  or  framed 
structure.     To  illustrate,  let  P,-P„  Fig.  28,  be  a  system  of  forces  in 
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equilibrium;  required  the  moment  of  P^  and  P^  about  point  P.  The 
figure  shows  the  equiUbrium  and  force  polygons  already  constructed. 
Draw  a  vertical  through  P  giving  the  intercept  y.  Then,  as  in  eq.  (6), 
the  desired  moment  =  H  y. 

For  parallel  forces  the  pole  distance,  H,  is  constant,  so  that  the 
equihbrium  polygon  becomes  a  moment  diagram  for  moments  of  all 
forces  to  the  left  or  right  of  any  given  point.  The  moments  of  any 
other  combination  of  adjacent  forces,  taken  about  P,  can  be  found  by 
getting  the  intercept  between  the  corresponding  segments  of  the 
equilibrium  polygon  (produced  if  necessary).  Thus  the  moment  of 
forces  P2,  P3  and  P4  is  equal  to  H  times  the  intercept  on  the  vertical 
through  P  measured  between  0  b  and  0  e,  produced. 


Fig.  28. 

41.  Moments  of  Inertia.— The  moment  of  inertia  of  a  force  with 
respect  to  any  axis  is  the  product  of  its  magnitude  into  the  square  of 
its  distance  from  the  axis.  The  total  moment  of  inertia  for  any  system 
of  parallel  forces  will  be  the  sum  of  such  products  for  each  force. 

Thus 


I  =  P,  fli'  + 


=  IP 


(8) 


Since  P  a  is  the  moment  of  the  force  in  question  about  the  given  axis, 
eq.  (8)  can  be  written  thus 


/=MiOi+ M„a„ 


IM  a. 


(9) 


Eq.  (9)  furnishes  a  method  by  which  moments  of  inertia  may  be 
calculated  graphically.  Consider  the  moment  of  the  given  force  to  be 
replaced  by  a  force  equal  in  magnitude  to  the  amount  of  the  moment 
acting  in  the  line  of  action  of  the  original  force,  and  in  the  direction 
indicated  by  the  sign  of  the  moment.     Multiply  this  new  force  by  the 


^ 
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distance  from  the  axis  of  moments.  This  will  give  the  moment  of 
inertia  of  the  force  or  ^he  "Second  Moment"  as  it  is  sometimes  called. 
The  sum  of  all  such  second  moments  will  give  the  total  moment  of 


Fig.  29. 


inertia  for  the  system  of  forces.     This  method  will  be  illustrated  by 
the  following  problem : 

Let  P1-P4,  Fig.  29,  be  a  system  of  parallel  forces,  and  P  the  point 
about  which  the  moment  of  inertia  is  desired.  Construct  first  the  force 
and  equilibrium  polygons  for  these  forces;    these  arc  shown  in  Figs. 
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(a)  and  (b).  From  the  previous  article,  the  moments  of  P„  P.,  P3  and 
P,  about  P  are  equal  to  H  y„  H  y„  H  y,  and  H  y,  respectively.  If 
these  moments  be  applied  as  forces  in  the  lines  of  action  of  the  forces 
producing  them,  a  new  set  of  forces  is  obtained.  Again  take  moments 
about  P.  Since  H  is  constant,  the  new  force  polygon  can  be  con- 
structed by  using  y„  y„  y,  and  y,  as  the  forces,  and  with  O'  as  pole. 
Constructing  the  corresponding  equilibrium  polygon  gives  123456. 
The  intercept  now  is  /,  and  the  second  moment  is  H'  y' .  Since  the 
second  force  polygon  was  constructed  for  the  intercepts  y^-y^  instead 
of  the  moments  B.  y,-H  y„  it  is  necessary  to  multiply  the  second 
moment  H'  y'  by  H  which  gives  H  H'  y'  as  the  required  moment  of 
inertia  of  the  system. 

It  is  possible  to  find  the  moment  of  inertia  of  the  forces  without 
constructing  the  second  equilibrium  polygon.  This  can  be  done  as 
follows:     We  have  as  before 

I  =  I  P  a"  =  I  M  a  =  I  H  y  a. 

This  may  be  written,  for  the  same  case  as  before, 

I  =  H  {y,  a,  +  y._a.  +  y,  a^  +  y^  aj-       •     •     •     (1°) 

From  Fig.  29,  y,  a,  is  equal  to  twice  the  area  of  the  triangle  m  de, 
bounded  by  the  intercept  y,  and  the  segments  of  the  equilibrium  poly- 
gon oa  SiYid  0  b  for  force  P^.  In  the  same  way  y2  a^,  y^  «3  and  y,  a, 
represent  similar  areas.  The  sum  of  these  areas  is  equal  to  twice  the 
area  of  the  figure  enclosed  by  the  equihbrium  polygon  and  a  vertical 
through  P;  it  may  be  called  the  area  of  the  equilibrium  polygon.  If 
this  area  is  denoted  by  A  we  have 

I  =  2HA (11) 

As  the  pole  distance,  H,  can  be  chosen  at  will  it  may  be  taken  equal 
to  one-half  the  sum  of  the  forces  P,-P„  or  I  P/2.  Eq.  (11)  then 
takes  the  convenient  form 

I==AIP »      .     .     (12) 

The  moment  of  inertia  of  an  area  may  be  found  by  dividing  the 
area  into  smaller  areas.     At  the  centre  of  gravity  of  each  small  area. 
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a  force  is  applied  which  is  in  proportion  to  the  area.  Then  by 
proceeding  as  before,  the  moment  of  inertia  may  be  found.  In  such 
a  case  I  P,  in  eq.  (12),  may  be  replaced  by  the  area  of  the  figure 
in  question. 

42.  Radius  of  Gyration.— The  radius  of  gyration  of  a  system  of 
forces  is  the  distance  from  the  axis  at  which  a  force  equal  to  the  re- 
sultant of  the  system  must  act  in  order  to  give  the  same  moment  of 
inertia  as  the  forces  themselves.     That  is, 

I  =  r^I  P    or    r^  =  Yp ^^^^ 

The  radius  of  gyration,  r,  may  be  found  from  eq.  (13)  or  graphical 
methods  may  be  used  directly.  From  the  first  method  given  in  the 
preceding  article  we  have 

I  ^  H  H'y, 

'^"'"  r^--L  =  ^^'y'  (14) 

IP  IP 

If  the  pole  distance,  H,  had  been  chosen  equal  to  i"  P  we  would  have 

y  P   H'  y' 

from  which 

r    =  {H'  /)* (15) 

This  may  be  constructed  graphically  as  shown  in  Fig.  29  {d).     Lay 

o^  AB  =  y  and  BC  =  H'.     On  ^  C  as  a  diameter  construct  the 

semicircle  ADC.     From  B  erect  a  perpendicular  B  D.     Then  B  D^  = 

AB  X  BC,  hence  r  ==  B  D. 

The  same  resuh  is  obtained  by  the  second  method,  eq.  (12).     Here 

I  =  A  I  P  where  IP  is  the  resultant  of  the  system  of  forces  and  A  is 

/         AIP        . 
the  area  of  the  equihbrium  polygon.    As  before  r-  =  -^  =     y  p    -  A. 

Here  the  diameter  of  the  semicircle  A  C  will  be  made  M^oiAB  =  i, 
and  BC  =  A.  Then,  as  before,  r  =  B  D.  Fig.  29  (e)  shows  the 
necessary  construction. 
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Section  v.— Application  of  the  Laws  of  Equilibrium 

43.  General  Methods.— The  external  forces  acting  on  a  structure 
are  due  to  the  weight  of  the  structure  itself,  to  the  loads  carried,  and  to 
the  forces  occurring  at  the  points  of  support,  called  reactions.  Of 
these  external  forces  the  loads  are  usually  known  while  the  reactions 
are  unknown.  The  unknown  reactions  may  be  determined  by  the 
principles  of  equihbrium,  since  the  forces  acting  on  a  structure  at  rest 
form  a  balanced  system  to  which  may  be  applied  the  three  equations 
of  Art.  29.  We  can  therefore  in  general  fully  determine  these  external 
forces,  provided  there  are  not  more  than  three  unknowns. 

Since  all  parts  of  a  structure  at  rest  are  in  equiHbrium,  we  may 
■  evidently  apply  the  laws  of  equihbrium  to  the  forces  acting  upon  any 
portion  of  that  structure  in  order  to  obtain  the  stresses  in  the  members. 
The  portion  considered  may  be  a  single  joint,  or  it  may  include  several 
joints  and  members.  The  forces  acting  upon  the  portion  may  be  part 
external  forces,  part  internal  forces  or  stresses,  or  they  may  be  wholly 
stresses.  It  may  be  said,  therefore,  that  there  are  two  general  methods 
of  applying  the  equations  of  equilibrium  to  framed  structures: 

1.  To  the  structure  as  a  whole  to  determine  reactions,  and 

2.  To  a  part  of  the  structure  to  determine  stresses.     Under  (2)  we 

have: 

(a)  AppHcation  to  any  single  joint,  the  forces  being  concurrent. 
This  method  is  called  the  method  0}  successive  joints. 

{b)  AppHcation  to  a  portion  of  the  structure  including  several  joints, 
which  are  considered  as  separated  from  the  remaining  part  by  passing 
a  section  through  the  structure.  The  forces  in  this  case  are  generally 
non-concurrent.     This  method  is  called  the  method  0}  sections. 

In  the  following  articles  a  few  examples  will  be  given  to  illustrate 
the  appHcation  of  the  laws  of  equihbrium  in  finding  reactions  and 
stresses  by  both  algebraic  and  graphical  methods. 
y^  44.  First.— To  the  Structure  as  a  Whole  to  Determine  Reactions.— 
Algebraic  Method.— Exs^mple  i.  Suppose  the  roof  truss  of  Fig.  30  to 
be  acted  upon  by  the  wind  pressure  W,  acting  normally  to  the  roof; 
the  weight,  G,  of  the  roof  and  truss  apphed  at  their  centre  of  gravity 
and  acting  downward;  and  the  abutment  reactions,  as  yet  unknown  in 
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amount  or  direction.  These  comprise  all  the  external  forces.  Fig.  (b) 
shows  the  truss  free  from  the  abutments,  with  the  reactions  R'  and  R" 
indicated.  The  left  end  of  the  truss  is  supposed  to  rest  on  rollers,  the 
abutment  at  B  taking  all  the  horizontal  thrust  due  to  wind.     This  being 


Bolle 


the  case,  R'  will  be  vertical  and  R"  inclined  at  an  angle  6  with 
the  vertical.  Let  R"  be  replaced  by  its  vertical  and  horizontal  com- 
ponents.    The  unknowns  are  R',  R"^,  R'\. 

Applying  the  three  equations  of  equiUbrium,  choosing  two  moment 
and  one  resolution  equations  gives: 

From  I  H  =  o 
from  which 

From  I  M ,  =  o 


T^  sin  «  -  R"^  =  o, 
R''    =  W  sin  «. 


(fl) 


2 


from  which 


R' 


Wa   .    G 


ib) 


From  i"  M„  =  o 


from  which 


-Wb-^  +  R'l  =  o, 

2 


{c) 
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From  (a)  and  (b)  we  have 


also 


6  =  tan      ^. 


ie) 


The  unknowns  are  therefore  completely  determined. 

Example  2.  Given  the  bridge  truss  of  Fig.  31;  loads  as  shown; 
rollers  at  A.  Required  the  abutment  reactions.  Fig.  (b)  shows  the 
truss  free  of  the  abutments.     Since  there  are  rollers  ^t  A,R'  will  be 


j<. 6  Panels  @  d=L- >| 


Fig.  31. 


vertical.  R"  will  have  vertical  and  horizontal  components,  since  any 
horizontal  force  must  be  resisted  here.  Our  unknowns  are  thus 
/?',  R"^  and  R'\. 

Applying  the  three  equiUbrium  equations  to  Fig.  (b)  we  have: 


From  I  H  =  o 
from  which 


R''    =  o. 


(a) 


From  2  M^  =  o 

-  R'\L  +  P,d  +  P22d-\-  PsSd  +  Pi4d  +  P,sd  =  0, 

from  which 

^  {P^  +  2P,  +  3Ps  +  4P^±SMA    ...     (6) 
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(C) 


From  I  M^  =  o 

+  R'L-P,d-P^2d-P,3d-P,4d-PiSd  =  o 

from  which 

^,       (Ps  +  2  P,  +  3  P3  +  4  ^2  +  5  -Pi)  d 

R    =  -  .    .       . 

The  fact  that  R\  =  o  as  given  in  equation  (a)  might  have  readily 
been  determined  by  inspection,  there  being  no  other  horizontal  force. 
In  arriving  at  conclusions  by  inspection  we  must,  however,  be  very 
careful  to  see  that  they  are  based  upon  some  one  of  the  three  conditions 
of  equilibrium,  and  where  the  result  is  doubtful  we  should  always  return 
to  the  rigid  method:  Consider  the  structure  by  itself,  put  in  all  forces, 
and  write  out  in  detail  the  equations  of  equilibrium. 

Example  3.  Given  the  bridge  truss  of  Fig.  32;  loads  as  shown; 
rollers  at  A.     Required  the  abutment  reactions. 


Kollers.s' 


Fig.  (6)  shows  the  structure  removed  from  the  abutments  and  the 
unknown  reactions  R',  Rf\  and  R'\^  indicated  in  position.  Proceeding 
t5  in  Example  2,  we  have : 

From  I  H  =  o 

+  R",  -  P»  =  o, 

from  which 

R\  =  +  P.  .     .     . 

From  S  M ^  =  o 

-  P,h  +  P,d^P,2d  +  P,2,d  -  R'\  L 

from  which 

-  Pj  /t  +  (P2  +  2  P3  +  3  P4)  d 


{a) 


o, 


R'\,  = 


% 
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From  I  M^  =  o 

from  which 

R'  =  +P^^'+  (3P4  +  4Ps  +  SP2)d^      ...(c) 

The  unknowns  are  thus  completely  determined. 

Example  4.  Given  the  three  hinged  arch  of  Fig.  33;  hinges  at 
A,B,  and  C;  loads  as  shown.     Required  reactions  at  the  hinges. 

Consider  first  the  structure  as  a  whole  removed  from  the  abutments, 
and  the  unknown  reaction  R'^,  R\,  R" ^,  R'\  placed  in  position, 
As  before,  moment  equations  about  A  and  C  will  give  the  values  of  R\ 
and  i?''   respectively. 

From  I  Mj^  =  o 

-  R'\  {I,  +  h)  +P,b,+  P,  ih  +  «2)  =  o, 
from  which 

^„      _    PJ>^±P2Sk±0^  ,_^ 

^  ~  (h    +    k)  ^    ^ 

From  I  M^  =  o 

+  R\  ih  +  h)   -  P^  ih  +  «i)   -  i'a  &2  =  O, 

fi-om  which 

J.,        PAk  +  cii)  +P2K  .J. 

ih  +  h)  ^ 

A  resolution  equation  involving  horizontal  forces  gives 

2  H  =  0 

R^  -  R\  =  o, 
from  which 

Eq.(c)  gives  only  an  equahty  between  R'^,  and  R"^.  In  order  to  obtain 
the  value  of  R' ^  and  R" ^,  we  must  have  another  independent  equation. 
Since  the  structure  is  hinged  at  B  it  can  be  separated  at  that  point 
ctnd  the  action  of  one  part  on  the  other  will  be  fully  represented  by  a 
single  inchned  force,  or  the  two  components  of  such  a  force.  Figs,  {c) 
and  {d)  show  the  structure  separated  and  the  external  forces  placed  in 
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position,  the  horizontal  and  vertical  components  of  the  forces  being 
indicated.  At  B  we  have  a  simple  case  of  action  and  reaction;  the 
forces  acting  upon  the  two  parts  are  equal  and  opposite.  Since  the 
values  of  R\  and  R'\  are  known  from  eqs.  (a)  and  {h)  above,  we  have 
now  only  three  unknowns  for  each  part  of  the  structure — R'^,  R'"^ 
and  R"\,  for  the  left  half,  and  R"^,  R'"^  and  R"\  for  the  right  half. 
Applying  the  three  equihbrium  equations  to  the  left  half,  we  have: 

From  I  V  =  o 

+  R\  -  R"\  -P,=o, 

from  which 

R'^\  =R%-P, ((0 

From  I  Mj^  =  o 

+  R''\h  -R"'nK  +Pi&i=o, 

from  which  r>,„   1    ,    p  u 

R'\  =  ^   -\+^-^^ (e) 

From  I  H  =  o 

+  R',  -  R'\  =  o, 
from  which 

R'   =  R'" US 


/^- 


In  the  same  way  for  the  right  half,  we  have: 

From  I  V  =  o 

+  R"\  +  R'\  -  P2  =  o, 
from  which 

R"\  =  +  P2  -  R'\ (g) 

From  2  H  =  o 

+  R\  -  R'\  =  o, 
from  which 

^"h  =  +  ^"'h (*) 

From  I  M^  =  o 

+  R'"^  h,  -  P,b,+  R"\  h  =  o, 

from  which  ,    „  ,        p,„   j 
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Example  5.  Cantilever  Bridge,  Fig.  34-  Links  at  ^  and  F;  hinges 
at  B,  D,  and  E,  and  rollers  at  C;  loads  as  shown;  weight  of  structure 
neglected.     Find  reactions  at  ^4,  ^,  £,  and  F. 

The  structure  may  be  di\dded  into  three  parts  as  shown  in  Figs. 
(6),  (c),  and  {d).  The  reactions  at  the  various  points  are  shown  on  the 
figures.  Since  links  are  placed  at  A  and  F  and  rollers  at  C  the  reactions 
at  these  points  must  be  vertical.  At  B,  D,  and  E,  which  are  hinged 
only,   horizontal  components  must  be  considered.     The  three  equi- 


Pj  P2 


\^d*\ 


Rh 


t±^  (ft) 


Ps      p. 


3    P4 


CO 


Fig.  34. 


1: 


M 


librium  equations  may  then  be  applied  to  these  three  structures. 
Beginning  with  the  center  structure,  the  unknowns  R'",  R'^^  and  i?'\ 
may  be  determined  as  in  Example  2.  These  values  may  then  be  applied 
as  known  forces  in  their  proper  places  in  the  side  spans  and  the  re- 
mainder of  the  unknowns  determined. 

45.  Graphical  Me/ Aoc/.— Example  i.  Given  the  roof  truss  of  Fig. 
35,  acted  upon  by  the  wind  load  W,  normal  to  the  roof,  the  weight  G,  of 
the  truss  and  roof  acting  vertically,  and  the  unknown  reactions  R,  and 
/?2.  The  left  end  of  the  truss  is  supposed  to  be  on  rollers,  hence  the 
reaction  /?,  will  be  vertical.  R-^  is  known  only  in  ])oint  of  application. 
The  unknown  can  be  determined  by  the  method  of  Art.  44-  Beginning 
with  the  known  forces  W  and  G,  draw  the  corresponding  portion  of  the 
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force  polygon  B  C  D  oi  Fig.  (&).  Choose  a  convenient  pole  O  and 
draw  the  rays  O  5,  O  C  and  O  D.  Draw  the  portion  of  the  equihbrium 
polygon,  1-2-3-4,  corresponding  to  these  rays.  Since  point  i  is  known 
to  be  on  the  Hne  of  action  of  R.,  the  equilibrium  polygon  must  be 
started  here.  Draw  the  closing  line  1-4.  In  the  force  polygon  draw 
from  point  O  the  ray  O  A  corresponding  to  the  closing  line.     The  point 


Fig.  35. 

of  intersection,  A.oiO  A  with  a  line  drawn  from  B  parallel  to  the  known 
direction  of  R^  will  give  the  amount  of  the  left  reaction.  Thus  R^  .& 
represented  in  magnitude  by  the  Hne  A  B.  R^  is  given  in  amount  and 
direction  hy  D  A.    R^  and  R^  are  then  completely  determined. 

Example  2.  Given  the  roof  truss  of  Fig.  36  with  loads  P^-P^  and 
wind  pressures  W^-W^.  Required  the  abutment  reactions  i?,  and  R^; 
(a),  when  a  part  of  the  horizontal  thrust  due  to  wind  is  taken  up  by 
each  abutment,  the  truss  being  fixed  at  each  end;  (b),  when  one  end 
is  on  rollers,  and  the  horizontal  component  of  the  pressure  is  all  resisted 
at  the  other  end. 

Construct  the  force  polygon.  Fig.  (b),  laying  off  the  forces  in  any 
convenient  order.  The  order  chosen  here  is  PrP„  W^-W^.  Consider 
first  case  (a).  Both  ends  being  fixed  the  exact  direction  of  the  reac- 
tions is  indeterminate,  but  it  will  answer  present  purposes  to  assume 
them  parallel  and  having  a  direction  parallel  to  the  resultant  load. 
(Another  assumption  often  made  is  that  their  horizontal  components 
are  equal.)  Choose  any  pole  O,  and  draw  the  rays  O  A-0  K.  Draw 
the  equihbrium  polygon  i,  2,  3,-10,  starting  at  any  point  i  on  the  line 
of  action  R,  and  ending  at  10,  a  point  on  R^;  i-io  is  the  closing  line. 
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Draw  the  corresponding  ray  O  L.     KL  and  L  A  are  then  respectively 

equal  to  the  required  reactions  R^  and  R^  acting  as  shown  by  the  arrows. 

Case  (6)  is  similar  to  Example  i.     The  construction  is  shown  by 

dotted  lines.     The  right  end  is  assumed  to  be  on  rollers,  thus  giving 


Rh      M 


Fig.  36. 

a  vertical  reaction.  The  equihbrium  polygon  should  be  started  at 
Lg,  the  left  abutment,  as  this  is  the  only  point  known  on  the  line  of 
action  of  R'. 

Example  3.     Given  the  bridge  truss  of  Fig.  37,  acted  upon  by  the 
vertical  loads  P1-P5.     Required  the  reactions  R^  and  R.^. 


Fig.  37. 


This  is  a  case  of  vertical  loads  as  in  Art.  36.     The  construction  is 
shown  in  Figs.  37  {a)  and  {b). 
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Example  4.  Given  the  bridge  truss  of  Fig.  38,  acted  upon  by 
vertical  loads  P^,  P,  and  P,  and  by  a  horizontal  load  P,.  The  truss  is 
assumed  as  fixed  at  the  left  end.  This  is  similar  to  Examol^  i.  above. 
The  construction  is  shown  in  Figs.  38  {a)  and  (6). 


Fig.  38, 


Fig.  39. 

Example  5.     Given  the  three  hinged  arch  of  Fig.  39;    hinges  at 
A,  B,  and  C;    loads  as  shown.     Required  the  abutment  reactions  at 
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A  and  C  Here  four  unknowns  are  in  question,  the  amounts  and 
directions  of  two  forces  /?,  and  i?,,  which  are  known  only  in  points  of 
application,  the  hinges  A  and  C. 

The  closure  of  the  force  and  equilibrium  polygons  permits  the 
determination  of  three  unknowns.  To  determine  the  fourth  we  can 
make  use  of  the  fact  that  the  hinges  at  ^,  5  and  C  can  resist  only  forces 
which  pass  through  their  centres.  As  the  hnes  of  action  of  these  forces 
constitute  the  corresponding  segments  of  the  equilibrium  polygon,  it 
follows  that  the  equilibrium  polygon  of  the  given  forces  must  pass 
through  the  hinges.  Therefore,  as  a  fourth  condition  the  equilibrium 
polygon  must  pass  through  the  points  A,  B  and  C.  Proceed,  as  in 
Art.  37,  to  pass  an  enuihbrium  polygon  for  the  forces  P^  and  Pg  through 
the  required  points.  ^-1-2-3  shows  the  trial  polygon,  pole  chosen  at 
O;  and  A-^-Bs-C  shows  the  required  equilibrium  polygon  with  true 
pole  found  to  be  at  N.  The  amount  and  direction  of  R^  and  R^  are 
given  respectively  hy  N  A,  acting  from  A^  to  ^,  and  C  N,  acting  from 
C  to  N. 

46.  Second.  —To  Single  Joints  to  find  Stresses. — Algebraic  Method. 
This  method  G€)«sists  in  taking  single  joints  at  which  not  more  than 
two  unknowns  exist.  We  then  have  a  system  of  concurrent  forces 
which  can  be  solved  by  means  of  the  principles  of  Art.  23. 

Example  i.  Given  the  roof  truss  of  Fig.  40;  loads  as  shown; 
'equired  the  stresses  in  all  members. 

First  find  the  abutment  reactions  at  A  and  B,  treating  the  structure 
as  a  whole. 

From  I  M^  =  o 

W  z  II 

2  4  24 

from  which 

R,=  +2W. 

Since  the  loads  are  symmetrical  about  the  centre,  the  reaction  at  B  is 
equal  to  that  at  A ;  hence  R^  =  2W.  As  there  are  but  two  members 
meeting  at  joiiit  A  the  determination  of  the  stresses  in  the  members 
will  be  started  at  this  point.  Fig.  {h)  shows  the  joint  at  A  removed 
and  the  known  forces  applied,  together  with  the  unknowns  5,  and 
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^2,    assumed    to    act    as   shown.      Applying   the   two    equations    of 
equilibrium  to  the  joint  we  have: 


From  I  V  =  o 


W 


+  2W S.sine  =  0, 

2 


from  which 


S^  =  +  ^W  cosec  B. 


(a) 


t±. 


w 


Joint  D 


id) 


w 


So 

Joint  A 


(&) 


t±. 


S2 


C 
Joint  0 


Fig.  40. 


From  I  H  =  o 


from  which 


or 


s^=  +  5i  cos  e 

S,  =  ^W  cosec  OcosO  =  ^W  cot  0, 


s*. 


(&) 
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The  sign  of  the  results  will  show  whether  the  correct  directions  were 
assumed. 

Passing  now  to  the  next  joint  at  which  only  two  unknowns  exist, 
we  select  joint  C .  shown  in  Fig.  (c) .     Here  ^2  is  known  from  the  calcula- 
tions for  joint  A  and  is  given  in  eq.  (6).     ^3  and  S^  are  the  unknowns,/ 
assumed  to  act  as  shown.     Applying  the  equations  of  equilibrium  gives 

From  I  H  =  o 

+  Si  —  S2  =  o, 

from  which 

S^=  +  S,=  +^Wcoie (c) 

2 

From  I  V  =  o 

S3  =  o (d) 

Next  pass  to  joint  D,  which  is  shown  in  Fig.  (d).  Sj,  S3  and  W 
are  known  forces.  The  two  unknowns  are  ^5  and  S^.  Applying 
the  two  equations  of  equilibrium  gives 

From  I  H  =  o 

4-  ^i  cos  0  —  Sq  cos  6  —  S^  cos  ^  =  o. 

From  I  V  =  o 

+  S,  sin  0  -  S,  sin  e  +  S,  sin  0  -  W  =  o. 

We  have  here  two  independent  equations  involving  the  unknowns  S-^ 
and  Sq.     Solving  these  simultaneously  gives 

S^=  +  W  cosec  6 (e) 

W 
S^  ^  +  —  cosec  e (/) 

2  -^ 

The  stresses  at  D  are  thus  completely  determined.  In  the  same  way 
pass  to  the  other  joints,  selecting  in  each  case  a  joint  at  which  but  two 
unknowns  exist. 

Example  2.  Bridge  truss  of  Fig.  41 ;  loads  as  shown.  Determine 
first  the  reactions  R^  and  R2.     Then,  as  in  Example  i,  start  at  joints!, 
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taking  the  joints  in  succession  in  the  order  shown  in  the  figure.  In  this 
problem  it  will  be  found  in  each  case  that,  by  writing  the  equations  in 
the  proper  order,  only  one  unknown  will  appear  at  a  time,  thus  making 
the  solution  simple. 


---6  Panels   ®  t{=L 
Fig.  41. 


Example  3.  Roof  truss  of  Fig.  42;  loads  as  shown.  At  first  sight 
this  truss  appears  to  be  indeterminate,  due  to  the  fact  that  three  un- 
knowns exist  at  joint  A.  However,  by  taking  first  joint  B,  resolving 
forces  parallel  and  perpendicular  to  member  A  B  D,  the  stress  in  i5  C 
can  be  found.  Then  pass  to  joint  C  and  determine  the  stress  in  A  C. 
The  stress  in  A  C,  once  known,  reduces  the  unknowns  at  joint  A  to 
two,  allowing  a  solution  for  stresses  in  A  B  and  A  G.  The  method? 
employed  are  the  same  as  used  in  Example  i,  above. 


Fig.  42. 

47.  Graphical  Method. — As  in  the  algebraic  method,  joints  are 
taken  at  which  only  two  unknowns  exist.  The  system  is  then  solved 
graphically  as  explained  in  Art.  30. 
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Example  i.  Roof  truss  of  Fig.  43 ;  loads  as  shown.  Required  the 
stresses  in  all  members.  First  determine  the  reactions  R,  and  R^  by 
the  methods  of  Art.  35.     Then  as  joint  L,  is  the  only  one  at  which  we 


'    (.e)   ' 


(/) 

Joint  Li 


Fig.  43     (rt,  h,'c,  d,  e,  /,  g,  and  h). 


have  two  unknowns  we  must  start  there.     Fig.  (c)  shows  this  joint  re- 
moved, and  all  the  forces  appUed.     The  unknowns  are  represented  by 

W 
Sy,  and  52.     First  lay  off  the  known  forces,    —  acting  downward  and 
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Ri  acting  upward.  From  B  draw  a  line  parallel  to  the  line  of  action 
of  Si  and  from  L  draw  a  line  parallel  to  the  line  of  action  of  S^.  The 
point  of  intersection,  i,  of  these  two  Hnes  will  determine  the  magnitudes 
of  ^'i  and  S^.  The  direction  in  which  these  forces  act  can  be  found  by 
passing  around  the  force  polygon  in  the  direction  of  the  arrows.  5,  is 
found  to  act  toward  the  joint,  indicating  compression,  while  S^  acts 
away  from  the  joint,  indicating  tension. 


Joint  La 


Fig.  43     {i,  j,  k,  I,  and  m). 

The  joint  at  L,  is  the  next  one  at  which  only  two  unknowns  exist. 
Fig.  (e)  shows  this  joint  with  the  forces  indicated.  The  stress  ^2  is 
known  from  joint  L„  and  S.,  and  S,  are  unknown.  Lay  off  S^,  Fig. 
(/),  as  determined  from  L^  on  a  Hne  parallel  to  the  member,  with  the 
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force  acting  from  L  to  i.  We  must  now  close  the  force  polygon  with 
lines  parallel  to  S^  and  S^.  But  since  ^^  has  the  same  line  of  action 
as  52,  the  line  in  the  force  diagram  representing  the  magnitude  of  S^ 
will  be  a  point,  thus  having  no  length.  The  stress  in  ^^  is  therefore 
zero.  This  might  have  been  seen  by  inspection,  as  there  is  no  load  at 
Li  acting  so  as  to  cause  stress  in  S^. 

Next  pass  to  joint  U^  shown  in  Fig.  (g).  Here  Si  and  S^ 
are  known  from  joints  L^  and  Zj.  In  the  same  way  pass  to  joints 
U2,  Lo,  L3,  1/3  and  L^  in  the  order  named.  The  force  diagrams 
for  joints  L^  and  f/g  are  given  in  Figs,  (i),  (/),  (k),  and  (J).  As 
the  stresses  in  the  two  halves  of  the  truss  are  symmetrical  the 
stress  diagrams  in  the  right  half  are  not  given.  When  the  loads 
are  not  symmetrical,  the  diagrams  would  have  been  drawn  for 
all  joints. 

Instead  of  drawing  a  separate  figure  for  each  joint,  we  may  combine 
the  force  polygons,  using  each  line  twice  as  being  common  to  two  poly- 
gons. The  combined  figure  may  be  called  a  stress  diagram.  A 
convenient  notation  to  accompany  this  method  is  to  letter  each  triangle 
of  the  truss,  and  also  each  space  between  the  external  forces,  as  in  Fig, 
(a).  Each  piece  and  each  external  force  is  then  known  by  the  two 
letters  in  the  adjacent  spaces,  as  the  piece  B  1  and  the  load  B  C,  etc. 
Let  us  apply  this  method  to  the  truss  in  Fig,  43  (a).  Lay  off  the 
loads  and  determine  the  reactions  as  in  Fig.  (b).  Beginning  as  before, 
at  joint  Lq,  the  force  polygon  for  that  joint  will  he  L  A  B  i  L,  Fig.  (w)  ; 
5  I  is  the  stress  in  J5  i  and  L  i  is  the  stress  in  Z,  i.  In  treating  a  joint 
the  forces  are  always  taken  in  the  order  in  which  the  loads  were  plotted 
in  the  load-line.  In  this  case  the  loads  were  laid  off  from  left  to  right; 
that  is,  in  a  clockwise  direction.  Therefore,  we  must  pass  around 
each  joint  in  the  same  direction,  beginning  with  the  piece  farthest  to 

.  W 

the  left  whose  stress  is  known.     At  joint  L^  the  order  will  be  Ri,  — , 

then  piece  B  i  and  finally  piece  L  i.  The  circular  arrow  at  the  left 
of  Fig.  (a)  is  intended  to  indicate  the  direction  to  be  used,  which  should 
be  noted  at  the  time  the  load-line  is  laid  off. 

The  next  step  is  to  determine  the  nature  of  the  stresses  in  the 
members.  This  can  be  done  by  following  around  the  polygon.  Be- 
ginning as  before  with  R^,  Fig.  (m),  we  pass  from  L  to  A,  since  Ri  acts 
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upward.     —  acts  downward,  from  A  to  B.     Continuing  around  the 

polygon,  B  i  acts  toward  joint  Lq,  indicating  compression,  and  L  i 
acts  away  from  L^,  indicating  tension.  For  future  reference,  mark 
on  the  member  the  kind  of  stress  existing.  Thus  in  Fig.  {a)  the  — 
and  +  signs  indicate  respectively  compression  and  tension. 

Passing  to  joint  Li,  the  known  stress  farthest  to  the  left  is  the  tension 
in  Li,  acting  from  L  to  i.  The  next  member  in  order  is  i  2  and  then 
L  2.     To  complete  the  polygon  we  must  close  on  point  L  with  a  line 


Fig.  44 


parallel  to  member  L  2.  To  accomplish  this  the  line  representing 
stress  in  member  i  2  can  have  no  length,  therefore  indicating  zero  stress. 
This  fact  is  shown  in  the  force  polygon  by  placing  letters  i  and  2  at 
the  same  point.  Next  pass  to  joint  U^.  The  force  polygon  will  be 
I  BC  2,  2  I.  The  force  polygon  for  joint  L^  is  L  6  E  F  L,  F  L  being 
the  abutment  reaction,  which  indicates  a  check  on  the  work. 

Example  2.     Bridge  truss  of  Fig.  44;   loads  as  shown.     Required 
the  stresses  in  all  members.    First  find  the  abutment  reactions  Ri  and 
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R^.  The  graphical  solution  is  shown  in  the  figure.  The  stress  diagram 
is  given  in  Fig.  (b).  The  diagram  is  begun  at  joint  L„,  the  remain- 
ing joints  being  taken  up  in  the  following  order:  Z-j,  U i,  L^,  U2,  U3, 
L3,  etc.  The  order  in  which  the  forces  are  taken  around  the  joint 
is  shown  by  the  arrow  to  the  left  of  the  figure  and  the  kind  of  stress  is 
indicated  on  the  truss  diagram. 

18.  Third.— The  Method  of  Sections.— Algebraic  Method.— In  this 
'method,  instead  of  taking  single  joints,  a  section  is  passed  through  the 
structure  cutting  the  members  whose  stresses  are  desired,  and  the 
equations  of  equilibrium  applied  to  one  of  the  portions  into  which 
the  structure  is  thus  divided.  A  part  of  the  forces  are  thus  external 
forces,  and  a  part  are  due  to  stresses  in  the  members  cut.  The  portion 
of  the  structure  considered  usually  includes  several  joints,  and  thus  the 
forces  are  in  general  non-concurrent.  This  gives  us  three  equations 
of  equiHbrium,  and  hence  if  we  cut  but  three  members  (not  meedng  in 
a  point)  whose  stresses  are  unknown,  these  stresses  may  be  found. 
Another  way  of  stating  the  equilibrium  existing  between  the  forces 
acting  upon  either  pordon  of  the  structure,  is  to  say  that  the  stresses 
in  any  section  hold  in  equilibrium  the  external  forces  acting  upon  either 
side  of  that  section.     Or,  more  in  detail, 

I  vert.  comp.  external  forces  =  2  vert.  comp.  internal  forces. 

I  hor.  comp.  external  forces  =  I  hor.  comp.  internal  forces. 

I  mom.  external  forces  =  I  mom.  internal  forces. 

The  equality  is,  however,  one  of  numerical  value  but  not  of  sign,  as  is 
seen  by  comparison  with  the  fundamental  equations  of  equilibrium. 

Example  i.  Roof  truss  of  Fig.  45;  loads  as  shown.  Required 
the  stresses  in  all  members. 

The  reactions  are  first  found.  To  find  the  stresses  in  members 
Lo  Ui  and  L^  L^  pass  a  section  a-b  cutting  these  members.  We  then 
have  a  case  of  concurrent  forces  same  as  joint  A  of  Fig.  40.  As  the 
solution  is  identical  it  will  not  be  repeated  here. 

To  determine  the  stresses  in  members  t/,  t/j,  U^  L^  and  L^  L.„  pass 
a  section  c-d  cutting  these  members  and  remove  the  portion  of  the 
structure  to  the  left  together  with  all  external  forces.  Replace  the 
stresses  in  the  members  by  forces  acting  along  the  centre  lines  of  these 
members,  assuming  their  directions  at  will.    Fig.  45  {b)   shows  the 
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resulting  system  of  forces;   S„  S„  and  S^  are  forces  representing  the 
unknown  stresses.     We  have  here  a  system  of  non-concurrent  forces 


i-A      \ 


R,=2W  (&) 


Fig.  45. 


in  equilibrium.     Applying  the  three  equations  of  equilibrium,  using 
one  moment  and  two  resolution  equations,  we  have 


From  I  V  =  o 
from  which 


W 

-  S, sine  +  S, sine  -W  --^  +  2W  =0, 


W 


-  5i  sin  e  +  ^2  sin  0  +  —  =  o. 


From  I  H  =  o 

-  S,  cos  ^  -  52  cos  ^  +  ^3  =  o. 

From  I  M  about  Ui  =  o 


(a) 
(P) 


+  2  TF-  -  —  -  -  5*3  -  tan  ^  =  o, 

424  4 


from  which 


5,  =  +lWcot  ^. 

^  2 


(c) 
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The  moment  equation  was  taken  about  point  t/,  in  order  to  eliminate 
5,  and  5,.  Eq.  (c)  thus  gives  directly  the  value  of  S-^,  which  is  found 
to  be  the  same  as  for  the  corresponding  member  of  Art.  46.  Eqs.  (a) 
and  (b)  can  be  solved  simultaneously  to  get  the  values  of  ^i  and  Sj. 
Substituting  the  value  of  S.^  in  eq.  (b)  and  solving  gives 


S^  =  +  W  cosec  6. 

W 

S2  =  -\ cosec  0. 

2 


(d) 


The  plus  sign  shows  that  the  correct  direction  was  assumed  for  the 
forces.  By  comparison  with  Art.  46,  these  values  are  found  to  check 
those  obtained  by  the  other  method. 

In  some  cases,  a  little  study  of  the  figure  will  show  that  the  solution 
may  be  obtained  in  a  simpler  manner  than  the  one  here  used.  In  the 
case  of  Fig.  (6)  the  moment  and  resolution  equations  can  be  so  taken  that 
only  one  unknown  will  be  contained  in  each  equation,  thus  shortening 
the  work. 

Thus,  to  determine  the  stress  in  U^  U2,  take  moments  about  Lj,  the 
intersection  of  U^  L^  and  Z,  L^,  thus  eliminating  5i  and  S^  which  pass 
through  the  moment  centre.     The  moment  equation  becomes 

-  Sia  -  W +  2W  -  =  o, 

422  2 

from  which  ^^^ , 

-^^  =  +  77' (') 

but  a,  the  level  arm  of  5,,  is  equal  to  -  sin  0,  which,  substituted  in 

2 

eq.  (e)  gives 

S,  =  +  W  cosec  e (/) 

The  stress  in  U^  L^  can  be  obtained  by  taking  moments  about  L,,,  the 
intersection  of  U^  U^  and  L^  L^.     The  resulting  moment  equation  is 

~  S^h  ^W-  =0, 
4 
from  which 

^--^ (.) 
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The  lever  arm,  b,  is  equal  to  -  sin  0.     Substituting  the  value  of  b  in 

2 

eq.  (g)  gives 


W 

5,  =  -I cosec 


{h) 


Example  2.  Given  the  bridge  truss  of  Fig.  46  (same  as  Fig.  44); 
loads  as  shown.     Determine  the  stresses  in  members  U^  U 2,  U^  L^  and 

Pass  a  section  a-b  cutting  the  members  whose  stresses  are  desired. 
Fig.  {b)  shows  the  portion  to  the  left  of  the  section,  with  all  forces  in- 
dicated, together  with  the  reactions  as  determined  by  the  methods  e^ 


R,=1P  (&) 


Fig.  46. 

Art.  45.  5i,  ^2,  and  ^3  are  forces  replacing  the  unknown  stresses  and 
are  assumed  to  act  as  shown  by  the  arrows.  The  value  of  S^  can  be 
determined  by  a  resolution  equation, 


From  I  V  =  o 


-  S^cose  -  P  +  ^P  ^o, 


from  which 


P  sec  d. 


(a) 
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The  stress  in  53  can  be  determined  by  a  moment  equation  about  17, 
which  gives 

2 
from  which 

^3-+fT- (*) 

In  the  same  way  moments  about  L^  gives  the  stress  in  Si  thus 
-  Sih  -  Pd  +  ^P  X  2d  =  o, 


from  which 


4Pd 


To  determine  the  stress  in  a  vertical  member,  such  as  f/j  L2,  pass  a 
section  c-d,  cutting  the  member  in  question  and  not  more  than  two 
others.  The  stress  in  S.^  can  be  obtained  by  a  resolution  equation, 
putting  J  F  =  o,  which  gives 


S,-  P  -  P  +  ^P 


from  which 


^5  =  +  -? (d) 


2 


Since  Si  and  S^  are  both  perpendicular  to  the  axis  of  resolution, 
they  have  no  vertical  components  and  do  not  enter  the  equation. 

From  the  above  examples  it  can  be  seen  that  the  method  of  sections 
has  many  advantages  over  the  method  of  successive  joints,  for  the  former 
method  allows  a  single  member  to  be  taken  from  any  part  of  the  struc- 
ture and  its  stress  determined  without  any  reference  to  the  other  mem- 
bers of  the  truss,  except  those  cut  by  the  same  section.  The  method  of 
successive  joints  requires  the  determination  of  the  stresses  in  all  the 
truss  members  between  the  abutment  and  the  desired  member,  thus 
making  the  work  very  long  in  the  case  of  the  members  near  the  centre 
of  the  truss, 

49.  Graphical  Method. — To  apply  this  method  we  must  commence 
at  one  end  of  the  structure  and  pass  a  section  cutting  but  two  members, 
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whose  stresses  can  be  determined  by  the  single  condition  that  the  force 
polygon,  drawn  for  the  forces  on  one  portion  of  the  structure,  must 
close.  Then  passing  another  section  cutting  three  members,  one  of 
which  has  already  been  treated,  we  can  find  the  stresses  in  the  other 
two,  and  finally,  by  successive  sections  taken  in  the  same  manner,  we 
can  determine  all  the  stresses  by  simple  force  polygons. 


Fig.  47. 

Example.  Roof  truss  of  Fig.  47  (same  as  Fig.  43).  Same  loads  as 
before.  As  the  reactions  will  be  the  same  as  given  in  Fig.  43  (b) ,  this 
construction  will  not  be  repeated.  Lay  off  the  load-line  A  F  with 
reactions  F  L  and  L  A  at  L4,  and  L^  respectively.     Now  pass  a  section 
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cutting  two  members  at  one  end  of  the  truss.      This  section  is  m-m 

and  the  members  cut  are  Lq  U,  and  L^  Li-     Fig.  47  (c)  shows  the  portion 

of  the  structure  to  the  left  of  the  section  free.     The  unknowns  are  S^ 

and  ^2,  the  stresses  in  L^  U^  and  L^  L^.     A  simple  force  polygon, 

LAB  I L,  of   Fig.  {b)  gives  the    unknown    stresses.     The    kind    of 

stress  is  found  in  the  same  way  as  in  the  method  of  successive  joints. 

In  passing  around  a  joint  the  forces  should  be  taken  in  the  order  shown 

by  the  circular  arrow  to  the  left  of  Fig.  (a). 

Now  pass  the  section  p~q  cutting  LqU^,  U^L^  and  L^^L^.     The 

portion  of  the  structure  to  the  left  of  the  section,  with  all  forces  applied 

is  shown  in  Fig.  {d).     S-^  and  S^  are  the  unknown  stresses.     The  value 

W 
of  5i  has  already  been  determined,  and,  together  with  —  and  R^, 

constitute  the  known  forces.  Since  the  forces  are  in  equiUbrium  the 
force  polygon  must  close.  The  portion  LABIL  (Fig.  (b))  of  the 
polygon  is  already  drawn;  1-2  and  2  L  drawn  parallel  to  their  respect- 
ive m.embers  closes  the  polygon  and  determines  the  stresses  in  the 
pieces.  The  stress  in  U^  L^  is  zero  and  that  in  L^  L,  is  equal  to  the 
stress  in  L^L^.  Again  pass  a  section  r-s.  Fig.  (e)  shows  the  portion 
of  the  structure  to  be  considered.  The  members  cut  are  U^  U^,  U^  L^ 
and  Li  L^.  The  stresses  in  U^  U^  and  C/j  L^,  Sq  and  S^  respectively  are 
unknown,  while  S^,  the  stress  in  Z,  L^,  the  reaction  R^,  and  the  joint 
loads  at  L„  and  U^  are  known.  Complete  the  force  polygon  for  these 
forces,  2  L  A  B  C  T,  2  of  Fig.  (b) .  In  constructing  this  force  polygon 
start  with  the  farthest  known  force  to  the  left,  S^,  given  by  2  L  of  Fig. 
(b).     Starting  at  point,  2,  S^  passes  from  2  to  L,     The  reaction  passes 

W 
from  L  to  A,  then,  in  order  — ,  W,  S„  and  S-^  pass,  respectively,  from 

A  to  B,B  to  C,  C  to  3,  and  3  to  2,  finally  closing  on  point  2,  the  point 
of  beginning. 

In  the  same  way  pass  successive  sections  until  the  stresses  in  all 
members  have  been  determined.  While  the  above  is  a  different  method 
from  that  following  in  the  method  of  successive  joints  of  Fig.  43,  yet 
the  resulting  diagram  is  precisely  the  same  as  obtained  by  that  method, 
the  force  polygon  for  any  joint  being  given  directly  in  the  figure.  More- 
over, if  we  pass  any  section  whatever  through  the  structure,  the  polygon 
of  the  forces  acting  upon  either  portion  will  be  given  by  the  diagram- 
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50.  special  Application.-ln  case  it  is  necessary  to  determine  the 
stresses  in  but  one  or  two  members  of  the  structure  when  under  a  given 
loading,  the  preceding  method  necessitates  the  finding  of  all  the  stresses 
up  to  the  ones  in  question,  and  thus  is  a  much  longer  process  than  the 
analytical  method  of  sections.  If  there  are  no  external  forces  apphed 
to  the  structure  between  one  of  the  abutments  and  the  section  cutting 
the  members  in  question,  as  is  often  the  case,  the  desired  stresses  can 
readily  be  found  by  graphics  as  follows :     In  Fig.  48  suppose  the  stresses 
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are  desired  in  the  members  cut  by  the  section  m-n  and  that  there  are 
no  loads  to  the  left  of  this  section  (P,  is  not  at  present  considered). 
Determine  R,  by  any  convenient  method.  Fig.  (i)  shows  the  portion 
to  the  left  of  the  section  with  stresses  S,,  S„  and  S,  indicated.  Now 
these  stresses,  with  R„  form  a  balanced  system  whose  equilibrium  is 
independent  of  the  shape  of  the  structure  acted  upon.  We  may  there- 
fore substitute  the  triangle  L,  U,L,  for  the  actual  structure  to  the  left 
of  U,  U  without  changing  the  stresses  S„  S„  and  ^3.  Let  this  be  done, 
and  proceed  to  construct  the  force  diagram  for  the  modified  structure, 
beginning  at  L,.     In  Fig.  (c),  A  B  1  A  is  the  diagram  for  X,.     B-i  is 
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the  stress  S^.     The  stresses  S^  and  ^2  are  then  found  as  in  Art.  49  by 
closing  the  polygon  AB  i  2  ^A.     2-3  =  6*2  and  3-^  =  S^. 

If  there  be  a  load  Pj  at  the  joint  L2,  adjacent  to  the  section,  the 
triangle  L^  U^  L^  may  still  be  used.  Fig.  {d)  gives  the  construction. 
AB  1  gives  the  stresses  at  L^  and  1  BC  2  1  gives  the  stresses  at  L^. 
C-2  =  S3.  Then  S^  and  5,  are  obtained  by  closing  the  polygon  for 
RiP,S„  S,  a^nd  S,.  It  is  ABC  23  A.  2-3  =  52  and  3-^  =  5 
Notice  that  ^  i  2  3  ^  is  also  the  diagram  for  joint  £/^. 


CHAPTER  III 

ANALYSIS  OF  ROOF  TRUSSES 

Section  I.— Forms  of  Trusses 

51.  A  few  of  the  standard  forms  of  trusses  are  shown  in  Fig.  i. 

The  Howe  truss  of  Fig.  (a)  is  usually  made  of  wood  except  the 
vertical  tension  members,  which  are  steel  rods.     The  diagonal  web 
members  are  all  in  compression,  which  makes  this  form  of  truss  very 
economical  for  construction  in  wood.     The  Pratt  truss,  Fig.   (6),  is 
usually  made  of  steel.     In  this  truss  the  verticals  take  compression  and 
the  diagonals  take  tension.     The  Fink  truss  of  Fig.  (c)  is  a  very  econom- 
ical  form  of  roof  truss.     It  is  usually  constructed  of  steel  with  riveted 
joints.     In  this  form  the  compression  members  are  the  shortest  mem- 
bers in  the  truss.     It  is  used  more  than  any  other  form  of  truss  for 
moderate  spans.     The  Fan  truss,  Fig.  (d),  is  a  form  of  Fink  truss  in 
which  the  top  chord  has  been  divided  into  shorter  lengths  in  order  to 
provide  supports  for  purHns  which  would  not  come  at  panel  points  in 
the  truss  of  Fig.  (c).     The  French  truss  of  Fig.  (e)  is  also  another  form 
of  Fink  truss.     In  this  truss  the  bottom  chord  is  cambered  for  the 
sake  of   appearance   or   headroom  in  case   of    steep   pitches.     The 
effect  of  the  camber  in  the  bottom  chord  is  to  increase  the  stresses  in 
the  members,  but  at  the  same  time  the  lengths  of  the  web  members 
are  decreased.      The  result  is  that  this  form  of  truss  requires  about 
the  same  amount  of  material  as  the  truss  of  Fig.  (c).     The  trusses  of 
Figs.  (/)  and  (g)  are  used  for  flat  roofs.      In  short  spans  the    joints 
are  riveted,  and  in  longer  spans  pin-connected  joints  are  used.  ^  The 
truss  of  Fig.  ig)  is  used  where  counterbracing  is  to  be  placed  in  the 
panels.     The   saw-tooth  construction   of   Fig.   {h)    is    used    for   miU 
buildings.      The    shorter    leg    usually  has    a   glass  skylight,  facing 
toward  the  north  to  avoid  the  direct  light  of  the  sun. 
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The  arch  truss  of  Fig.  (i)  is  used  for  long  spans,  such  as  railway 
train  sheds,  auditoriums,  and  drill  halls.  In  the  form  shown,  called 
the  three-hinged  arch,  hinges  are  placed  at  the  two  abutments  and  also 
at  the  centre.  The  reactions  can  be  determined  by  the  methods  of 
Arts.  44  and  45.  If  an  arch  has  no  hinges,  or  has  but  two  hinges  at  the 
abutments,  the  stresses  depend  upon  distortion  as  well  as  upon  the 
static  load.  These  forms  are  treated  in  Part  II.  In  some  cases  where 
heavy  abutments  would  be  required  to  resist  the  horizontal  thrust  of 
the  reactions  because  of  poor  foundations,  the  thrust  is  taken  up  by 
tie-rods  under  the  floor,  the  foundations  taking  only  the  vertical  com- 
ponents of  the  reactions. 

Section  II. — ^Loads  and  Reactions 

52.  Dead  Load.— The  dead  or  fixed  load  supported  by  a  truss  is 
made  up  of:  the  weight  of  the  truss  itself;  the  roof,  including  roof- 
covering,  sheeting,  rafters,  and  purhns;  and  sometimes  the  weight  of 
ceilings,  floors,  and  other  loads  suspended  from  the  trusses.  The  roof 
being  designed  first,  its  weight  can  be  directly  computed,  as  can  also 
be  the  weight  of  ceihngs  and  floors.  The  weights  of  materials  used  for 
roofs,  ceilings,  floors,  etc.,  can  be  found  in  tables  given  in  Architects' 
and  Builders'  Pocketbook,  by  F.  E.  Kidder. 

From  these  tables  the  weights  in  pounds  per  square  foot  of  roof  are 
given  as  follows: 

ShingHng— tin,  i  pound;  wooden  shingles,  2  to  3  pounds;  slate, 
8  to  10  pounds;   tile,  8  to  20  pounds. 

Roof  coverings— corrugated  iron,  i  to  3  pounds;  gravel  and  felt, 
5  to  6  pounds. 

Rafters— 1.5  to  5  pounds. 

Purlins— wooden,  1.5  to  3  pounds;  steel,  1.5  to  4  pounds. 

Sheeting— I  inch  thick,  3  to  5  pounds. 

Plastered  ceihngs— 10  pounds  per  sq.  ft.  of  ceiling. 

Total  for  roof  covering— 5  to  30  pounds. 

The  weight  of  the  truss  can  only  be  approximated.  Various 
formulas  have  been  devised,  based  on  actual  weights  of  existing  trusses. 
The  conditions  vary  so  much  that  any  formula  can  give  only  an  ap- 
proximation of  the  true  weight.     When  the  structure  has  been  designed, 
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its  weight  can  be  calculated,  and  if  the  calculated  and  assumed  weights 
differ  by  an  unreasonable  amount,  the  structure  must  be  recalculated, 
using  the  weight  as  found  from  the  design. 

From  an  investigation  of  trusses  designed  for  the  purpose.  Professor 
N.  Clifford  Ricker  has  deduced  the  following  formula:  * 

25       6,000 

Where  w  =  weight  of  truss  in  pounds  per  square  foot  of  horizontal 
projection,  and  I  =  span  in  feet.  The  type  of  truss  used  was  that  of 
Fig.  I  (a),  material  long-leaf  yellow  pine.  The  span  lengths  used 
varied  from  20  to  200  feet,  the  height  of  truss  was  taken  in  all  cases  as 
one-quarter  of  the  span  length. 

While  the  above  equation  was  derived  with  reference  to  a  wooden 
truss  of  the  form  Fig.  i  (a),  it  has  been  found  to  give  approximate 
values  which  can  be  used  for  the  preliminary  design  of  trusses  of  the 
type  of  Figs,  i  (&},  (c),  (d),  and  (e),  when  constructed  either  of  wood  or 
steel. 

Other  formulas  which  have  been  proposed  are  given  below: 

w  =  }^  ii  -\ )   M.  A.  Howe.     For  wooden  and  steel  trusses. 

-zt/  =  >^  (i  +  0.15  /)  H.  S.  Jacoby.     For  wooden  trusses. 
w  =  0.06  L  -\-  0.6  for  heavy  loads 
w  =  0.04  Z,  -f  0.4  for  light  loads 

I     \   :M.  S.  Ketchum.     For  steel  mill  building 


Chas.  E.  Fowler.    For  Fink 
trusses. 


W  =   I   I    + 


45  ^  5  \/^/        trusses. 

In  the  above  formulas,  w  =  weight  of  truss  in  pounds  per  square  foot 
of  horizontal  projection,  /  =  span  in  feet,  A  =  distance  between 
centres  of  trusses  in  feet,  and  P  =  capacity  of  truss  in  pounds  per 
square  foot  of  horizontal  projection.  Very  complete  tables  of  weights 
of  trusses,  for  different  span  lengths  are  given  in  Part  III  of  Building 
Construction,  by  F.  E.  Kidder,  from  which  Tables  I  and  II  have 
been  taken. 

*  See  Bulletin  No.  16,  Illinois  Engineering  Experiment  Station,  August,  1907. 


LOADS   AND   REACTIONS 


Si 


TABLE  I. 

WEIGHT  OF  WOODEN  ROOF  TRUSSES  IN  POUNDS  PER  SQUARE  FOOT 
OF   ROOF   SURFACE. 


Span. 


Pitch  of  Roof. 


Vi 


Up  to  36  feet 

36  to  50 feet.  , 

50  to  60  feet. . 

60  to  70  feet . 

70  to  80  feet . 

80  to  90  feet . 

90  to  100  feet 
100  to  1 10  feet 
1 10  to  120  feet 


lbs. 
3 

3i 
Zh 
3f 
4i 
5 

5i 
6i 
7 


lbs. 
3i 
3f 
4 

4i 
5 
6 
6i 

Ih 
8i 


y* 


lbs. 
3f 
4 

a\ 

4l 
5i 
6i 

7 
8 

9 


Flat. 


lbs. 
4 
4i 
4i 
5l 
6 

7 
8 


TABLE  II. 

WEIGHT  OF  STEEL  ROOF  TRUSSES  IN  POUNDS  PER  SQUARE  FOOT  OF 

ROOF  SURFACE. 


Pitch  of  Roof. 

Span. 

% 

Vi 

K 

Flat. 

lbs. 
5.21; 

lbs. 

6.3 
6.6 

8.0 

8.5 
9.0 

lO.O 

II  .0 
II. 6 

lbs. 
6.8 
7.2 
8.6 
9.2 

9-7 
10.8 
12  .0 
12  .6 

lbs. 

7.6 

"  "         i;o  feet 

S 
6 

7 
7 
8 

9 
10 

75 
75 
25 
75 
5 
5 
.0 

8.0 

"  "         60  feet     

9.6 

"  "         70  feet 

10.2 

««  "        80  feet     

10.8 

12.0 

'«  "       120  feet 

"  "       140  feet 

13.2 

14.0 

The  weight  of  trusses  of  the  form  of  Figs,  i  (/),  (^),  and  (/j),  for  short 
spans  can  be  estimated  by  the  above  Tables.  For  long  spans  each 
case  will  require  special  consideration.  For  the  arch  truss  of  Fig. 
I  (0,  the  weight  of  truss  to  be  used  in  the  preliminary  design  can  be 
found  best  by  comparison  with  existing  structures  of  the  same  size. 
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The  effect  of  machinery  or  shafting  loads  on  the  weight  of  trusses 
depends  so  much  upon  the  special  case  under  consideration  that  a 
formula  cannot  be  expected  to  cover  a  general  case;.  The  amount  to  be 
added  is  to  be  determined  by  the  experience  of  the  designer. 

53.  Live  Load. — The  hve  or  variable  load  consists  of,  (a),  the  wind 
load,  {b),  snow  load,  (c),  floor  loads,  if  any. 

(a)  The  Wind  Load. — The  pressure  of  the  wind  upon  a  plane 
surface  normal  to  its  direction  is  found  to  be  closely  proportional  to 
the  square  of  the  wind  velocity.  Experiments  made  by  Professor 
C.  F.  Marvin  on  Mt.  Washington  *  gave  results  agreeing  closely  with 
the  formula  P  =  0.004  ^^  where  P  =  pressure  in  pounds  per  sq.  ft., 
and  V  =  velocity  of  wind  in  miles  per  hour.  Recent  experiments 
made  at  the  Eiffel  Tower  and  at  the  National  Physical  Laboratory  of 
England  gave  results  agreeing  very  closely  with  each  other  but  differing 
iomewhat  from  those  of  Professor  Marvin.  These  results  accord  very 
closely  with  the  formula 

P  =  0.0032  F", 

for  square  surfaces  from  10  to  100  sq.  ft.  in  area.  For  smaller  areas 
the  pressures  were  somewhat  less.  Adopting  the  latter  formula  gives 
pressures  for  various  wind  velocities  as  follows: 

Wind  Velocities,  Pressure, 

Miles  per  Hour.  Pounds  per  Sq.  Ft. 

20  1.2 

40  5.1 

60  II.  5 

80  20. 5 

100  320 

The  wind  velocities  in  severe  storms  in  the  United  States  rarely 
exceed  60  miles  per  hour,  excepting  in  the  case  of  hurricanes  or  torna- 
does. In  tropical  hurricanes  reaching  into  the  southern  border  of  the 
United  States,  wind  velocities  of  from  80  to  140  miles  per  hour  have 
been  recorded.  In  estimating  the  pressure  for  large  areas,  or  for  small 
areas  constituting  parts  of  a  large  structure,  such  as  a  long-span  bridge, 
the  variable  character  of  the  wind  should  be  taken  into  account.  While 
any  small  part  of  a  structure  is  likely  to  be  exposed  to  the  maximum 

*  Engineering  News,  Dec.  i,^,  iSgo. 
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velocity  and  pressure  no  very  large  area  will  be  exposed  to  such  pres- 
sures  at  the  same  instant.     The  maximum  average  for  large  areas  will 
thus  be  considerably  less  than  for  small  areas,  such  as  were  used  in  the 
experiment  referred  to.     Som.e  experiments  made    by  Sir  Benjamin 
Baker  during  the  erection  of  the  Forth  Bridge*  showed  that  the  ratio 
of  the  unit  pressure  upon  an  area  of  iK  sq.  ft.  to  that  upon  an  area  of 
300  sq.  ft.,  varied  from  1.3  to  2.5,  averaging  about  1.5.     The  highest 
pressure  recorded  during  the  seven  years  over  which  the  observations 
extended  was  41  lbs.  per  sq.  ft.  upon  the  smaller  surface  and  27  lbs. 
upon  the  larger.    The  gales  experienced  in  that  vicinity  are  very  severe. 
The  wind  velocities  in  tornadoes  have  never  been  measured,  but 
the  pressures  exerted  have  been  approximately  determined  in  a  few 
instances  by  a  study  of  the  effect  on  certain  structures.     In  the  St 
Louis  tornado  of  1896  there  was  evidence  of  a  pressure  of  60  lbs.  pel 
sq.  ft.  on  a  length  of  180  ft.f     A  study  of  the  effect  of  tornadoes,  by 
C.  Shaler  Smith  and  others,  leads  to  the  conclusion  that  a  pressure 
exceeding  30  lbs.  per  sq.  ft.  is  very  improbable  over  a  space  as  wide  as 
150  or  200  feet,  and  that  generally  a  greater  pressure  than  this  does  not 
extend  over  a  path  wider  than  60  feet.  J 

Considering  the  above  data  and  the  known  stabiUty  of  structures 
properly  designed  under  modern  specifications,  a  maximum  pressure  of 
30  lbs.  per  sq.  ft.  would  appear  ample  for  areas  of  any  considerable  size; 
and  in  localities  not  subject  to  tornadoes  or  hurricanes,  or  in  protected 
locations,  a  maximum  pressure  of  20  to  25  lbs.  per  sq.  ft.  is  sufficient. 
The  usual  assumption  for  roofs  and  exposed  buildings  is  30  lbs. 

The  effect  of  wind  is  to  cause  not  only  a  pressure  on  the  windward 
side  of  a  structure,  but  also  a  suction  effect  on  the  leeward  side  of  a 
roof  or  building,  resulting  in  an  outward  and  upward  pressure.  In 
tornadoes  the  effect  is  very  great  and  is  measured  by  a  marked  drop  in 
the  barometer  in  a  short  distance.  The  resuking  bursting  effect  is 
obvious  in  many  wrecked  structures.  This  action  should  be  provided 
against,  at  least  to  an  extent  equal  to  that  for  direct  pressure,  by  proper 
anchorage  of  trusses  and  bracing  of  frames  against  outward  as  well  as 
inward  pressures. 

*  Engineering,  Feb.  28,  1890. 

t  Trans.  Am.  Soc.  C.  E.,  Vol.  XXXVII,  p.  221. 

J  Trans.  Am.  Soc.  C.  E.,  Vol.  LIV,  1905,  p.  37. 
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The  pressures  above  considered  are  those  exerted  by  the  wind  acting 
normally  to  the  exposed  surface.  In  estimating  the  pressure  on  roofs 
and  other  inclined  surfaces  the  direction  of  the  wind  is  assumed  to  be 
horizontal  and  the  normal  component  of  the  pressure  calculated.  Its 
tangential  component  is  small  and  is  neglected.  The  normal  com- 
ponent is  calculated  from  empirical  formulas  derived  from  experi- 
ments.    Two  formulas  are  in  use. 

Hutton's  formula  is: 

P^=  Ps[na'-^^^°"'-' (2) 

Duchemin's  formula  is: 


2  sm  a 


(3) 


In  these  formulas 

a  =  angle  of  inclination  with  the  horizontal, 
P^  =  normal  component  of  pressure, 
P    =  pressure  per  sq.  ft.  on  a  vertical  surface. 

Duchemin's  formula  gives  somewhat  the  higher  values  and  is  con- 
sidered to  be  the  more  reliable.  The  normal  component  for  various 
angles  for  pressures  of  20  and  30  lbs.,  calculated  by  this  formula,  are  as 
follows : 

TABLE  TIL 

WIND  LOAD  IN  POUNDS  PER   SQUARE  FOOT  OF 
ROOF   SURFACE. 


Inclination. 
a 

Normal  Pressure,  P^, 
Pounds  per  Square  Foot. 

P  =  30  lbs. 

P  =  20  lbs. 

5° 

IS" 

21°  48'  (1  pitch) 
26°  34'  (i  pitch) 

30° 

33°  41'  {.^  pitch) 

40° 
45°    (i  pitch) 
60°  and  above 

51 
10. 1 
14.6 
19.8 
22.4 
24.0 

25-5 
26.7 
28.3 
3° 

3 
6 

9 
13 
14 
16 

17 
17 
18 

20 

4 
7 
7 
I 
0 
0 
0 
8 
9 
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Pressures  on  other  than  plane  areas  are  variously  estimated  about 
as  follows:  On  cylindrical  surfaces,  60  to  66-2/3  per  cent,  of  that  on 
plane  areas;  on  octagonal  prisms,  70  per  cent.;  on  concave-shaped 
areas  125  to  150  per  cent. 

(b)  The  Snow  Load.— The  snow  load  is  a  variable  quantity,  depend- 
ing upon  the  latitude  and  the  humidity.  Dry,  freshly  fallen  snow 
weighs  about  8  pounds  per  cubic  foot,  and  may  attain  a  depth  of  3 
feet  on  fiat  roofs.  Packed  snow  will  weigh  about  12  pounds  per  cu. 
ft.,  while  saturated  snow,  or  snow  mixed  with  hail  or  sleet,  may  weigh 
as' much  as  30  pounds  per  cu.  ft.  Such  snow  will  seldom  be  found 
more  than  about  16  inches  deep.  It  is  generally  assumed  that  a  roof 
will  not  be  subjected  to  the  maximum  wind  and  snow  loads  at  the  same 
time,  but  as  a  sleet  or  hea\7  wet  snow  storm  may  often  be  followed  by 
a  high  wind,  some  allowance  should  be  made  for  a  part,  at  least,  of  the 
snow  or  sleet  remaining  on  the  roof.  This  allowance  is  usually  one- 
half  the  maximum  snow  load.  The  following  table,  taken  from  Part 
III  of  Building  Construction,  by  F.  E.  Kidder,  gives  a  suitable 
snow  allowance  for  various  conditions. 

TABLE  IV. 

ALLOWANCE    FOR    SNOW    IN   POUNDS  PER    SQUARE   FOOT    OF  ROOF 

SURFACE. 


Location. 


Southern    States    and    Pacific 

Slope 

Central   States 

Rocky  Mountain  States 

New  England  States 

Northwest  States 


Pitch  of  Roof. 


1/2 


o-  o 

o-  5 
o-io 
o-io 
0-12 


1/3 


o-  5 

7-10 

10-15 

10-15 

12-18 


1/4 


o-  5 
15-20 
20-25 
20-25 
25-30 


i/S 


27 
35 
37 


I  /6  or  less 


5 
30 
35 
40 

45 


*  For  slate,  tile,  or  metal  roofs.        t  For  shingle  roofs. 

Snow  load  need  not  be  considered  on  roofs  where  the  inclination  to  the 
horizontal  is  greater  than  45°  to  60°,  depending  upon  the  smoothness. 
(c)  Floor  Loads  and  Other  Loads.— U\e  loads  for  floors  are  hard  to 
classify.  Each  case  must  be  considered  in  detail  in  determining  the 
loads  to  be  used.     The  building  laws  of  large  cities  specify  certain  loads, 
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by  which  the  engineer  must  be  governed.     The  table  below  gives  a  few 
of  these  values: 

TABLE  V. 

FLOOR  LOADS  SPECIFIED  IN  BUILDING  LAWS  OF  VARIOUS  CITIES. 


Live    Loads     for    Floors    in     Different 
Classes    of    Buildings,     Exclusive    of 
the  Weight  of  the  Materials  of  Con- 
struction. 

New  York. 
1906. 

Chicago. 
1906. 

Philadelphia. 
1906. 

Boston. 
1906. 

Pounds  per  Square  Foot. 

Dwellings,       Apartment       Houses, 
Hotels,      Tenement    Houses,     or 
Lodging  Houses   

Office    Buildings — First    Floor.  . . . 

Office  Buildings — above  First  Floor 

Schools  or  Places  of  Instruction.  . 

Buildings  for  Public  Assembly 

Buildings      for     Ordinary     Stores, 
Light  Manufacturing,  and  Light 
Storage 

Stores  for   Heavy  Materials,  Ware- 
houses, and  Factories 

60 
150 

75 
75 
90 

120 
150 

50 
ICO 
IOC 

75 

IDG 
100 

70 
100 
100 

120 

120 
150 

50 
100 
100 

80 
150 

2!;o 

Where  cranes,  shafting,  machinery,  or  other  concentrated  loads  are 
carried  directly  by  the  trusses,  or  on  floors  supported  by  trusses,  their 
exact  weights  can  be  obtained  and  applied  at  the  proper  places. 

(d)  Combined  Effect  of  Snow  and  Wind  Loads. — In  some  cases  an 
allowance  is  made  for  snow  and  wind  by  assuming  their  combined 
effect  to  be  equivalent  to  that  of  a  uniform  vertical  load  applied  over 

TABLE  VL 

ALLOWANCE  FOR  WIND  AND  SNOW  COMBINED,  IN  POUNDS  PER  SQUARE 

FOOT  OF  ROOF  SURFACE. 


Location. 


Northwest  States 

New  England  States 

Rocky  Mountain  States.  . . 

Central  States 

Southern  and  Pacific  States 


Pitch  of  Roof. 


60°     45°     1/3     1/4     i/s     1/6 


30 
30 
30 
30 
30 


30 
30 
30 
30 
30 


25 
25 
25 
25 


30 

25 

25 
25 
25 


37 
35 
27 


45 
40 

35 
30 
20 
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the  whole  truss.  It  has  been  found  that  for  ordinary  wooden  and  steel 
trusses,  whose  inclination  to  the  horizontal  is  not  more  than  45°.  this 
method  gives  results  which  are  sufficiently  accurate.  A  table  giving 
the  amounts  of  such  loads  for  various  conditions  is  given  in  Part  III  of 
Building  Construction,  by  F.  E.  Kidder. 

These  values  are  given  in  the  preceding  table. 
54.  Apex  Loads.— The  loads  carried  by  roof  trusses  are  assumed  as 
applied  at  the  joints  of  the  upper  chord.  The  weight  of  the  roof,  and 
the  wind  and  snow  loads  are  transferred  to  the  truss  by  means  of  the 
purlins.  In  large  roofs  the  purhns  should,  if  possible,  be  placed  upon 
the  trusses  at  the  joints;  but  if  it  is  necessary  to  place  them  between 
joints,  the  members  of  the  upper  chord  supporting  them  must  be  de- 
signed to  resist  as  a  beam  as  weU  as  a  compression  member  of  the  truss. 
The  weight  of  the  truss  is  usually  assumed  as  divided  between  the  panel 
points  of  the  top  chord.  For  large  trusses  part  of  the  load  should  be 
distributed  over  the  bottom  chord  also.  Ceihng  or  floor  loads  carried 
by  a  truss  are  distributed  among  the  panel  points  of  the  loaded  chord. 
Machinery  or  shafting  loads  are  assumed  or  applied  at  some  part  of 
the  truss.     If  such  loads  are  suspended  from  a  truss  member,  this 

member  must  be  designed  as  a  beam  as  well  as  a  truss  member.  ^ 

The  snow  and  roof  loads  being  vertical  and  uniformly  distributed 

over  each  panel,  the  joint  loads  are  each  equal  to  one-half  the  sum  of 

the  adjacent  panel  loads.     Thus  the 

load  at  b,  Fig,  2,  is  equal  to  one-half 

the  panel   load  on  b  c  plus  one-half 

the   panel  load   on    a  b.     The   snow 

load  on  the  panel  a  b  is,  of  course,  less 

per  square  foot  of  roof  than    on   b  c. 

The  wind  load  at  b  is  equal  to  one-  p-^c  2. 

half  the  wind  load  on  b  c  combined 

with  one-half  the  wind  load  on  a  b,  the  load  on  each  panel  being  nor- 
mal to  the  surface.     If  all  panels  in  one-half  the  truss  he  in  the  same 

plane  and  are  equal,  then  all  joint  loads  are  equal. 

The  above  applies  only  when  the  purlins  are  placed  at  joints.     If 

placed  at  intermediate  points,  the  loads  on  the  purlins  are  found  as 

above  and  divided  between  adjacent  joints  in  the  inverse  ratio  of  the 

distance  of  these  joints  from  the  purlins. 
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In  roofs  of  ordinary  span  it  is  usual  to  attach  the  root  covering 
directly  to  small  angle-iron  purlins.  In  this  case  the  roof  load  may  be 
treated  as  a  uniform  load  upon  the  truss,  both  in  getting  apex  loads 
and  in  computing  the  bending  moment  in  the  upper  chord, 

55.  Reactions. — For  snow  and  dead  loads  both  reactions  are 
vertical.  For  wind  load  the  reactions  depend  upon  the  manner  of 
supporting  the  truss.  If  both  ends  are  fixed  the  wind  reactions  are 
indeterminate,  as  four  unknowns  are  in  question — the  amounts  and 
directions  of  two  forces.  To  determine  the  unknowns  a  fourth  in- 
dependent equation,  in  addition  to  the  three  equiHbrium  equations, 
must  be  used.  This  fourth  equation  is  obtained  by  making  certain  as- 
sumptions as  to  the  manner  in  which  the  horizontal  components  of  the 
forces  are  di\'ided  between  the  two  abutments.  One  of  two  assump- 
tions is  usually  made,  either  (a),  that  the  horizontal  components  of  the 
two  reactions  are  equal,  or  (b),  that  the  direction  of  the  reactions  are 
parallel  to  the  resultant  wind  load.  Of  these  two,  the  former  is 
probably  the  more  correct  assumption,  and  the  one  which  will  be  used 
hereafter  in  the  solution  of  problems  under  this  case.  If  one  end  is 
free  to  move,  i.e.,  on  rollers  or  supported  on  a  rocker,  the  reaction  at 
this  end  is  vertical  and  that  at  the  fixed  end  follows  from  the  analysis. 
If  one  end  be  fixed  and  the  other  merely  supported  upon  a  smooth  iron 
plate,  the  reaction  of  the  free  end  may  have  a  horizontal  component 
equal  to  the  vertical  component  multiplied  by  the  coefficient  of  friction, 
which  is  about  1/3. 

Section  III. — Analysis 

56.  General  Methods. — The  analysis  of  a  roof  truss  may  be  divided 
into  two  parts:  (a)  the  determination  of  the  external  forces — loads, 
and  reactions;  (b)  the  determination  of  the  internal  forces — the  stresses 
in  the  members. 

In  determining  the  external  forces,  the  loads  at  the  joints  are  first 
calculated  from  the  data  in  Art.  52.  Then,  by  the  methods  of  Arts. 
44  and  45,  the  remaining  external  forces — the  reactions — are  found. 
It  will  usually  be  found  convenient  to  determine  reactions  by  algebraic 
methods,  because  of  the  ease  of  calculation  and  also  because  superior 
accuracy  can  be  obtained  by  this  method.     In  cases  where  the  calcula- 
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tion  of  lever  arms  is  complicated,  a  large  scale  drawing  of  the  truss  can 
be  made  and  the  desired  distances  scaled  from  layout. 

For  the  determination  of  the  internal  forces,  or  stresses,  the  graph- 
ical method  of  stress  calculation  will  usually  be  the  more  convenient. 
As  there  are  but  three  or  four  different  possible  loadings  for  roof  trusses, 
it  will  be  necessary  to  draw  but  one  diagram  for  each  loading.  The 
loadings  for  which  the  stresses  are  usually  determined  are  the  dead 
load,  the  snow  load,  and  the  wind  load,  which  is  considered  as  applied 
first  to  one-half,  and  then  to  the  other  half  of  the  truss,  due  to  the  fact 
that  the  wind  may  blow  from  either  direction.  As  the  dead  and  snow 
loads  are  vertical  loads,  considered  as  uniformly  distributed,  the  panel 
loads  will  be  proportional  to  the  loadings.  Then,  if  the  stresses  due  to 
dead  load  are  found  by  a  stress  diagram,  those  due  to  the  snow  load  can 
be  determined  by  direct  ratio  from  the  dead-load  stresses  without  draw- 
ing a  separate  diagram.  As  the  wind  loading  is  usually  an  unsym- 
metrical  loading,  and  not  always  the  same  for  the  two  sides  of  the  truss, 
separate  wind  diagrams  must  be  drawn  for  both  directions  of  the  wind. 
Then,  by  a  combination  of  the  stresses  thus  determined,  the  maximuuj 
possible  tension  or  compression  to  be  resisted  by  any  given  member 
can  be  determined.  In  the  following  articles  the  complete  analysis 
of  a  few  standard  forms  of  trusses  will  be  given. 

57.  Analysis  of  a  Howe  Roof  Truss.— A  complete  analysis  of  a  truss 

of  the  form  of  Fig.  i  (a)  will  now  be  made.     Fig.  3  (a)  shows  the  truss 

to  be  analyzed.    The  following  dimensions  and  conditions  will  be  taken : 

Span,  50  ft.;  rise,  12.5  ft.;  distance  between  trusses,  16  ft.;  roof  divided 

^to  six  equal  panels;  ends  fixed.     Length  of  horizontal  projection  of  a 

top-chord  panel  will  be  50  h-  6  =  8.33  ft.     The  angle  will  be  26°  34'. 

The  length  of  the  top-chord  panel  will  then  be  8  33  X  sec  ^  =  9.3  ft. 

From  eq.  i,  Art.  52,  the  weight  of  the  truss  in  pounds  per  sq.  ft.  of 

/  /"  50       2,500  _ 

horizontal  area   may  be    taken    as    _  -^  ^--  =  -  -f  ^^  -  2.4 

pounds.  As  the  horizontal  projection  per  panel  is  8.33  ft.  and  the 
distance  between  trusses  is  16  ft.,  the  panel  load  due  to  the  weight  of 
the  truss  will  be  8.33  X  16  X  2.4  =  320  pounds.  The  roof  covering 
will  be  assumed  as  shingles  and  sheathing  carried  by  rafters  and 
purlins.  From  the  data  given  in  Art.  52,  the  weight  of  the  roof  cover- 
ing will  be  taken  as  10  pounds  per  sq.  foot  of  roof,  made  up  of  the 
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following  items:  Shingles,  2.5  pounds;  sheathing,  3.0  pounds, 
rafters,  1.5  pounds;  purlins,  3.0  pounds.  As  the  top-chord  panels  are 
9.3  feet  long,  the  panel  load  due  to  the  roof  covering  will  be  9.3  X 


DC  B  A 


Fig.  3. 

16  X  10  =  1,488  pounds.  The  total  panel  load  due  to  dead  load 
will  be  320  pounds  for  the  weight  of  the  truss  and  1,488  pounds  for  the 
covering,  a  total  of  1,808  pounds. 
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The  maximum  weight  of  snow  to  be  provided  for  is  given  in  Table 
IV  of  Art.  53.  The  truss  in  question  has  a  pitch  (ratio  of  height  to 
span  length)'  of  one-quarter.  For  a  shingle  roof  the  snow  load  for  the 
Central  States  is  given  as  20  pounds  per  square  foot  of  roof  area. 
The  snow-panel  load  is  then  9.3  X  16  X  20  =  2,976  pounds.  The 
minimum  weight  of  snow  will  be  taken  as  one-half  the  maximum, 
giving  a  panel  load  of  1,488  pounds. 

The  wind  load  as  given  in  Table  III  of  Art.  53,  for  a  truss  of  K 
pitch,  is  22.4  pounds  per  sq.  ft.  of  roof,  assuming  the  wind  pressure 
as  30  pounds  per  sq,  ft.  of  vertical  projection.  The  panel  load  due  to 
wind  will  then  bej2.4  X9.3  X  16  =  3^33°  pounds. 

After  drawing  the  truss  carefully  to  scale,  as  shown  in  Fig.  3  (a) 
(the  scale  used  for  this  case  was  5  feet  to  an  inch),  we  proceed  to  draw 
the  diagram  for  dead  load,  (Fig.  3  (6)).  Each  joint  load  is  1,808  pounds, 
except  the  loads  at  the  end  joints  which  are  half  loads,  or  904  pounds. 
These  loads  are  laid  off  to  form  the  load-line  A  A'.  Since  the  loads  are 
symmetrical  about  the  centre  of  the  truss,  the  reactions  are  equal,  and 
are  represented  by  A' L  3ind  LA,  each  equal  to  K  ^  ^'.  Beginning 
at  the  left  end  of  the  truss,  the  diagram  is  drawn  exactly  as  in  Fig.  43> 
Art.  47.  The  scale  used  in  this  case  was  2,000  pounds  to  one  inch. 
The  amount  and  kind  of  stress  in  each  truss  member  is  given  in  Column 
I  of  the  table  of  stresses;  they  were  readily  scaled  off  to  the  nearest 
ten  pounds.  The  diagram  for  maximum  snow  load  will  be  a 
figure  similar  to  the  one  for  dead  load,  and  the  stresses  in  the  two  cases 
will  be  proportional  to  the  corresponding  panel  loads.     Therefore,  if 

we  multiply  each  dead-load  stress  by  ^^,  we  will  have  the  corre- 
sponding snow-load  stress.  These  are  best  found  with  the  slide  rule. 
Column  2  of  the  table  gives  the  maximum  snow-load  stresses.  The 
minimum  snow-load  stresses  are  one-half  the  maximum  snow-load 
stresses.     They  are  given  in  Column  3. 

For  wind  stresses  we  must  consider  the  wind  blowing  first  from  one 
side;  then  from  the  other.  Since  the,  ends  of  the  truss  are  assumed  as 
fixed,  we  will  consider  the  horizontal  components  of  the  wind  as  equally 
divided  between  the  two  abutments. 

Fig.  3  (c)  is  the  diagram  for  wind  from  the  left.  The  load-line  is 
A  D'      T\yp  reactions  are  best  found  algebraically.     A  moment  equa- 
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tion  about  the  left  end  of  the  truss  gives  R^  =  2,785  pounds.  In  the 
same  way,  moments  about  the  right  abutment  gives  i?i  =  6,135  pounds. 
^2  and  Ri,  the  horizontal  components  of  the  reactions,  are  found  by 
a  resolution  equation  for  horizontal  forces.  Thus  R^  =  Ri  = 
K  (1,665  +  3^33°  +  3^33°  +  i'665)  sin  26°  34'=  2,230  pounds.  The 
reactions  are  then  plotted  in  the  line  D'  Y LX A,  closing  the  polygon 
for  external  forces.  Beginning  at  the  left  end  of  the  truss,  the  stress 
diagram  is  readily  constructed.  It  will  be  found  that  there  are  no 
stresses  in  the  web  members  of  the  right  half  of  the  truss.  Column  4 
of  the  table  gives  the  stresses  as  found  from  the  diagram. 

The  stresses  for  the  wind  from  the  right  can  be  obtained  from  Fig. 
(c),  as  the  diagrams  for  the  two  directions  will  be  similar  in  form  but 
of  opposite  hand.  That  is,  the  stress  in  any  member  in  one  half  of  the 
truss  for  the  wind  from  the  right  will  be  equal  to  that  for  the  corre- 
sponding member  in  the  other  half  of  the  truss  for  the  wind  from  the 
left.  Thus  the  stress  in  member  C  3'  for  wind  from  the  right  is  equal 
to  that  given  by  the  diagram  for  wind  from  the  left  for  member  C  3. 
Column  5  of  the  table  gives  the  stresses  for  wind  from  the  right. 

The  stresses  as  obtained  for  the  different  conditions  of  loading,  and 
recorded  in  Columns  i  to  5  of  the  table,  must  now  be  combined  to  give 
the  maximum  stresses  in  the  members.  The  possible  combinations 
are:  Dead  load  and  maximum  snow  load;  and  dead  load,  minimum 
snow  load,  and  wind  from  the  right  or  left.  These  combinations  are 
made  up  for  each  member  and  the  greatest  value  thus  obtained  is  given 
in  Column  7.  In  Column  8  are  given  the  numbers  of  the  columns  used 
in  making  up  the  results.  The  table  of  stresses  shows  that  the  partial 
loading  does  not  cause  a  reversal  of  stress  in  any  member.  For  this 
reason  it  is  sometimes  considered  sufficient  to  use  a  uniform  vertical 
load  over  the  whole  roof  surface,  which  shall  be  equivalent  to  the  com- 
bined effect  of  the  wind  and  snow.  For  a  truss  of  X  pitch,  Table  VI 
of  Art.  53,  gives  this  load  as  25  pounds  per  square  foot  of  roof. 

The  panel  load  for  the  truss  in  question  would  then  be  9.3  X  16  X 
25  =  3,720  pounds.  Adding  to  this  the  dead  panel  load  of  1,808 
pounds  gives  a  total  panel  load  of  5,528  pounds.  The  stresses  caused 
by  this  load  were  found  by  ratio  from  the  dead-load  stresses,  and  are 
given  in  Column  6  of  the  table  of  stresses.  By  comparing  the  maximum 
stresses  as  given  for  the  partial  loadings  with  those  of  Column  6  it  will 
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be  seen  that  for  the  top-  and  bottom-chord  members  the  uniform  load 
gives  greater  stresses,  while  the  partial  loadings  give  the  greater  stresses 
in  all  but  one  web  member. 

58.  Analysis  of  a  Fink  Truss.— Let  the  truss  of  Fig.  4  (a)  have  a 
span  of  72  feet,  rise  of  24  feet,  distance  between  trusses  16  feet,  left  end 
fixed,  right  end  on  rollers,  roof  divided  into  eight  panels.  The  incUna- 
tion  of  the  roof  to  the  horizontal  will  be  ^s°  4i',  or  1/3  pitch.  The 
length  of  a  top-chord  panel  is  10.8  feet,  and  its  horizontal  projection  is 
9  feet.  The  weight  of  truss  per  sq.  ft.  horizontal  projection  is  given 
by  eq.  (i).  Art.  52,  as  3.74  pounds. 

The  panel  load  will  be  9  X  16  X  3.74  =  53^  pounds  for  weight 
of  truss.  The  weight  of  roof  covering  will  be  assumed  as  corrugated 
steel  on  purlins,  which  will  weigh  7.0  pounds  per  sq.  ft.  of  roof.  Th^ 
panel  load  for  roof  covering  will  be  10.8  X  16  X  7.0  =  1,210  pounds. 
The  total  dead  panel  load  will  then  be  538  +  1,210  =  1,748 
pounds.  These  loads  are  shown  in  position  in  Fig.  (a) ,  half-panel  loads 
being  placed  at  the  abutments.  Next  proceed  to  draw  the  dead-load 
diagram,  Fig.  (b).  As  the  truss,  and  also  the  loads  are  symmetrical 
about  the  centre,  only  one-half  the  diagram  need  be  drawn.  The  load 
line  is  A  L.  The  stress  diagram  can  be  drawn  as  before  until  we  reach 
joint  U2.  Here  three  unknowns  are  in  question,  the  stresses  in  mem- 
bers D  5,  5-4  and  3-4. 

The  unknowns  at  this  joint  can  be  reduced  to  two  for  the  time  being 
by  replacing  members  6-5  and  5-4  by  the  member  6-X,  dotted  in  Fig. 
(a).  The  polygon  for  joint  Un,  then  becomes  3,  2,  C,  D,  X  3.  Passing 
now  to  joint  f/3,  the  polygon  is  X  D  E6  X.  The  polygon  will  give  the 
true  stress  in  E  6,  for  it  can  be  seen  that  the  stress  in  E  6  will  not  be 
affected  by  any  change  in  the  form  of  the  truss  below  joint  U.^,  provided 
the  position  of  the  loads  is  not  altered.  Again  replacing  members 
6-5  and  5-4,  and  removing  6-A',  pass  around  joint  U^,  determining  the 
true  stress  in  D  5  and  also  the  stress  in  D  6.  Now  pass  to  joint  f/j,  at 
which  two  unknowns  now  exist,  the  stresses  in  5-4  and  3-4.  The 
remaining  stresses  arc  readily  determined  as  in  previous  cases.  The 
stresses  as  scaled  from  the  comi)leted  diagram  arc  given  in  Column  i 
of  the  Stress  Table.  The  stress  diagram  of  Fig.  {b)  suggests  a  simple 
method  of  passing  around  the  joint  U2  without  substituting  member 
6-A.     When  the   panel  loads  are  equal  and  symmetrically  placed, 
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points  I;  2,  5,  and  6  of  the  stress  diagram  will  lie  on  a  straight  Une. 
After  the  position  of  point  i  has  been  determined,  points  2,  5,  and  6  can 
be  located  by  erecting  a  perpendicular  to  5  i.     The  intersection  of 


Wind  from  Lef t|Hmged 
•< 9760 

•Wind  from  Eight 
*■     9780 
Y 


Fig.  4  (a)  and  (b). 

this  line  with  C2,D  5,  and  E  6  will  determine  the  stresses  in  the  corre- 
sponding members.  When  these  stresses  are  known  it  will  be  possible 
to  pass  around  all  the  points,  for  only  two  unknowns  exist  at  each  point. 
This  construction  also  holds  for  the  wind  load  diagram.     When  the 
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loads  are  unequal  this  method  cannot  be  used,  as  the  points  i,  2,  5,  and 
6  will  no  longer  be  on  a  straight  line. 


WIND  FROM  LEFT 


WIND  LOAD  DIAGRAMS 
^  2000          4000         6000  8000 

Scale  of  Stresses  in  Pounds 


WIND  FROM  RIGHT 


Fig.  4  (c)  and  (d). 

The  maximum  and  minimum  snow-load  stresses  are  determined  by 
'atio  from  the  dead-load  stresses,  and  appear  in  Columns  2  and  3  of 
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the  table  The  maximum  snow  load  per  square  foot  of  roof  is  given  m 
Table  IV  of  Art.  53-  as  7  pounds  for  a  truss  of  1/3  pitch  with  a  metal 
roof,  location  Central  States.  Panel  load  =  10.8  X  16  X  7  =  1-209.6 
pounds.  Use  1,210  pounds.  The  minimum  panel  load  will  be  one- 
half  the  maximum,  or  605  pounds. 

For  wind  stresses  we  must  consider  the  wind  blowmg  first  from  one 
side  then  from  the  other,  since  the  abutment  reaction  at  the  roller  end 
must  in  both  cases  be  vertical.     The  stresses  in  the  two  cases  wiU 
therefore,  not  be  symmetrical.     The  wind  load  is  due  to  a  norma 
pressure  of  25.5  pounds  per  sq.  ft.  of  roof,  as  given  by  Table  III  o 
Art.  53,  assuming  30  pounds  per  sq.  ft.  on  a  vertical  area.     The  total 
panel  load  is  then  25.5  X  16  X  10.8  =  4,406  pounds.     Fig.  4  {c)  is 
the  diagram  for  wind  from  the  left,  and  Fig.  4  (d)  is  the  diagram  for 
<vind  from  the  right.     The  abutment  reactions  as  calculated  algebra- 
ically are  given  on  the  truss  diagram  of  Fig.  (a).     The  stresses  as  scaled 
from  the  diagrams  are  given  in  Columns  4  and  5  of  the  stress  table- 


FiG.  5. 

It  is  seen  that  the  stresses  in  pieces  L  .,  L  3,  and  i  7  are  compressive 
for  wind  from  the  right,  whereas  they  were  tensile  for  dead  load;  the 
resultant  stresses  are,  however,  aU  tensile.  In  Column  6  are  given 
the  maximum  stresses  as  made  up  for  the  possible  eombmat.ons  of  the 

partial  loadings.  .  ,    .      i       j        ^^i 

In  some  cases  the  truss  considered  in  this  article  is  placed  on  col- 
umns instead  of  on  masonry  walls.  In  such  a  case  inclined  members, 
called  knee  braces,  are  used  to  join  the  columns  to  the  truss  and  form 
a  rigid  system  to  resist  the  horizontal  thrust  due  to  wind.  Fig.  5  shows 
such  an  arrangement.     This  form  of  truss  will  be  treated  m  Chapter 

VI. 

I.— 7 
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59.  Analysis  of  a  Quadrangular  Truss.— Truss  shown  in  Fig.  6  (a). 
Span  of  72  feet;  pitch  of  roof,  X-  Trusses  16  feet  apart.  Ends 
assumed  as  fixed.  In  this  form  of  truss,  the  wind  blowing  on  one  side 
of  the  truss  will  somedmes  cause  a  reversal  of  stress  in  the  diagonal 
web  me  libers.  To  avoid  this,  a  second  member,  called  a  counter^ 
shown  by  the  broken  lines  of  Fig.  (a),  is  placed  in  each  panel  where- 
such  reversal  is  found  to  occur.  Thus  each  member  will  be  called  upon 
to  take  only  one  kind  of  stress,  and  only  one  of  the  members  in  a  panel 
will  act  at  a  time,  the  stress  in  the  other  member  being  zero.  In  the 
truss  in  question,  the  diagonal  web  members  will  be  assumed  to  take 

tension  only. 

The  panel  loads  will  now  be  determined.  The  top-chord-pancl 
length  is  found  to  be  10.06  feet.  The  dead  panel  load  will  be  due  to 
9.3  pounds  per  sq.  ft.  of  roof  for  the  truss,  as  given  in  Table  II  of  Art. 
52,  and  to  7.0  pounds  per  sq.  ft.  of  roof  for  covering,  assuming  the  same 
covering  as  for  the  Fink  truss  of  Art.  58.  The  total  dead  panel  load 
will  be  (9.3  +  7.0)  X  10.06  X  16  =  2,620  pounds.  The  maximum 
snow  load  will  be  15  pounds  per  sq.  ft.  of  roof,  as  given  in  Table  IV  of 
Art.  53.  Maximum  snow  panel  load  =  15  X  10.06  X  16  =  2,415 
pounds.  Minimum  snow  panel  load  is  one-half  the  maximum.  The 
wind  load  is  given  in  Table  III  of  Art.  53  as  22.4  pounds  per  sq.  ft.  of 
roof,  assuming  the  wind  pressure  to  be  30  pounds  per  sq.  ft.  of  vertical 
area.     The  total  wind  panel  load  is  22.4  X  16  X  10.06  =  3,606  pounds. 

The  dead-load-stress  diagram,  given  in  Fig.  6  (&),  is  constructed  as 
before.  The  form  of  the  truss  was  first  assumed  such  that  all  the 
diagonal  web  members  sloped  downward  and  toward  the  centre  of  the 
truss.  In  passing  around  the  successive  joints,  it  was  found,  however, 
that  if  members  5-6  and  7-8  sloped  as  assumed,  they  would  be  in 
compression.  As  this  was  contrary  to  the  condition  stated  above,  that 
diagonal  web  members  were  to  take  tension  only,  these  members  were 
changed  to  the  direction  shown  by  the  full  lines  of  the  truss  diagram, 
Fig.  (a),  after  which  all  were  found  to  be  in  tension.  The  stresses  as 
determined  are  given  in  Column  i  of  the  Table  of  Stresses.  The 
maximum  snow-load  stresses  were  obtained  by  ratio  from  the  dead-load 
stresses,  and  are  given  in  Column  2.  The  minimum  snow-load  stresses 
are  given  in  Column  3. 

The  stre^js  diagram  for  wind  from  the  left,  Fig.  6  (c),  was  then 
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drawn.  The  ends  of  the  truss  were  assumed  as  fixed,  the  horizontal 
components  of  the  reactions  being  taken  as  equal.  Also  it  was  assumed 
that  the  wind  on  the  vertical  sides  of  the  truss  is  carried  by  a  self- 


tjpan  72  ft. 
_    .  Distance  between  Trusses  16  ft.    TRUSS  DIAGRAM 
"'I        0       4       8      12  («) 

J  J   Scale  of  Distances,  in  Feet 
d  5 


Fig.  6  (a)  and  (h). 
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iupporting  curtain  wall.  In  passing  around  the  joints  of  the  truss  it 
was  found  that  the  form  of  the  truss,  assuming  as  before  that  diagonal 
web  members  can  take  tension  only,  was  the  same  for  the  left  half  of 
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the  truss  as  it  was  for  the  dead  load.  On  the  right  half,  the  dotted 
members,  9'-io'  (the  primes  indicate  that  the  member  in  question  is 
the  counter),  and  i  I'-i  2'  are  brought  into  action.  The  stresses  in  these 
members  were  scaled  from  the  diagram  as  1,610  pounds  tension  for 
ii'-i2'  and  905  pounds  tension  for  q'-io'.  We  must  now  combine 
these  wind  stresses  with  those  due  to  other  conditions  of  loading  to  find 
the  total  stress  in  the  members.  The  possible  combinations  are: 
Dead  load  and  maximum  snow  load;  dead  load  and  wind  load;  and 
dead  load,  wind  load,  and  minimum  snow  load.     As  the  dead-load 
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Fig.  6  (c). 


diagram  showed  tension  in  the  main  members  in  these  panels,  it  is 
evident  that  the  dead-load  stress  in  the  counters  will  be  a  compression. 
If  this  compression  is  greater  than  the  wind-load  tension,  the  counter 
would  not  be  called  into  action.  Also,  the  minimum  snow-load  stresses, 
which  will  be  of  the  same  kind  as  the  dead  load,  will  tend  to  cut  down 
the  amount  of  tension  in  the  counter.  The  maximum  stress  in  the 
counter  will  then  occur  for  dead  load  and  wind  load.  To  find  the 
stresses  in  the  counters  due  to  dead  load,  it  is  necessary  to  revise  the 
dead-load  stress  diagram,  the  counters  g'-io'  and  ii'-i2'  being  sup- 
posed to  act  instead  of  the  corresponding  main  members.     The  dotted 


I02 


ANALYSIS    OF   A   ROOF   TRUSS 


W 

CO 

C/3 

w 
p< 

H 

o 

w 
1-1 
m 


B 

O 

o    o 

'r>    u-i 

o 

Q 

o 

O     to    O 

O     O     O             lO    O 

3    7) 

■^ 

O      " 

so    O 

■* 

t^   o    o 

VO    VO      O              On    f^ 

.g^ 

<r)  <3    -1- 

•^    •+ 

Tt 

VO 

ro 

CO    Tt    t^ 

M         M        1^                    -^       CO 

o 

r^ 

^  \0 

ro    CO 

\o 

■* 

t^ 

CO     t^     t^ 

O     O     *^           r^    fO 

><  *J 

PI 

ro    ro 

CO     ro 

CO 

CO 

CM 

PI       CM 

PI     PI     pa            CM 

nlC/3 

1 

1        1 

1         1 

1 

1 

1 

•+J  +  + 

-f    -f     +           +    -fl 

rt  G  =«       n! 
O  3  O        o 

O 

o    o 

i/~    in 

o 

o 

o 

O    in   o 

O     O     O             to    O 

■* 

2    " 

O'  MD 

M 

o 

t 

t^    Ov    o 

VO    vo     O            ov    r^ 

j|j-gj 

fC 

^o    3" 

t    Tf 

-t 

VO 

CO 

CO    •*    t-~ 

H         M        t^                    •*       CO 

00 

t^ 

^  ^ 

ro    CO 

-o 

-* 

t^ 

CO  r^   t^ 

O     O     t^           t^    PO 

•a  5  &  rt-a 

w 

(v,    ro 

CO    CO 

CO 

CO 

CM 

CM       PI 

PI       PI       CM                CM 

Q     w    ^ 

1 

1    1 

1        1 

1 

1 

1 

-H  +  + 

+  +  +         +   -H 

T3     -d 

o 

o    o    o 

o    o 

o 

o    o 

o 

o    o    o    o 

o    o    o    o    o    o 

o      o 

"S- 

■+    tn    ro 

M        M 

to 

CO    rt 

■* 

J^     Tt     O      M 

PI      CM      O     CM      ■^    t^ 

J-gJ 

o 

\0     ^  vo 

2"  2^ 

t 

VO     VO 

Os 

pc;  to  00  00 

ro    CO  00    00      li-)    PO 

r--. 

h-t 

t^    O    <N 

vO    vO 

OS 

CM       I^ 

M 

CO     CM       '-I     vO 

to    to    w    vO      PI      CO 

"2  "S"? 

<N 

p)       CM       N 

CM       CM 

p< 

CM       P) 

CM 

CM       PI       w 

-H        H,        PI        M        PI 

2    ^ 

1 

1          1          1 

1          1 

1 

1          1 

1 

-H  +   -r  + 

+  +  +  +  +   -H 

O        0 

o 

o    o 

o    o 

o 

o 

o 

O     0 

o    o    o         o 

M 

CM       CM 

<r>   CO 

C) 

CM 

P) 

VO      O 

00    00     O           VO 

►J-OhJ 

in 

o    o 

CO    CO 

o 

o 

lO 

VO    VO 

M         H      VO                    VO 

O 

N 

o   o 

t^  f^ 

o 

Ov 

P) 

O      O      r}- 

O     0     'i-            O 

"S^^ 

CM 

CM       p) 

CS       CM 

CM 

CM 

PI 

CM      PI 

PI       PI       CM                  P<       0 

S     2 

1 

1          1 

1         1 

1 

1 

1 

+    + 

4-  +  +        + 

^ 

O 

o    o    o 

o    o 

o 

o 

o 

O     to    O     O 

o    o    o         o    o 

•o.Sf 

ro 

O     O     w 

^    o 

lO 

't 

PI 

t^      to      M        PI 

PI     PI     O             On    t^ 

VD 

CM       <N       •* 

o  *o 

CO 

lO 

CM 

CO     O     CO     CM 

00    00     O            t^    PO 

»o 

"* 

t^    t^  00 

00       CM 

'*• 

M 

O 

CO            r)-    CO 

Tt     ■*     Ov             M      PO 

o 

u 

*H 

M 

t-t 

•-» 

H 

1 

1   1   1 

1    1 

1 

1 

1 

1      +    +    + 

+      +      +                    +      + 

^ 

O 

o    o 

o    o 

o 

o    o 

o 

o    o    o 

O     O     O     O     to    o 

r^     CJ 

CN 

■*      LO 

O.  <3 

o 

M         O 

CO 

t^    Cv    o 

PI       PI       w       PI       lO)    t^ 

^J 

<N 

m    ro 

o    o 

CM 

■*     CM 

VO 

po  t^  o 

00    00      fO    PI      Ov    PO 

■^ 

O 

<N       -^t 

CM    00 

t^  ciO     l^ 

rf 

PO    w      Ov 

■*   Tt-   Tj-   PO         PO 

^g 

" 

M        M 

" 

tH 

s 

1 

1    1 

1       1 

1 

1   1 

1 

+      +     + 

+  +  +  +  +  1 

g-s 

o 

O     O     lo 

lO     LO 

o 

to    O 

o 

to    O     O 

O     0      0     O     to 

3  O 

o 

vo   ^     ir> 

UO      U-) 

« 

to  VO 

o 

to    O     t^ 

•*    -t    O     t^    to 

E-1 
S  o 

tT 

ON     Ov    lO 

lO    »o 

o 

to     O. 

1- 

O      O    O    PI 

00    00     O    PI     Os 

"^ 

■o 

vO    "O    VO 

VO    \0 

VO 

VO    VO 

lO 

-t     to  VO 

Tt    ■"t    to  \0     'to 

1 

1        1        1 

1       1 

1 

1        1 

1 

+  +  +  4-  +  +  +  + 

E^S 

O 

o    o    o 

o    o 

o 

o    o 

o 

o    o    o 

o    o    o    o    o 

5  o 

O 

CM       CM       M 

HI          H-l 

CM 

M       CM 

o 

w       O       Tf 

00    00      O      t     " 

1^^ 

00 

O     O     w 

M         M 

OS 

H      O  00 

Ov  00      to 

VO    VO    00     >-0    Cv 

C) 

o 

ro    CO     ro 

CO    ro 

CO 

ro    CO 

o 

O     Qv    "     PI 

On     On     "-I      PI      On 

><  i: 

"-I 

hH         M         M 

IH         1-1 

•-• 

HI         f-( 

•-t 

M          HH 

MM                    O 

J3  ° 

1 

1             1             1 

1      1 

1 

1             1 

1 

+       +        + 

+  +  +  +  + 

-6 
o 

o 

o    o    o 

o    o 

o 

o    o 

o 

o    o    o 

O    0    o    o    o 

(N 

O       O       <N 

CM       CM 

o 

CM      O 

PI 

to    O     O 

O     O     O     O     to 

J 

t^ 

M         >H         <N 

CN       CM 

CM       M 

I^ 

i-~  00    VO 

to     to  00     VO      t^ 

•-H 

l-l 

1/-,  lo  -)- 

1-      -f 

'O 

•t     'O 

»-< 

O     O     PI     CO 

o    o    PI    CO  o 

■a 

HH 

H-<         »-l         M 

M         M 

M 

M         M 

" 

H^        M        M 

M         M         M         M         M         O 

Q 

1 

1            1             1 

1             1 

1 

1             1 

1 

+  +  + 

+  +  +  +  + 

1 

M 

_).    lO  \0 

o 

CM 

M 

M 

to 

M       ro   VO       l^y 

M        PI        Tf    VO 

CO         CN       M         M         M         M 

05 

o  Q  q 

tt^  fc, 

o 

vj     a^ 

■-. 

^  k:]  ►^  K^ 

k;  K^  »~j  kj  h^  k; 

s 

" 

ANALYSIS   OF   A  QUADRANGULAR  TRUSS 


103 


00    vO      Lr<  ^ 

10   Lo  00  O 

■5j-    re    t^  0) 


+      I 


IT)  O  ir-,  O  "^    O  "^ 

\0  00  t~f  O  Lo  ^  "^ 

l/-i  LO  M  O  M         "*  ^ 

ro  •+  i^j  00  00  ^ 


II+    +    +    +    +  +  +    +    +    + 


0 

00 

I/-) 

uo 

u-. 

'^                  vn 

00 

VO 

vO 

00 

lAj 

I/-) 

00 

^ 

00 

I    I 


■f  I 


u-) 


U-)  O 

_       CS  O      Lr 

K-)      LO      C<  O         M 

u-l  00     CO 
w      O)      O) 


I+    +     +  +  +  +  +     + 


000 

0 

0 

\y->    t^    10 

M 

t^    t^  <3 

M 

0 

Ov    0    ^ 

rO 

1-1 

o   ^   ^ 

M         W       <3 


r^   t^    O 

O      On    O 


ro    1^     •*     re 


I         I         I         I         I 


+      II1II1+    +    +    +    +  +  +    +    + 


0 

n 

0 

0 

0 

^ 

ro 

ro 

no 

0 

t-~ 

UN 

0 

W-) 

vO 

M 

I    I    I 


+  I 


0 

0 

ro 

0- 

\o 

MD 

ro 

M 

I    I 


+ 


I   I 


0 

no 

10 

1/^ 

00 

0 

u-j 

00 

CO 

ro 

n 

Tf 

0 

M 

00 

00 

N 

<3 

vO 

N 

■* 

00000 

cs     Tt-    U-)    01    00 

00        1-1        l^      O      On 

M     o     w    *0     0) 


+    +    + 


+  + 


OOOOOOOinO 


00     t^    ro    ■*    "     " 


+    + 


LO     (N       "^     t^ 


Tt     On     •*     0<      O      M      M 


\0      w     On    <^ 


10    NO 

ir,  00 

00 


II++I      +      I++  +  +    + 


0 

0 

0 

0 

10 

0 

On 

ro 

NO 

LC> 

On 

r^ 

VO 

NO 

00 

LO 

M 

(N) 

ro 

CO 

10 

I    I  +  +  +     + 


O    vo   o     o    o    o 

M         O         1-1         M         ^       <^ 

M      On     IH     NO      t^     "^ 


+  I  +  +  + 


Tl-     ro    ro  NO    NO      1-1 

NO      00      00        M      NO       t-> 


O     loiouoioioO     O     ^J~i 

rOwNO      hnO      m      f^NONO 

irvrooO      rOOO     t^u-)NO      w 

d      M      M      1-1  M     m 


I        I 


I        I        l      +      l        I        I        I        I        I+    +    +I      +      I      +      I      +      I+    + 


O  O  ""'  O  O  10 

NO  t^  1-1  On  rO  i-i 

NO  NO  Ti-  a  (N)  ■* 

On  LO  c^  M  ro  f^ 


O     O    10  "^   o     o     o 

CI      fO    IH      l-i      On    r^  NO 
On    IN     ■*    rh    N    NO    NO 


0000000000 

rONO      rorO^OoorONO      <N      <~0 
TfONO     t^NO     t^-*0      roro 


1111      + 


^S^m^OnO^m      ^^-ro^-^"      M      COO 
I        I        I        I        I+    +    +I      +      I      +      I      +      I+    + 


000 
00     i^    01 

Th       M      NO 


I  I 


0000000 


M     ro    0)     N 


I      +      I        I        I 


00000 

O       LTl  00       O       O 

•^      H        -^      04      NO 
M      NO        O        ^^        CO 


0000000000 
LO  "~;  O)  10  0)  LO  10  LT;  O  O 
10     M       O       O 


I  I       +     +     +       I 


+       I       +       I       +     + 


^      M^      -> 


■^     0) 


%f    NO      NO      00 


"^    ^       0)       Tf    NO     f     > 
M         M         M         CO      ""J      LO 


o    2 


2  ^^ 

So  2 

.    r^     On     O^     M      i-H      M      H 


I04  ANALYSIS   OF  ROOF   TRUSSES 

lines  of  Fig.  {b)  show  the  necessary  changes.  The  dead-load  counter- 
stresses  are  found  to  be  1,150  pounds  compression  for  ii'-i2'  and  4,050 
pounds  compression  for  9'-io'.  By  comparing  these  values  with  the 
wind-load  stresses  as  given  above,  it  can  be  seen  that  the  dead-load 
compression  for  g'-io'  greatly  exceeds  the  wind-load  tension,  so  that 
this  member  will  never  be  called  into  action.  As  a  counter  will  not  be 
needed  in  this  panel,  we  must  therefore  revise  the  wind-load  diagram  in 
order  to  find  the  wind-load  stress  in  the  main  member.  The  dotted 
line  9-10  shows  this  change,  and  the  stress  as  scaled  is  1,110  pounds 
compression. 

Comparing  the  wind-load  tension  in  ii'-i2',  1,610  pounds,  with 
the  dead-load  compression,  1,150  pounds,  for  the  same  member,  we 
see  that  the  counter  will  be  required  in  this  panel,  and  that  its  stress 
will  be  460  pounds  tension.  It  will  now  be  necessary  to  see  if  the 
counter  will  also  be  in  action  when  the  minimum  snow  load  is  acting 
at  the  same  time  as  the  wind  load.  The  minimum  snow-load  stress 
for  ii'-i2',  as  given  by  Column  3  of  the  Stress  Table,  is  530  pounds 
compression,  which,  combined  with  the  dead-load  stress  of  1,150  pounds, 
gives  a  total  compression  of  1,680  pounds.  As  this  stress  exceeds  the 
wind-load  tension  of  1,610  pounds,  we  see  that  for  this  condition  of 
loading — dead  load,  wind  load,  and  minimum  snow  load — the  counter 
would  not  be  in  action.  Therefore  we  see  that  the  only  condition 
of  loading  for  which  a  counter  would  be  required  will  be  for  dead  load 
and  wind  load,  and  that  q'-io'  is  the  only  counter  required.  It  must 
be  remembered  that  at  the  time  a  counter  is  in  action,  the  shape  of 
the  truss  is  changed,  and  that  all  stresses  in  members  of  this  panel  must 
be  determined  for  the  altered  shape  of  the  truss  before  any  combination 
of  stress  can  be  made.  In  the  stress  table  this  is  done  by  recording 
each  member  of  the  second  panel  from  the  centre  of  the  truss  in  two 
lines  of  the  table.  The  first  line  for  the  member  in  question  gives  the 
stress  when  the  main  diagonal  is  in  action,  the  second  line  gives  the 
stresses  for  the  same  member  when  the  counter  is  in  action.  Also, 
these  stresses  for  the  counter  in  action  are  to  be  used  only  in  the  com- 
binations for  dead  load  and  wind  load,  for  the  counter  acts  only  for 
this  case.  If  it  had  happened  that  the  counter  acted  also  for  other 
loadings,  pro])cr  provision  would  have  to  be  made  in  the  table. 

The  combinations  for  the  possible  cases  of  loading  were  made  up, 
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and  are  recorded  in  Columns  6,  7,  and  8  of  the  Stress  Table.  Col- 
umn 9  gives  the  maximum  stress  for  the  member  as  determined  by 
a  comparison  of  Columns  6,  7,  and  8. 

60.  Analysis  of  an  Arch  Truss.— Let  the  span  be  taken  as  150  feet, 
rise  46.25  feet,  distance  between  trusses  20  feet,  dimensions  and 
arrangements  of  parts  as  shown  in  Fig.  7  (a).  Assume  the  weight  of 
truss  and  roof  covering  as  20  pounds  per  sq.  ft.  of  roof.  The  panel 
loads  are  calculated  by  assuming  the  dead  load  to  be  distributed  among 
the  top-chord  joints  in  proportion  to  the  roof  areas  carried.  The  panel 
loads  thus  determined  are  given  on  the  truss  diagram.  The  snow  load 
can  be  taken  as  a  uniform  load  per  sq.  ft.  of  roof,  or  the  load  per  sq.  ft. 
for  the  different  slopes  can  be  taken  from  Table  IV  of  Art.  53.  In 
such  a  case  a  separate  diagram  for  snow  loads  would  have  to  be  drawn 
as  the  loads  would  not  be  similar  to  those  for  dead  load.  The  diagram 
for  snow  load  has  not  been  drawn. 

The  loads  per  sq.  ft.  of  roof  for  wind  will  be  different  for  the 
portions  of  the  roof  where  the  slope  changes.  The  roof  surface  will  be 
assumed  to  have  the  same  slope  as  the  top  chord  of  the  truss.  Also  the 
vertical  sides  will  be  assumed  as  protected  by  a  self-supporting  curtain 
wall  which  will  take  care  of  the  wind  at  these  places.  In  case  the  truss 
supports  these  side  walls,  the  effect  of  horizontal  wind  loads  would 
have  to  be  considered.  The  wind  loads  to  be  provided  for  on  the 
various  portions  of  the  roof  will  be  found  in  Table  III  of  Art.  53.  For 
the  portion  M-N,  which  has  a  slope  of  45°,  the  load  per  sq.  ft.  of  roof 
will  be  28.3  pounds,  assuming  the  wind  pressure  at  30  pounds  per  sq. 
ft.  of  vertical  area.  On  N-R  whose  slope  is  21°  48',  the  load  will  be 
19.8  pounds  per  sq.  ft.  On  R-S,  slope  10°  19',  the  load  will  be  ii.o 
pounds  per  sq.  ft.  For  the  portion  S-T,  considered  as  flat,  the  wind 
load  will  be  zero.  The  panel  loads,  as  calculated  from  the  above 
loads  per  sq.  ft.  of  roof,  are  given  on  the  right  half  of  the  truss  diagram 

of  Fig.  (a). 

The  dead-load-stress  diagram  is  given  in  Fig.  7  {h).  As  the  stresses 
in  the  two  halves  of  the  arch  are  symmetrical,  the  diagram  has  been 
drawn  only  on  the  left  half.  In  drawing  the  stress  diagram,  the  load 
line  A  X  was  first  drawn.  The  panel  load  at  the  centre  joint  is  assumed 
as  diMded  equally  between  the  two  halves  of  the  arch.  H  X  is,  there- 
fore, equal  to  half  the  panel  load  at  the  centre.     The  reaction  at  the 
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left  end  of  the  arch,  together  with  the  force  at  the  centre  hinge,  was 
then  calculated  by  the  algebraic  method  of  Art.  44.  These  forces  were 
then  plotted  on  the  load  line  to  complete  the  polygon  for  external  forces. 
In  Fig.  {b),L  A  represents,  in  amount  and  direction,  the  reaction  at  R^, 


Fig.  7   {a)  and  (h). 

*nd  A'  L  represents  the  force  at  the  centre  hinge,  which  is  equal  to  the 
horizontal  component  of  the  reaction  at  R^. 

The  stress  diagram  was  then  drawn  by  beginning  at  the  left  abut- 
ment, taking  successi>'e  joints  toward  the  centre,  as  shown  in  Fig.  {b). 
Heavy  lines  represent  the  members  in  compression,  light  lines  those  in 
tension. 

In  the  same  way,  the  stress  diagrams  for  wind  load  were  also  drawn. 
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The  reactions  as  calculated  are  given  on  the  truss  diagram.  Fig.  7  (c) 
shows  the  stress  diagram  for  wind  from  the  right  for  the  loaded  half  of 
the  arch,  in  this  case  the  right  half.  Fig.  7  (d)  gives  the  stress  diagram 
for  the  left,  or  unloaded  half  of  the  arch.  In  this  diagram  the  load-hne 
is  given  by  the  equal  and  opposite  forces  which  are  applied  at  the 
centre  hinge  and  at  R„  these  forces  being  equal  to  the  reaction  at  R„ 
and  are  shown  in  amount  and  direction  by  the  line  joining  points  L 
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Fig.  7  (c)  and  (d). 

and  A.     As  there  are  no  forces  at  the  top-chord-panel  points,  the  letter 
A   is  the   only  letter   used  in  the  member    notation    for    top-chord 

members. 

6i.  Analysis  of  Saw-Tooth  Roof  Trusses.— A  roof  of  the  saw-tooth 
type  is  usually  made  up  of  a  series  of  similar  trusses  of  short  span,  all 
facing  with  the  short  leg,  or  skyhght,  toward  the  north,  or  away  from 
the  direct  light  of  the  sun.     The  end  trusses  usually  have  one  end  on  a 
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masonry  wall  while  the  intermediate  trusses  rest  on  columns  as  shown 
in  Fig.  8.  In  some  cases  the  end  trusses  also  rest  on  columns  and  to 
resist  the  horizontal  thrust  of  the  wind,  knee  braces  must  be  provided. 
The  effect  of  the  wind  blowing  lengthwise  of  such  a  structure  would 
all  be  taken  up  by  the  lirst  truss,  the  rest  of  the  building  being  sheltered 
from  the  direct  force  of  the  wind,  as  the  wind  blows  practically  in  a 


^^^^ 


^  *— Wall 

i- 


FiG.  8. 

horizontal  direction.  The  horizontal  components  of  this  force  will 
nearly  all  be  taken  up  at  the  wall,  due  to  its  great  rigidity,  very  little 
if  any  going  to  the  columns.  When  the  wind  is  quartering,  all  of  the 
trusses  will  probably  be  affected  to  some  extent,  although  the  end 
truss  will  receive  the  greatest  pressure  due  to  its  more  exposed  position. 
The  horizontal  thrust  of  the  wind  forces  will  be  transferred  from  the 
trusses,  through  the  bottom  chords  and  the  bottom-chord  bracing,  to  the 
walls  and  columns  in  proportion  to  their  relative  rigidities.  As  the 
walls  are  usually  more  rigid  than  the  columns,  the  greater  part  of  the 
forces  will  be  taken  at  the  walls. 

As  the  spans  are  usually  very  short,  and  the  slope  very  flat,  it  will  be 
sufficiently  accurate  to  determine  the  stresses  in  the  members  for  a 
uniform  vertical  load,  such  as  given  in  Table  VI  of  Art.  53,  whose  effect 
will  be  equivalent  to  the  combined  action  of  the  wind  and  snow.  The 
stresses  in  one  truss  can  then  be  determined  for  this  load  combined 
with  the  dead  load,  and  all  trusses  designed  alike. 

We  will  now  draw  the  stress  diagrams  for  a  particular  case.  Let 
the  truss  of  Fig.  9  have  a  span  of  25  feet,  slope  of  longer  leg  21°  48', 
distance  between  trusses  15  feet.  The  loads  will  be  taken  at  1.5 
pounds  per  sq.  ft.  of  roof  for  the  weight  of  the  truss,  7.0  pounds  per  sq. 
ft.  of  roof  for  the  roof  covering,  assuming  the  same  kind  of  covering  as 
for  the  Fink  truss  of  Art.  52,  and  25  pounds  per  sq.  ft.  of  roof  for  the 
combined  effect  of  snow  and  wind  as  given  in  Table  VI  of  Art.  35  for  a 
truss  of  1/5  pitch  (21^  48').  The  total  load  per  sq.  ft.  of  roof  will  then 
be  33.5  pounds.  As  the  top-chord-panel  length  is  found  to  be  8.0  feet, 
the  panel  load  will  be  8  X  15  X  33.5  =  4,020  pounds.     Full  panel 
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loads  will  be  placed  at  each  panel  point,  including  the  apex  of  the  truss. 
As  the  joint  load  at  the  left  end  will  not  affect  the  stresses  in  the  members, 
it  will  be  omitted.     The  stress  diagram  as  drawn  for  these  loads  is 
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given  in  Fig.  (b).     Heavy  lines  show  compressive  stresses  and  light 
lines  tensile  stresses. 

62.  Trusses  with  Unsymmetrical  Loads.— Such  cases  may  occur 
when  loads  are  suspended  from  the  trusses,  such  as  concentrations  due 
to  crane  loads,  shafting,  or  ceiling  loads.  These  loads  may  be  con- 
sidered at  the  same  time  as  the  dead  load  or  a  separate  diagram  may 


no 
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be  drawn.     The  stresses  as  determined  may  then  be  combined  with 
the  stresses  due  to  dead  load. 

To  illustrate  a  particular  case,  suppose  the  Fink  truss  of  Fig.  ic  (a), 
span  40  feet,  rise  10  feet,  to  carry  crane  loads  at  M  and  A^"  of  20,000 
pounds  and  5,000  pounds  respectively,  and  at  P,  a  load  of  10,000 
pounds  due  to  a  heavy  piece  of  machinery.     Required  the  stresses  in 


9,10,11,12,13,14, 
Fig.  10. 


all  members.  To  simplify  the  stress  diagram,  the  load  at  P  will  be 
considered  as  applied  ai  R,  P  R  for  the  time  being  will  be  taken  as  a 
truss  member.  The  load  can  then  be  treated  as  an  external  force. 
It  can  be  seen  that  this  change  will  not  affect  any  of  the  stresses  in  other 
members  or  the  amounts  of  the  reactions. 
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To  draw  the  stress  diagram,  first  lay  off  the  load  line  A  D.     The 
reactions  were  calculated  algebraically  and  have  the  values  given  on 
the  truss  diagram.     The  easiest  way  to  complete  the  stress  diagram  for 
this  special  case  would  be  to  begin  at  the  right  end  and  proceed  to  the 
left.     If  the  diagram  is  begun  at  the  left  end  we  come  at  once  to  the 
second  top-chord-panel  point  where  three  unknowns  are  in  ques-tion. 
To  pass  around  this  joint  we  can  make  use  of  the  special  method  given 
in  Art.  58.     In  this  case  the  shape  of  the  left  half  of  the  truss  will  be 
altered  in  such  a  way  that  the  true  stress  in  the  centre  bottom-chord 
member,  R  N,  can  be  obtained.     This  can  be  done  by  inserting  the 
dotted  member  R  S  and  removing  all  the  web  members  on  the  left  of 
the  truss  except  MPS.     It  can  be  seen  that  the  truss  as  altered  is  still 
a  rigid  frame  and  that  the  stress  in  RN  will  not  be  affected  by  the 
change.     Then  pass  around  successive  joints  of  the  bottom  chord  until 
the  centre  member  is  reached  and  the  true  stress  in  R  N  obtained,  after 
which  member  R  S  can  be  removed  and  the  original  truss  restored. 
By  passing  around  joints  R,  M,  and  P  again,  the    diagram  can  be 
completed  as  given  in  Fig.  10  (b).     The  dotted  lines  show  the  con- 
struction necessary  to  obtain  the  true  stress  in  the  centre  member. 
The  heavy  lines  of  the  truss  diagram  show  members  in  compression; 
the  light  Hues,  those  in  tension,  the  broken  lines  show  members  whose 
stress  is  zero;  and  the  fine  dotted  lines  are  construction  lines.     If  loads 
were  apphed  on  the  top  chord  also,  it  would  be  necessary  to  insert  two 
members;  R-S,  and  one  from  M  to  T  (not  shown).     Then,  by  a  com- 
bination of  the  above  method  and  of  the  one  given  in  Art  58,  the  un- 
knowns can  be  determined. 


CHAPTER   IV 

ANALYSIS  OF   BRIDGE  TRUSSES   FOR  UNIFORM  FIXEL 
AND  MOVING  LOADS 

Section   I. — Types   of  Trusses,   Loads   and   Reactions 

63.  Methods  of  Analysis.— The  particular  method  of  analysis 
which  will  be  most  expeditious  for  a  given  problem  depends  upon 
the  kind  of  loading  specified  and  upon  the  form  of  truss.  There  are 
in  general  two  classes  or  kinds  of  loading,  (i)  that  in  which  the  load 
is  considered  as  uniformly  distributed  over  all  or  any  portion  of  the 
structure,  (2)  that  in  which  the  load  is  considered  as  a  series  of 
concentrated  loads  of  given  weights  and  spacing.  The  analysis  of 
bridge  trusses   will  therefore  be   treated   under   two   general  heads, 


Fig.  I. — Pratt  Truss. 

viz.,  Analysis  for  Uniform  Loads  and  Analysis  for  Concentrated 
Loads,  no  distinction  being  made  in  this  respect  between  highway 
and  railway  bridges.  Under  each  of  these  heads  will  be  treated  the 
various  forms  of  trusses  in  common  use.  Analytical  methods  of 
calculation  will  be  fully  developed,  but  graphical  methods  will  also 
be  given  where  they  are  well  adapted  to  the  particular  problem  under 
discussion.  The  two  methods  are  thus  given  side  by  side,  an 
arrangement  which  it  is  believed  will  aid  in  making  clear  the  prin- 
ciples involved. 

64.  Modern  Types  of  Trusses.— The  types  of  bridge  trusses  most 
commonly  used  are  shown  in  Figs.  1-9.  The  Pratt  truss  (Pig.  i) 
may  be  considered  as  the  standard  form  for  spans  of  moderate  length. 
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although  the  Warren  truss   (Fig.  2)  is  also  much  used.     The  Howe 
truss  (Fig.  3)   is  the  best  form  where  it  is  desired  to  make  use  of 


Fig.  2. — Warren  Truss. 


timber,  steel  or  iron  being  employed  generally  for  the  vertical  mem- 
bers only.  Any  one  of  these  forms  is  used  either  as  a  through  or  a 
deck  structure. 


Fig.  3. — Howe  Truss. 


For  spans  greater  than  about  175   feet  a    gain    in    economy  is 
secured  by  using  a  truss  of  variable  depth,  the  most  common  form 


Fig.  4. — Curved-chord  Pratt  Truss. 


being  illustrated  in  Fig.  4-     It  is  generally  called  a  curved  or  broken- 
chord  Pratt  truss.     For  still  longer  spans  it  is  desirable  to  reduce  the 


Fig.  6. — Double  Warren  Truss 


panel  length  and  still  retain  about  the  same  incHnation  of  the  web 
members.     This  is  done   in   various  ways,   as  illustrated  in  Figs.  5 
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to  9.  The  trusses  shown  in  Figs.  5,  6,  and  9  arc  known  as  multiple 
intersection  trusses;  their  use  was  formerly  quite  general  but  in 
modern  practice  they  have  been  displaced  generally  by  the  forms 
shown  in  Figs.  7  and  8. 


Fig.  7. — Baltimore  Truss. 


Fig.  8.— Pettit  Truss. 


Fig.  9. — Compound  Triangular  Truss. 

65.  The  Component  Parts  of  a  Truss  Bridge. — The  various 
component  parts  of  a  railroad  bridge  are  shown  in  Fig.  10.  They 
:onsist  of:  (i)  The  main  vertical  trusses;  (2)  the  floor  system; 
(3)  the  lower  lateral  truss;  (4)  the  upper  lateral  truss;  and  (5) 
the  transverse  bracing.  The  upper  and  lower  chords  and  web 
members  of  the  main  trusses  have  been  defined  in  Chapter  L  The 
chords  of  the  main  trusses  constitute  also  the  chords  of  the  lateral 
trusses.  The  floor  system  includes  all  that  part  of  the  steel  structure 
which  serves  to  transfer  the  appHed  load  to  the  main  trusses;  in  the 
figure  it  is  composed  of  longitudinal  steel  beams  called  stringers  and 
transverse  beams  called  floor  beams  which  support  the  stringers  and 
which  are  attached  to  the  truss.  Various  other  arrangements  of 
beams  are  employed  to  serve  this  purpose  as,  for  example,  in  railroad 
bridges  supporting  a  ballasted  track.  The  transverse  bracing  con- 
nects the  two  main  trusses  at  the  several  panel  points;  at  the  inter- 
mediate points  this  bracing  is  commonly  called  sway  bracing,  while 
at  the  ends  it  is  called  portal  bracing  in  through-bridges  and  simply 
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end  bracing  in  deck-bridges.  The  lateral  and  the  transverse  bracing 
resist  lateral  forces,  such  as  the  wind  pressure,  the  lateral  pressure 
exerted  by  trains  on  a  curved  track,  and  the  side  thrust  of  moving 
loads   due    to   other    causes.     In    the    following    two    chapters    the 


Portal  Strut 
Portal  Bracing 


Lower  Laterals 


Fig.    10. 


analysis  of  the  main  vertical  trusses  only  is  considered;  the  analysis 
of  the  various  lateral  and  transverse  trusses  is  fully  discussed  in  a 
separate  chapter, 

66.  The  Dead  Load.— The  dead  or  fixed  load  consists  of  the 
weight  of  the  supporting  bridge  structure  itself  and  all  other  fixed 
weight,  such  as  plank,  ties,  rails,  ballast  and  other  similar  load. 
The  weight  of  the  bridge  structure  will  vary  with  the  load  to  be 
carried,  the  working  stresses  employed,  the  type  of  truss  and  charac- 
ter of  details,  and  with  the  length  of  span;  it  cannot  be  exactly 
determined  until  the  design  is  completed.  In  proceeding  with  a 
design  the  items  making  up  the  known  dead  load  are  first  determined. 
Then,  knowing  this  portion  of  the  dead  load  and  the  five  load  to  be 
carried,  together  with  the  working  stresses  to  be  employed,  type  of 
structure,  etc.,  the  weight  of  the  steel  structure  (trusses  and  floor 
system)  is  estimated  by  means  of  an  empirical  formula  or  by  com- 
parison with    weights    of    bridges   previously    designed.     The    total 
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dead  load  thus  being  approximately  determined,  the  stresses  are 
calculated  and  the  design  made.  If  the  actual  weight  of  the  com- 
pleted design  differs  essentially  from  the  assumed  weight  (the  allow- 
able error  depending  largely  upon  the  size  of  the  structure),  the 
computations  must  be  revised. 

Weights  of  steel-work  for  some  of  the  most  common  types  of  bridges, 
designed  under  usual  specifications,  are  given  approximately  by  the 
following  formulas,  in  which 

I  =  span  length, 
w  =  weight  per  lineal  foot, 
p  =  Hve  load  per  lineal  foot. 

Highway  Bridges. — Weight  of  trusses  and  floor  beams  for  bridges 
with  a  roadway  i6  feet  wide 

w  =  0.05  I  \/p  +  50 (i) 

For  the  common  value  of  p  of  1,600  lbs.  per  ft.,  the  formula  becomes 
w  =  2  /  +  50 (2) 

For  bridges  of  less  or  greater  width  than  16  feet  subtract  or  add  an 
amount  per  foot  equal  to  0.2  /  for  each  two  feet  change  of  width.  Thus, 
the  weight  of  steel  in  a  bridge  150  ft.  long,  20  ft.  wide,  and  designed  for 
a  live  load  of  2,000  lbs.  per  ft.,  will  be  approximately  0.05  X  150  X 
V  2,000  +  50  +  (0.2  X  150  X  2)  =  445  lbs.  per  ft. 

To  the  weight  of  steel  must  be  added  the  weight  of  wooden  floor, 
joist,  etc.,  estimated  usually  at  4  lbs.  per  ft.,  B.  M. 

Railway  Bridges. — For  bridges  designed  for  a  live  load  consisting 
of  two  i77>^-ton  locomotives,  followed  by  a  uniform  load  of  5,000  lbs. 
per  ft.  (Cooper's  E  —  50  loading),  and  having  open  floors: 

For  deck  plate  girders 

W   =   12}il   +    100 (3) 

For  through-plate  girders  with  beams  and  stringers 

w  =  14  /  +  450 (4) 

For  trusses 

w  =  2>l  ^-  700 (5) 
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Riveted  trusses  of  short  span  are  likely  to  be  somewhat  header  than 
given  by  eq.  (5)  and  pin-connected  trusses  somewhat  Hghter.  To  the 
weicrht  of  steel  must  be  added  the  weight  of  track,  amounting  to  from 
400  to  500  lbs.  per  ft.  The  specifications  of  the  Am.  R'y  Eng.  &  M.  of 
W  Ass'n  require  this  weight  to  be  calculated  on  the  basis  of  4K  lbs. 
per  ft.,  B.  M.,  for  timber,  100  lbs.  per  cu.  ft.  for  ballast  and  150  lbs  per 
lineal  foot  for  rails  and  fastenings. 

The  formulas  here  given  are  to  be  considered  as  only  roughly  ap- 
proximate. A  more  detailed  discussion  of  the  weight  of  different  types 
of  bridges  is  given  in  Part  III. 

67  The  Live  Load.— The  hve  or  moving  load  for  highway  bridges 
includes  a  great  variety  of  loads,  such  as  crowds  of  people,  heavily 
loaded  trucks,  road  rollers,  electric  cars,  etc.  For  bridges  not 
carrying  street-car  traffic  the  Hve  load  is  taken  as  a  uniform  load 
of  from  50  to  100  lbs.  per  square  foot  of  roadway,  or  the  heaviest 
concentrated  load,  due  to  a  road  roller  or  the  like,  which  is  hkely  to 
come  upon  the  structure.  The  uniform  load  generally  gives  the 
maximum  stresses  in  the  main  truss  members,  while  the  concentrated 
load  usually  governs  the  design  of  the  floor  system.  For  city  and 
many  country  bridges  electric  street  cars  constitute  a  large  part  of 
the  Hve  load.  For  details  of  weights  of  such  loads  the  student  is 
referred  to  standard  specifications. 

For  railroad  bridges  the  load  consists  of  the  moving   train,  and 
acts  as  a  series  of  concentrated  rolling  loads.     The  maximum  load 
to  be  provided  for  is  generally  assumed   to  be  that  of  two  of  the 
heaviest  locomotives  on  the  road  in  question,  or  certain   standards 
equivalent  thereto,  coupled  in  direct  position   and  followed  by  the 
heaviest  probable  train  load.     The  loads  due  to  the  locomotive  are 
generally  treated  in   the  calculations  as  concentrated  loads,  but  the 
train  load  is  usually  taken   as  a  uniformly  distributed  load   of  the 
same  average  weight  per  foot  as  the  actual  train.      Various  methods 
have  often  been  employed  whereby  a  uniformly  distributed  load  is 
used  in  place  of  the  actual  locomotive  wheel  weights,  such  umform 
load  being  so  selected  as  to  give  approximately  the  same  stresses  as 
the  given  concentrated  loads.     Methods  of  calculation  for  concen- 
trated loads  and  the  question  of  "equivalent"  loads  are  fully  dis- 
cussed in  the  next  chapter. 
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68.  Other  Loads  and  Forces. — Besides  the  dead  load  and  live 
load  as  discussed  in  the  preceding  articles,  the  bridge  must  be 
designed  to  resist  other  loads  and  forces.  These  include  the  wind 
pressure,  the  centrifugal  force  of  trains  moving  on  curved  tracks, 
the  tractive  effort  of  locomotives  and  the  friction  of  trains  when 
brakes  are  applied,  the  impact  or  dynamic  effect  of  the  live  load, 
temperature  stresses,  snow  load,  and  sometimes  other  loads  and  forces. 

The  first  three  named  forces  affect  chiefly  the  lateral  trusses  and 
are  fully  considered  in  Chapter  VI. 

The  dynamic  effect  of  the  live  load  is  discussed  in  Part  III;  in 
the  analysis  of  stresses  in  this  part  the  live  load  is  assumed  as  a 
static  load  which  is  capable  of  occupying  various  positions  on  the 
structure.  The  dynamic  effect  due  to  its  motion  is  generally  taken 
care  of  by  making  an  arbitrary  increase  in  the  specified  live  load  or 
in  the  static  live  load  stresses. 

Changes  of  temperature  cause  changes  of  length  in  the  members 
of  a  metallic  structure  with  corresponding  changes  in  span  length. 
In  the  case  of  simply  supported  trusses  this  change  of  span  length  is 
provided  for  by  allowing  one  end  to  move  freely  on  its  support  so 
that  no  stresses  are  thereby  produced;  but  where  the  ends  are  not 
thus  free  to  move,  as  in  an  arch  truss,  the  temperature  changes  will 
cause  stresses  which  must  be  taken  into  account.  These  are  con- 
sidered in  their  appropriate  place. 

Snow  load  will  often  need  consideration  but  the  stresses  resulting 
therefrom  are  determined  as  for  dead  load  and  require  no  special 
treatment. 

69.  Apex  Loads  and  Reactions. — In  the  determination  of  the 
stresses  in  a  truss  all  loads  are  assumed  to  be  applied  at  joints  only. 
The  live  load  acts  directly  upon  the  floor  system  and  by  it  is  trans- 
ferred to  the  truss  at  or  near  the  joints  of  the  lower  or  upper  chord 
as  the  case  may  be;  a  considerable  part  of  the  dead  load  is  similarly 
brought  to  the  truss.  The  weight  of  each  truss  member  is  trans- 
ferred to  the  joints  at  its  two  ends  by  the  member  itself,  one-half 
being  assumed  as  carried  to  each  end.  The  entire  load  on  the  truss 
is  thus  carried  at  the  joints  and  is  so  assumed  in  all  truss  calculations. 
The  determination  of  the  stresses  in  the  floor  system  and  in  the 
individual  members  due  to  their  own  weight  is  a  subject  for  separate 
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discussion.     In  the  analysis  of  the  main  vertical  trusses,  as  discussed 
in  this  and  the  next  chapter,  all  loads  and  reactions  are  assumed  as 

vertical. 

The  dead  load  is  usually  considered  as  a  uniform  load  and 
assumed  to  be  distributed  among  all  the  joints;  but  as  the  floor  of 
a  bridge  constitutes  a  considerable  part  of  its  weight,  the  amount  of 
dead  load  apphed  along  the  loaded  chord  will  be  considerably  more 
than  half  the  total.  Except  in  the  case  of  very  large  structures  it  is 
sufficiently  accurate  to  assume  two-thirds  of  the  dead  load  applied 
at  the  joints  of  the  loaded  chord  and  one-third  at  the  joints  of  the 
unloaded  chord.  For  large  structures  it  is  desirable  to  calculate  the 
actual  distribution  of  weight  from  a  preliminary  design.  All  the 
live  load  is  assumed  to  be  applied  at  the  joints  of  either  the  upper 
or  the  lower  chord. 

The  panels  of  a  truss,  or  the  distances  between  joints,  are  usually 
equal;  and  where  the  load  is  a  uniformly  distributed  one,  each  apex 
or  joint  load,  except  those  at  the  ends,  is  equal  to  the  load  per  unit 
length  multipKed  by  the  panel  length.  Where  the  load  is  not  uni- 
formly distributed,  as  in  the  case  of  concentrated  loads,  any  par- 
ticular joint  load  must  be  found  by  considering  the  actual  loads  in 
the  panels  adjacent  to  the  joint  in  question. 

A  clear  understanding  of  the  transference  and  application  of 
loads  to  the  truss  is  of  much  importance.     Fig.  ii  illustrates  a  bridge 


in  which  the  floor  system  consists  of  stringers  and  floor  beams,  the 
latter  being  attached  to  the  vertical  members  near  the  lower  joints. 
Assume  a  span  length  of  140  feet,  each  panel  length  being  20  feet. 
Suppose  the  entire  dead  load  is  estimated  at  1,500  lbs.  per  lineal  foot, 
and  that  one-third  is  to  be  considered  as  applied  at  the  joints  of  the 
upper  chord,  and  two-thirds  at  the  joints  of  the  lower  chord.  One- 
half  will  be  carried  by  each  truss.  This  will  give  a  load  on  each 
truss  of  250  lbs.  per  ft.  along  the  upper  chord  and  500  lbs.  per  ft. 


r-'  ■' 
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along  the  lower  chord.  The  apex  load  at  each  upper  joint  will  then 
be  250  X  20  =  5,000  lbs.,  and  at  each  lower  joint  (excepting  the 
end  joints  A  and  B),  500  X  20  =  10,000  lbs.  The  load  carried  to 
the  end  joints  A  and  B  may  be  taken  at  one-half  of  the  entire  load 
for  the  panel,  or  K  X  750  X  20  =  7,500  lbs.  The  sum  of  the 
joint  loads  will  then  equal  the  total  load  found  by  multiplying  the 
load  per  foot  by  the  span  length.  The  apex  loads  thus  determined 
are  now  to  be  considered  appHed  directly  at  the  joints  in  proceeding 
with  the  truss  analysis;  the  floor  system  is  thereafter  to  be  entirely 
disregarded. 

The  live  load  reaches  the  stringers  through  the  rails  and  ties, 
plank,  or  other  supporting  members;  and  is  then  transferred  to  the 
cross-beams  and  to  the  trusses.  The  joint  loads  resulting  from  any 
given  single  concentration,  such  as  Pj,  must  first  be  calculated  by 
analyzing  the  reactions  in  the  floor  system.  In  this  calculation  the 
stringers  are  always  assumed  as  simple  beams  resting  freely  upon 
the  cross-beams.  The  loads  on  the  cross-beams  at  F  and  G,  due 
to  the  load  P^,  will  therefore  be  equal  to  the  end  reactions  of  the 
stringer  F  G,  considered  as  a  simple  beam.     The  reaction  at  F  is 

?qual  to  Pi  — -^ — ,  and  at  G  it  is  Pi  -.     If,  further,  the  load  Pj  is 

placed  on  the  center  hne  of  the  bridge,  as  is  generally  the  case,  the 
loads  on  the  two  trusses  will  be  equal,  and  the  joint  load  at  F  on 

each  truss  will   equal   14  P^ — -j— ,  and  at  G  it  will  equal  X  -^i  ~3' 

A  uniformly  distributed  load  equal  to  p  per  unit  length  will  give  joint 
loads  on  each  truss  equal  io  }i  p  d.  At  the  end  joints  A  and  B,  the 
loads  would  be  determined  in  the  same  way;  for  a  uniform  load  each 
would  be  equal  io  %  p  d.  The  joint  loads  being  thus  obtained  the 
analysis  of  the  truss  may  be  proceeded  with. 

In  the  detailed  analysis  of  the  truss  the  joint  loads  at  A  and  B 
need  not  be  considered,  as  they  are  each  fully  carried  by  the  support 
underneath  and  cause  no  reaction  at  the  other  support,  and  hence 
no  stresses  in  the  truss.  In  what  follows  they  will  therefore  be 
omitted  unless  specifically  mentioned,  and  the  reaction  will  be  de- 
termined for  the  intermediate  joint  loads  only.  Thus,  for  the 
truss  of  Fig.  II,  the  dead-load  reactions  at  A  and  B  will  each  be  equal 
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to  one-half  of  six  full  joint  loads,  =  K  [6  X  (5,000  +  10,000)]  = 
45,000  lbs.  By  this  method  of  calculation  the  sum  of  the  four 
reactions  of  the  two  trusses  will  be  less  than  the  total  dead  weight 
by  the  amount  of  the  four  half-joint  loads  at  the  ends.  In  designing 
the  details  at  A  and  B  the  loads  at  these  points  must  be  considered. 

70.  Divisions  of  the  Subject. — ^The  analysis  of  this  chapter  will 
be  arranged  under  the  following  subdivisions: 

Simple  beams;  trusses  with  horizontal  chords  and  single  web 
systems;  trusses  with  inchned  chords  and  single  web  systems; 
trusses  with  multiple  web  systems;  trusses  with  subdivided  panels: 
skew-bridges. 

Section  II. — Analysis  of  Simple  Beams;   Moments  and  Shears 

71.  Before  proceeding  with  the  analysis  of  trusses  it  is  desirable 
to  consider  the  simple  beam  as  a  single  structural  unit.  In  the  form 
of  the  rolled  I-beam  or  plate  girder,  it  is  the  common  form  of  bridge 
for  short  spans  (reaching  100  feet  or  more  in  length  for  railroad 
structures).  Moreover,  the  truss  as  a  whole  acts  as  a  beam  and  its 
analysis  will  be  aided  by  a  consideration  of  the  solid  beam.  For 
present  purposes  it  will  be  sufficient  to  carry  the  analysis  only  to  the 
point  of  determining  the  bending  moments  and  shears  at  any  section 
of  the  beam.  The  intensity  and  distribution  of  the  stress  in  the 
material  at  the  section  is  considered  as  a  part  of  the  subject  of  design 
in  Part  III. 

72.  Bending    Moments. — Let    A  B,  Fig.   12,  be  a  simple   beam 
"Toaded  in  any  manner;    let  q  be  any  section  and  N  the  neutral  axis 

at  the  section.     Then  the  sum  of  the  moments  of  the  external  forces 
on    either   side  of    the    section, 
taken  about  the  axis  A^,  is  called    a 


i L 


;n^',m 


(a)  Iv 


Fig. 


the  bending  moment,  or  simply    R: 

the  moment  at  N.     This  is  bal-    A 

anced  by  the  moment  of  the  stress   ^^ 

couple  M  at  the  section,  shown 

in  Fig.  (a),  whence  it  is  said  that  the  moment  of  the  external  forces 

is  balanced  by  the  moment  of  the  internal  stresses.      For  convenience 

the  bending  moment  is  called  positive  when  it  causes  convexity  down- 
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wards  or  produces  tension  in  the  lower  fibres,  and  negative  when  the 

reverse.      Its  sign  is  thus  seen  to  agree  with  the  sign  of  the  moment 

of  the  external  forces  to  the  left  of  the  section,  and  to  be  the  opposite 

of  the  sign  of  the  moment  of  the  forces  to  the  right. 

In    a  simple  beam  all  downward   loads   cause  positive  bending 

moments  at  all  sections. 

a.  Uniform  Loads. — A  uniform  load  may  be  fixed,  as  in  the  case 

of  a  dead  load,  or  movable,  as  in  the  case  of  a  Uve  load.     A  movable 

uniform  load  may  or  may  not 
extend  entirely  across  a  beam 
or  bridge.  In  the  latter  case 
the  load  is  uniform  only  so  far 
as  it  goes,  but  the  beam  or 
bridge  as  a  whole,  cannot  be  said 
to  be  uniformly  loaded. 

Fig.  13  represents  a  beam 
supporting  a  uniform  load 
equal    to    p    per    unit     length. 

/?j  =  }4  pi.     The  bending  moment  M,  at  any  section  q,  distance  x 

from  the  centre,  is  equal  to 


Fig.  13. 


R 


,(i_..)  _,(!_.)  ^(^-.), 


This  reduces  to 

M  =  J/spP  -  'A  px^ (i) 

This  is  the  equation  of  a  parabola  with  vertex  at  the  centre,  at  which 
point  the  ordinate  is  equal  io  J4  P  ^'-  Fig.  13  shows  the  complete 
moment  diagram. 

Equation  (i)  may  be  written  in  the  form 


M 


=K.r--.^)=K.(^.)(^.v) 


(2) 


That  is,  the  bending  moment  at  any  section  of  a  beam  under  a  uniform 
load  equals  one-half  the  load  per  foot  multiplied  by  the  product  of  the 
two  segments  into  which  the  beam  is  divided  by  the  section. 

In  determining  the  maximum  moments  for  a  uniform  live  load 
such  load  should  extend  entirely  across  the  beam;    for,  as  already 


ANALYSIS    OF    SIMPLE    BEAMS;    MOMENTS    AND    SHEARS  1 23 


shown,  the  addition  of  a  load  at  any  point  will  add  to  the  positive 
bending  moment  at  all  sections.  The  maximum  moments  due  to  a 
movable  uniform  load  are  thus  the  same  as  those  due  to  a  fixed 
uniform  load  and  are  given  by  eqs.  (i)  and  (2).  These  equations 
will  enable  the  moments  to  be  com- 
puted in  any  simple  beam  or  plate 
girder  for  uniform  loads. 

h.  Single  Concentrated  Load. — For 
a  single  concentrated  load,  Fig.  14, 
the  maximum  moment  at  any  section 
occurs  when  the  load  is  placed  at  that 
section,  for  a  movement  of  the  load  in  either  direction  from  such  posi- 
tion reduces  the  opposite  abutment  reaction  and  hence  the  moment. 


Fig.  14. 


This  maximum  moment  is  given  by  the  equation. 


M  =P 


V^)a-^)-(J-T) 


(3) 


This  is  the  equation  of  a  parabola  whose  ordinate  is  a  maximum  for 
jc  =  o,  the  value  of  this  maximum  ordinate  being  equal  to  X  -^  ^• 

If  we  substitute  ^for  p  in  eq.  (2)  we  shall  get  eq.  (3),  thus  showing 
the  important  principle  Jkat.//j^-'»MW^www  &enrfm^  wo w^w/5  due  to 
a  single  movinf concentrated  load  are  the  same  as  for  twice  that  load 

when  uniformly  distributed  over 


Q}'^-^, 


the  beam. 

c.  Two  Equal  Concentrated 
Loads.— In  the  case  of  two 
equal  loads,  a  fixed  distance 
apart,  it  is  desirable  to  investi- 
gate the  variation  in  the  mo- 
ment which  occurs  under  one 
of  the  loads  as  they  both  move 
across  the  beam.  In  Fig.  15 
the  total  bending  moment 
under  P^  may  readily  be  found  by  adding  the  moments  due  to  Pj  and 
P,  found  separately.      The   moment  due   to  P,  is  given  by  eq.  (3) 
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and    in    Fig.    15  tne   curve  A  c  B    represents    this    moment.      The 
moment  at  iV,  due  to  P2,  is  readily  written  out  as  follows: 


This  is  the  equation   of    the   parabola  A   c'  B',    whose    maximum 

ordinate  is  -^  ( )   when  ^  =  -.      Adding  these  moments   and 

I    \  2       2  /  2 

calling  each  load  P,  the  total  moment  under  P,  is 


M 


This  is  represented  by  the  curve  A  C  D.  Beyond  D  the  total 
moment  is  given  by  eq.  (3)  and  the  curve  D  B. 

The  value  of  M  in  eq,  (5)  is  a  maximum  when  x  =  a/4  and  is 
then  equal  to 


■  max. 


That  is,  the  maximum  moment  in  a  beam  loaded  with  two  equal 
moving  concentrated  loads  occurs  under  one  of  the  loads  when  that 
load  is  placed  at  a  distance  from  the  centre  equal  to  one-fourth  the 
distance  between  the  loads,  the  other  load  being  placed  on  the  other 
side  of  the  centre. 

The  moment  under  P2  is  shown  by  the  curve  A  D'  C  B,  sym- 
metrical to  AC  D  B. 

For  beams  whose  length  is  less  than  2a  it  may  happen  that  the 
moment  at  the  centre  point,  with  one  of  the  loads  placed  at  that  point 
and  the  other  off  the  beam,  will  be  greater  than  the  maximum  mo- 
ment given  by  eq.  (6).  By  equating  such  centre  moment  {  =  %  PI) 
with  the  moment  of  eq.  (6)  and  solving  for  /,  we  find  that  the  two 
moments  are  equal  when  I  =  1.71  a.  For  smaller  values  of  I  the 
centre  moment,  %  P  I,  is  therefore  the  maximum  moment  caused 
by  the  moving  loads. 

The  curve  of  maximum  moments  for  any  form  of  loading  may  be 
found  by  a  method  similar  to  the  above,  but  the  subject  will  not  be 
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treated  further  here.     The  succeeding  chapter  discusses  the  location 
of  the  point  of  maximum  moment  in  a  beam  for  any  number  of  loads. 
'J ^.  Graphical   Treatment   of  Bending   Moments.— Fig.    16    repre- 
sents a  beam  supporting  concentrated   loads;   Fig.    (a)  is   the   force 


Fig.  16. 


polygon  and  Fig.  (b)  the  equihbrium  polygon,  constructed  as  ex- 
plained in  Chapter  II.  As  there  shown,  the  bending  moment  at 
any  section  q  is  given  by  the  product  of  the  intercept  y  and  the  pole 
distance  H.  If  the  load  is  a  uniform  load  the  equilibrium  polygon 
will  be  a  parabola,  whose  ordinates  will  be  proportional  to  the  bend- 
ing moments.  If  the  pole  distance,  H,  be  made  unity  the  ordinates 
will  be  numerically  equal  to  the  moments  and  the  equihbrium 
polygon  becomes  the  ordinary  moment  curve  as  shown  in  Fig.   13. 

For    a    single    concentrated    load,    P,    Fig.    17,    the    equihbrium 
polygon  consists  of  the  straight  hnes  A'  C  and  B'  C     The  maxi- 


mum moment  is  at  the  load.  If  the  load  be  shifted  to  the  position 
D,  the  equilibrium  polygon  becomes  A'  D' B'  with  ordinate  /; 
(using  the  same  pole  distance  and  keeping  the  closing  Une  horizon- 
tal).    The  general  value   of  the   maximum  ordinate  y  is  given  by 
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StZlM 


(a) 


iv 


Fig.  i8. 


eq.  (3),  and  as  shown  by  that  equation  the  locus  of  the  point  C  is 

the  parabola  A'  C  D'  B',  whose  ordinates  are  twice  as  great  as  those 

of  the  moment  parabola  for  the  load  P,  if  distributed  uniformly  over 

the  beam. 

74.  Shears.— If  a  section  be  taken  at  any  point  N  (Fig.   18),  in 
-a'  loaded  beam  the  sum  of  the  vertical   components  of  the  external 

forces  upon  either  side  of  the 
\q  IP  section  is  called  the  shear  on 

the  section.  The  sign  of  the 
resultant  vertical  force  is  plus 
for  the  forces  on  one  side  of 
the  section  and  minus  for 
those  on  the  other;  but  for  con- 
venience the  shear  is  given  the 

same  sign  as  that  of  the  resultant  force  on  the  left.     Positive  shear, 

then,  is  when  the  left-hand  portion  tends  to  move  upwards  on  the 

right,  and  negative  shear  when 

the    conditions    are    reversed. 

Fig.    19     illustrates    in     what 

direction  positive  and  negative 

shears   tend  to   shear  a  beam 

at   a  given  section.      From   J 

vert.  comp.  =  o  it  follows  that 

the   shear   must    be    balanced 

by  the  internal  force  or  stress 

in  the  section,  that  is,  by  the  action  of  the  portion  removed  upon  the 

portion   considered.     This  stress  is  called  a  shearing  stress  and  in 

Fig.  18  (a)  it  is  replaced  by  the  force  V. 

a.    Uniform  Loads. — The   shear    at    any    point    A^  of    a    beam 

(Fig.  20),  loaded  with  a  fixed  uniform  load  of  p  lbs.  per  foot,  is  equal 

to  the  left  abutment  reaction  minus  the  load  between  A  and  N,  or 


A 

Ri 


Positive  Shear 

1             1 

<1 

^           ^^ 

Negativ 

e  Shear 

Fig.  19. 


R,  -  px 


p{,-4 


(7) 


This  is  the  equation  of  a  straight  line,  C  D,  Fig.  22,  having  a  maxi- 
mum positive  ordinate  oi  }^  p  I  when  x  =  o,  and  an  equal  negative 
ordinate  when  x  =  I.     When  x  =  J>4  I,  V  =  o. 
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„*.--For  a  moving  uniform  load  the  maximum  positive  shear  at  any 
point  N,  Fig.  21,  occurs  wlien  all  possible  loads  are  added  to  the 
right  and  when  there  are  no  loads  on  the  left;   for  adding  a  load  to 

-the  right  increases  the  left  reaction  and  therefore  the  positive  shear. 


9  }'>' 


I 


Rit. 


2^^^^^^ 


B 


Fig.  20. 


i^zzs-z-J^—zzz 


iyy//y/y^/y/^y/y//^yyyyy-yyyyyy^yy^. 


Fig.  21. 


Fig.  22. 


while  adding  loads  to  the  left  increases  the  left  reaction  by  an  amount 
less  than  the  load  itself  and  hence  decreases  the  positive  shear.  The 
maximum  shear  at  A^  is  therefore 


V  =R,  =  p{l-  X) 


(8) 


128  ANALYSIS    OF    TRUSSES    FOR    UNIFORM    LOADS 

the  equation  of  a  parabola  with  vertex  at  the  right  end.  This 
parabola  is  B'  E,  Fig.  22;  the  ordinate  A'  E  is  equal  to  %  pi  The 
maximum  negative  shear  is  found  by  loading  to  the  left  of  the  point, 
and  is 

F  =  -  /?2  =  -^x\ (9) 

the  equation  of  the  parabola  A'  F. 

Combined  Shears  Due  to  Fixed  and  Movable  Uniform  Loads.— 
When  a  beam  supports  both  a  fixed  and  a  movable  uniform  load  (as 
dead  and  Hve  load) ,  the  maxim_um  positive  and  negative  shears  are 
found  by  combining  the  shears  due  to  each  system  of  loading. 
These  combined  shears  are  shown  graphically  in  the  lower  diagram 
of  Fig.  22  by  the  curves  G  Z?  and  C  H.  These  curves  cross  the 
axis  at  J  and  K  where  the  shears  due  to  dead  and  hve  loads  are  equal 
but  of  opposite  signs.  From  K  to  B'  positive  shear  cannot  occur 
.md  from  ^'  to  J  negative  shear  is  impossible.  Between  J  and  K 
both  kinds  of  shear  are  possible. 

To  the  left  of  /  the  curve  C  J  gives  the  minimum  positive  shears, 
these  being  less  than  the  dead-load  shears.  To  the  right  of  K  the 
curve  K  D  Hkewise  gives  the  minimum  negative  shears.  Between 
J  and  K  the  upper  Hmit  of  the  shear  is  positive  and  the  lower  Hmit 
negative.  In  general  the  shears  may  range  anywhere  between  the 
limits  shown  by  the  shaded  area.  The  values  of  the  shears  are  best 
found  by  the  use  of  eqs.  (7),  (8),  and  (9). 

In  practice  it  is  sometimes  required  to  find  maximum  shears  only, 
and  sometimes  both  maximum  and  minimum  shears.  In  either 
case  considerations  of  symmetry  render  it  necessary  to  analyze  but 
one-half  the  beam  only. 

Example.— Let  it  be  required  to  calculate  the  dead-load  shears  and  the  maximum 
positive  and  negative  live-load  shears  at  points  5  ft.  apart  in  a  beam  60  ft.  long,  Fig.  23. 
Dead  load  =  400  lbs.  per  foot;    live  load  =  1,200  lbs.  per  foot. 

Dead-load  Shears.— Thc^e  are  readily  found  by  means  of  eq.  (7),  although  it  is  hardly 
necessary  to  refer  to  a  formula  in  this  case.  The  resulting  values  are  given  in  the  table 
below  in  Column  (2). 

Live-load  Shears— The  maximum  positive  shears  are  obtained  from  eq.  (8)  and  the 
maximum  negative  shears  from  eq.  (9).     These  values  are  given  in  Columns  (3)  and  (4) 

of  the  table. 

Combined  5/«;ar5.— Combining  the  dead-load  shears  \vith  the  maximum  positive  Uve- 
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load  shears  gives  the  values  of  Column  (5),  and  combining  with  the  maximum  negative  live 
load  shears  gives  the  values  of  Column  (6).     In  accordance  with  the  explanation  of  Fig.  22, 
it  should  be  observed  that  in  the  upper  half  of  Columns  (5)  and  (6)  are  given  respectively 
«-he  maximum  and  minimum  values  of  the  shears  in  the   left  half  of  the  beam.     At  e  the 


I      I       I      I      I       I       I       I       I       ''       I     J 

a\    h    c    d    e    f     g     h     i    3      fc'    V^ 

\, 60' -^ ■*' 


Fig.  23. 

minimum  is  just  zero;  at  /  and  g  the  minimum  is  negative;  while  to  the  left  of  e  the 
minimum  is  positive.  The  values  for  the  right  half  are  numerically  equal  to  but  of 
opposite  sign  from  those  for  the  left  half.     They  are  given  here  for  sake  of  clearness. 

The  results  of  this  analysis  should  be  carefully  studied,  as  the  general  relations  here 
shown  are  of  much  importance  in  truss  analysis. 

TABLE    OF  SHEARS. 


Dead-load 
Shears. 

Live-load  Shears. 

Combined 

Shears. 

Point. 

Maximum 
Positive. 

Maximum 
Negative. 

Dead  Load  and 

Positive 

Live  Load. 

Dead  Load  and 

Negative 

Live  Load 

(i) 

(2) 

(3) 

(4) 

(s) 

(6) 

a 
b 
c 
d 
e 
f 
g 
h 
i 

i 
k 
I 

+  12000 
+  lOOOO 

+  8000 
+  6000 
+  4000 
+  2000 
0 

—  2000 

—  4000 

—  6000 

—  8000 

—  I 0000 

—  12000 

+  36000 
+  30250 
+  25000 
+  20250 
+  16000 
+  12250 
+  9000 
+  6250 
+  4000 
+  2250 
+  1000 
+   250 
0 

0 

—  250 

—  1000 

—  2250 

—  4000 

—  6250 

—  9000 

—  12250 

—  16000 

—  20250 

—  25000 

—  30250 

—  36000 

+  48000 
+  40250 
+  33000 
+  26250 
+  20000 
+  14250 
+  9000 
+  4250 
0 

-  3750 

—  7000 

-  9750 

—  12000 

+  12000 

+  9750 
+  7000 

+  3750 
0 

-  4250 

—  9000 

-  14250 

—  20000 

—  26250 

-  33000 

-  40250 

—  48000 

h.  Concentrated  Loads.— For  a  single  load  P„  Fig.  24,  the 
positive  shear  at  any  point  N  is  greatest  when  the  load  is  just  to 
the  right  of  the  point,  for  the  left  reaction  is  then  a  maximum.  This 
maximum  shear  is 

//  -  x\ 


the   equation   of    the   straight    line    CB',   Fig.  26. 

A'    C    =    Py 

1—9 


(10) 


The  ordinate 
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For  two  equal  loads,  Pi  and  P^,  (Fig.  25),  the  maximum  positive 
shear  occurs  when  P^  is  just  to  the  right  of  the  point.  The  shear 
due  to  Pi  is  given  by  eq.  (10)  and  the  Hne  C  B'.  The  shear  due  to 
P2  when  Pi  is  at  N,  is  equal  to  left  abutment  reaction  for  P.,  or 


V  =  P.. 


I  —  {x  +  a) 


(II) 


This  is  zero  for  x  =  I  —  a,  and  is  equal  to  Pg  for  x  =  —  a  if  that 
were  possible;  it  is  represented  by  the  Hne  D  E,  where  D  B'  and 
F  A'=  a  and  F  E  =  Po.     The  total  shear  is  the  sum  of  the  second 


Rjr-V„J:^-:-:-q-?- 


Fig.  24. 


Ri 


-i- 


Fig.  25 


1 


-R, 


|»--a— hA' 


D  i^-  a 


Fig.  26. 


members  of  eqs.  (10)  and  (11).  It  is  found  graphically  by 
making  C'C  =  H  A'  and  drawing  CD'  to  meet  C B'  in  the  vertical 
through  D. 

For  three  loads  the  shear  diagram  would  be  C"  G  D'  B',  and  so 
on,  the  curve  approaching  a  parabola  as  the  limiting  case  when  the 
load  is  uniformly  distributed. 

Negative  shears  generally  need  no  separate  consideration,  the 
negative  shears  becoming  positive  shears  by  reversing  the  beam. 
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Section  III.— Trusses   with   Horizontal   Chords    and   Single 

Web  Systems 

75.  General  Method  of  Determining  Chord  Stresses.— Fig.  ,27 
represents  a.  truss  loaded  with  any  given  loads  W^-Wg,  applied  at 
joints  only.  The  chord  stresses  are  to  be  determined.  The  most 
direct  method  of  procedure  is  by  the  method  of  sections,  using  for 
each  chord  member  a  single  moment  equation  with  centre  of 
moments  at  the  intersection  of  the  opposite  chord  member  and  the 
web  member  cut  by  the  assumed  section.     For  example,  in  Fig.  27, 


if  the  stress  in  C  F  is  desired,  pass  the  section  g,  consider  the  portion 
of  the  structure  on  the  left,  Fig.  (a),  and  write  I  moments  =  o 
with  point  E  as  moment  centre.  The  resulting  equation  will  con- 
tain only  one  unknown  quantity,  ^i,  it  being  assumed  that  R^  has 
been  previously  calculated.  If  M^  represents  the  sum  of  the 
moments  of  the  external  forces  wc  will  find  that  S^h  +  M^,  =  o, 
■or  Sih=  -  Me-  In  a  similar  way  we  will  find  S^h  ==  -  M^,  etc.  For 
a  truss  supported  at  the  ends  the  value  of  M  will  always  be  positive, 
as  in  the  case  of  a  beam,  hence  the  moment  of  the  chord  stress  will 
always  be  negative.  This  requires  the  stress  in  all  lower  chord 
members  to  be  tensile  and  in  all  upper  chord  members  compressive. 
This  being  true,  the  sign  of  the  chord  stress  need  not  be  further 
considered,  it  being  necessary  only  to  find  its  numerical  value.     For 

this  purpose  it  is  customary   to   write   .bi  =  -r-  and  ^jg  =  -^,  etc. 
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Or,  in  general: 

The  chord  stress  in  a  horizontal-chord  truss  with  single-weh  system 
is  given  by  the  general  equation 

(I) 


in  which  M  =  sum  of  the  moments  of  the  external  forces  on  the  left 
(or  right)  of  the  section  about  the  opposite  chord  point,  and  h  = 
height  of  truss. 

In  calculating  M,  where  the  panel  lengths  are  equal,  the  work  is 
simplified  by  using  the  panel  length  d  as  the  unit  of  length  and  then 
multiplying  the  result  so  found  by  this  length.  Thus  in  calculating 
S,  in  the  above  example  we  may  write  M^  =  (Ri.2}^  -  W^.i^  - 
W^.}4  -  W^.2  -  W^.i)  X  d.  Usually  all  the  lower  joint  loads 
are  equal,  and  all  the  upper  joint  loads,  in  which  case  we  may  write 
M,  =  [R^.2H  -  W^  (iK  +  K)  -  W^z  (2  +  i)]  X  d,  where  W^  = 
upper  joint  load  and  IF^  =  lower  joint  load. 

76.  Graphical  Determination  of  Chord  Stresses.— In  Fig.  28 
construct  the  force  polygon  and  equilibrium  polygon  for  the  given 
loads,  as  explained  in  Chapter  II.  A'  B'  is  the  closing  line  and  the 
reactions  are  given  by  n  a  and  b  n  in  the  force  polygon,  O  n  being 
parallel  to  the  closing  line.  H  is  the  pole  distance.  By  the  prin- 
ciples explained  in  Art.  40  the  moment  of  the  forces  on  the  left  (or 
right)  of  any  point  c,  is  equal  to  the  intercept  y,  on  the  vertical 
through  c,  multiplied  by  H.  Likewise  the  moment  of  the  forces 
to  the  left  of  any  joint  C,  about  that  joint,  is  given  by  the  product 
of  the  intercept  y„  times  H.  But  this  is  the  moment  sought  in 
finding  the  stress  in  the  chord  member  opposite;  and,  in  general, 
the  moments  at  the  several  joints  needed  for  calculating  the  chord 
stresses  are  given  by  the  corresponding  intercepts  in  the  equilibrium 
polygon  multiphed  by  the  pole  distance.  These  moments  divided 
by  the  height  of  the  truss  give  the  chord  stresses.  By  making  the 
pole  distance  equal  by  scale  to  the  truss  height  the  ordinates 
of  the  equiUbrium  polygon  will  be  numerically  equal  to  the  chord 
stresses. 

The  chord  stresses  may  also  be  found  graphically  by  a  force 
diagram  of  all  the  loads  and  stresses  as  explained  in  Art.  47.     Such 
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a  diagram  is  shown  in  Fig.  29.     This  gives  not  only  chord  stresses 
but  web  stresses  as  well  and  is  advantageous  for  fixed  loads. 

77.    The  Bending   Moment   in  a  Truss.— Token  as  a  whole,  the 
truss  resists  bending  moments  in  the  same  manner  as  a  beam,  and, 


Fig.  28. 


Fig.  29. 

as  in  a  beam,  the  bending  moment  may  be  defined  as  the  resultant 
moment  of  the  external  forces  to  the  left  of  any  given  vertical  section 
taken  about  any  point  in  the  section.  Referring  to  Fig.  27  it  will 
be  seen  that  the  moment  M,  is,  by  this  definition,  equal  to  the  bend- 
ing moment  in  the  truss  at  a  section  through  joint  E,  or,  as  generally 
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expressed,  the  bending  moment  at  joint  E.  Likewise,  all  moments 
M  of  eq.  (i)  are  the  bending  moments  at  the  several  joints  opposite 
the  chord  members  whose  stresses  are  desired.  Bending  moments 
may  of  course  be  determined  with  reference  to  any  section  or  any 
point  between  joints,  as  at  point  c  in  Fig.  28.  These  moments  are 
not  required  in  the  analysis,  but  they  would  in  fact  be  balanced  by 
the  moments  of  the  stresses  in  the  three  members  cut  by  the  section 
in  question. 

78.  Bending  Moments  Due  to  a   Uniform  Load  Applied  Along 
One  Chord.— Lei  A  B,  Fig.  30,  be  any  bridge  in  which  the  lower  is 


-^md 


-  -  »K mfdr-'-' 

•nd'<=l 


Fig.  30. 


the  loaded  chord.  Let  d  =  panel  length,  m  =  number  of  panels 
on  the  left  of  any  lower  joint  C,  and  m'  =  number  of  panels  on  the 
right.  Suppose  a  uniform  load  of  p  pounds  per  foot  per  truss 
be  applied  to  the  bridge,  producing  joint  loads  equal  to  p  d.  There 
are  n  —  1   joint  loads   (omitting  those  at  A   and  B)  and  therefore 

R^  =  ?- — ^^ -.      To  the  left  of  C  are  w  —  i  loads  whose  average 


distance  from  C  is 


m  d 


The  bending  moment   at  C   is  therefore 


^ 


equal  to 

md      pd(n—i)       ,      pd^  ,  . 

M  =  R,Xmd-(m-i)pdX  = m  d-^—  {m  - 1)  m. 

'  2  2  2 

Noting  that  m  +  m'  =  n,  this  becomes 

M  =  - —  {m  w'), (2) 

2 


The  stress  in  the  chord  member  opposite  is  thus  equal  to 
c,       M       pdr 


h        2  h 


(w  w'). 


(3) 
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Comparing  eq.  (2)  with  cq.  (2),  Art.  72,  it  is  seen  that  they  are 
identical,  d  m  and  d  m'  being  equal  respectively  to  (K  ^  +  x)  and 
(^  I  -  x).  That  is,  the  bending  moments  at  the  joints  of  the  loaded 
chord  are  the  same  as  in  a  beam  supporting  the  same  uniform  load. 

Graphically,  the  moments  are  represented  by  the  ordinates  of  the 
equilibrium   polygon  in  Fig.  31.     It  follows  from  Art.  72  that  the 


Fig.  31. 

vertices  of  this  polygon  He  on  the  moment  parabola  for  a  uniformly 
loaded  beam. 

The  bending  moments  at  any  upper  joint  D,  not  in  a  load  ver- 
tical, cannot  be  obtained  from  eq.  (2),  as  would  be  found  by  a 
detailed  analysis  similar  to  the  above.  In  Fig.  31  this  moment  is 
represented  by  the  ordinate  y\,  drawn  to  the  equilibrium  polygon, 
and  not  by  the  ordinate  to  the  parabola.  The  moment  in  the  truss 
between  joints  is  thus  seen  to  be 
somewhat  less  than  in  a  solid  beam 
continuously  loaded.  The  difference 
is  in  fact  equal  to  the  bending  mo- 
ment carried  by  the  floor  system  at 
the  section.      This  can   be  seen   by 


computing  the   moments  in  the  two         \^ ^pd 


^K-pZl> 


^^^^^j^^^^^^^^^^^//.^^^^^^^;^ 


f-Z- 


D'(a) 


Fig.  32. 


cases  as  follows  (Fig.  32).  Including  f^ 
the  load  yi  p  d  d.i  A  the  moment  r; 
for  the  truss  can  be  written  in  the 
form  R,  X  X  -  ['A  p  d  X  +  p  d  X 
[x  -  d)  +  y2  p  dX  {x  -  2d)']-  y2  p  dz.  For  the  beam.  Fig.  {a), 
the  moment  isR.Xx  -[2pdX  {x  -  d)]  -  H  p  z\  The  quan- 
tities within  the  brackets  in   the   two  expressions    are    equal;    they 
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\are    the   moment    about  D'  of    the    portion   of  the  load   upon   the 

length  A  C.     The  moment  upon  the  beam  is  greater,  therefore,  than 

the   moment    upon    the   truss    by   yi  p  d  z  —  y2  p  z^.      This    is   the 

A  bending   moment   at   D'  in   the   secondary   member,  CE,  produced 

:  »   by  the  uniform  load  in  the  panel. 

V  /  The  equilibrium  polygon  shows,  as  an  algebraic  analysis  would 
[\  /also  show,  that  the  bending  moments  at  points  intermediate  between 
successive  loaded  joints,  varies  uniformly,  that  is,  the  moment 
diagram  is  a  series  of  straight  lines.  The  bending  moments  at 
intermediate  points  can  therefore  be  obtained  by  interpolation  be- 
tween moments  at  adjacent  loaded  joints.  Thus  the  moment  at  D 
is  equal  to  a  mean  between  the  moments  at  C  and  E,  etc. 

79.  Maxhnum    Moments    and    Chord    Stresses. — For     the     same 

reason  as  in   the  case   of  the   beam,  the  maximum  moments  at  all 

joims  of  tt  truss,  due  td  a  moving  uniform  load,  will  be  caused  when 

e  truss  is  fully  loaded.  "~""       — 

,80.  Web  Stresses. — General  Method  of  Determining  Web  Stresses. 

Let  Fig.  :^T,  represent  any  truss  with  horizontal  chords  and  single 

system  of  bracing. 

To  find  the  stress  in  any  web  member  C  D,  pass  the  section  q, 
cutting  this  member  and  two  chord  members,  and  write  I  vertical 

components  =  o    for     the 
1 ^ 3^!^ ^  forces  acting  on  the  struc- 

ture to   the   left.  Fig.  (a). 
Since  S^  and  6*3   are  hori- 
zontal,   the    vertical  com- 
ponent of  ^2  must  balance 
the    sum    of    the    vertical 
components  of  the  external 
forces.     But  the  sum  of  the 
vertical  components  of  the 
external  force  acting  on  the  left  of  any  section  is  called  the  shear  on  the 
section,  as  in  the  case  of  a  beam;    hence  the  vertical  component  of 
the  stress  in  any  web  member  is  equal  to  the  shear  on  the  section 
cutting  such   web   member  and    two   chord   members.     The    stress 
itself  is  equal  to  the  vertical  component  multiplied  by  the  secant  of 
the  angle  which  the  member  makes  with  the  vertical.     Or,  in  general: 


/ 

\/\/lA/\/ 

"^f 

rJ 

Wi          jwgj      j,W3     |wi 

IW5     C    ^Ss 

V^ 

Ri 

{wi     fjwg  Si 

Fig.  S3. 
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The  web, stress  in  a  horizontal-chord  truss  is  given  by  the  equation 

S  ^V  seed, (4) 

in  which  V  =  shear  on  the  section  and  6  =  angle  which  the  member 
makes  with  the  vertical. 

Sign  of  the  Web  Stress.— In  Fig.  34  (a)  the  shear  is  positive,  or 
upwards,  and  the  stress  S^  must  act  downwards  or  be  tensile;  if 
the  shear  is  negative,  then  S^  will  act  upwards  and  be  compressive. 
For  a  member  inclined  in  the  opposite  direction,  as  ED,  Fig.  t,;^, 
Fig.  34  (b)  shows  that  positive  shear  would  cause  compressive  stress, 


.s.»  /\    /\  ^S 


Fig.  34. 

and  negative  shear  tensile.  The  nature  of  the  stress  can  readily  be 
determined  by  noting  that  the  action  of  the  portion  of  the  structure 
to  the  right  of  the  section  upon  the  portion  to  the  left  must  be  opposed 
to  the  direction  of  the  shear— downwards  for  positive  shear  and 
upwards  for  negative  shear. 

81.  Maximum  and  Minimum  Stresses. — Since  the  stress  in  any 
web  member  is  equal  to  the  shear  multipHed  by  a  constant,  the 
problem  of  calculating  web  stresses  in  a  horizontal-chord  bridge 
reduces  to  one  of  finding  maximum  and  minimum  shears.  For  the 
same  reason  as  given  in  the  case  of  the  beam,  the  maximum  positive 
shear  on  any  given  section  will  occur  when  the  truss  is  loaded  as 
fully  as  possible  on  the  right  of  the  section  and  as  Httle  as  possible 
on  the  left,  and  the  maximum  negative  shear  will  occur  when  these 
conditions  are  reversed.  Combining  these  maximum  shears  with 
the  dead-load  shears  gives  a  series  of  maximum  and  minimum  re- 
sultant shears,  as  in  the  case  of  a  beam,  which  are  of  Hke  signs  near 
the  ends  of  the  truss,  but  of  opposite  signs  near  the  centre.  From 
this  it  follows  that  in  a  truss  like  the  one  shown  in  Fig.  ^t,  the  web 
members  near  the  ends  will  have  maximum  and  minimum  stresses 
of  like  signs,  but  that  near  the  centre  the  maximum  and  minimum 
stresses  will  be  of  opposite  signs.     That  is,  the   members  near   the 


f 
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'end^of  the  truss  will  always  be  subjected  to  one  kind  of  stress,  while 
near  the  centre  they  will  be  subjected  at  certain  times  to  one  kind  of 
stress  and  at  other  times  to  the  opposite  kind,  depending  on  the 
position  of  the  live  load. 

82.  Value  of  the  Maximum  Live-load  Shear.— {a)  Conventional 
Method  of  Calculation.— Y or  a  uniform  live  load  the  method  generally 
followed  in  calculating  maximum  shears  is  to  assume  all  joints  fully 
loaded  on  one  side  of  the  panel  in  question  and  all  joints  unloaded 
on  the  other  side.  This  is  evidently  an  impossible  condition,  for 
in  order  to  fully  load  joint  D,  Fig.  35,  for  example,  both  adjoining 


Fig.  35. 

panels  must  be  fully  loaded,  which  condition  would  produce  a  half- 
joint  load  at  C.  The  shears  computed  by  this  method  are  too  great, 
but  it  is  the  one  usually  employed. 

A  general  expression  for  the  value  of  this  shear  for  equal  panels 
may  easily  be  derived.  Let  panel  CD,  Fig.  35,  be  the  wth  panel 
from  the  left  end,  and  let  the  maximum  positive  shear  in  this  panel 
be  required  for  a  uniform  live  load  of  p  lbs.  per  foot.  Let  n  = 
total  number  of  panels.  Joint  load  =  pd.  All  joints  on  the  right 
are  loaded  and  none  on  the  left.  The  shear  is  equal  to  the  left 
abutment  reaction,  =  R^.  Taking  moments  about  the  right  abut- 
ment, wc  have 

R.Xnd  -  pd[i  +  2  +    .    .    .    +  {7t  -  7n)]d  =  o, 


or 


whence 


F  =  i?.  =  — [1  +  2  + 
n 


F  =  1^  {n  -  m)  {n  -  m  -f  i). 


+  {n  -  m)], 


(5) 


(6) 


Equation  (5)  is  the  simplest  form  to  use,  as  it  is  nothing  more  than 
an  abbreviated  equation  of  moments,  divided  through  by  n. 
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(b)  Exact  Method  of  C ale idat ion.— The  true  maximum  shear  in 
panel  C  D,  Fig.  35,  ^vill  evidently  occur  when  the  uniform  load  on 
the  bridge'  floor  extends  some  distance  beyond  point  D  into  the 
panel  C  D.     Let  x  equal  that  distance,  Fig.  36.     There  will  be  full 


p[(  n-m.)d-¥  x} 


1 1 „id_c_crX-::# e'i-»i)d-_ 


Fig.  36. 

joint  loads,  p  d,  at  all  joints  to  the  right  of  D  and  partial  joint  loads  at 
C  and  D.  At  C  the  joint  load  will  be  W^  =  ^.  The  shear  in  panel 
C  D  will  then  be  equal  to  R,  -  W,.  To  get  R,  most  readily, 
consider  the  actual  uniform  load  on  the  bridge  and  take  moments 
about  B.  The  moment  of  this  total  load  will  be  the  same  as  the 
sum  of  the  moments  of   the   separate  joint  loads.     We   have   then 

p[(n-m)d  +  xY       px"  ,. 

jyfg^S^ating  this  with  respect  to  x,  etc.,  we  find  that  for  a  maximum 
"value  of  F',  n-m  /gx 

n  —  1     '     x 
Substituting  this  value  of  x  in  eq.  (7)  and  reducing,  we  have,  for  the 
true  maximum  shear,        ^^  ^ 

yi  —  L {n  —  m)^ (9) 

2.(W  -   l) 

This  differs  from    (6)    in   having  the  factor  ^^—^  in   place  ot 

n-m  +  i^  ^^^  jg  g^gj^  ^Q  gj^e  somewhat  the  smaller  value.      The 

n 
difference  is  a  maximum  for  «  =  ^,  or  at  the  centre  of  the  truss, 

and  at  that  point  has  a  value  of  ^  X  i^,  or  nearly  ^'  the  same 
for  all  spans. 


140 


ANALYSIS    OF   TRUSSES    FOR    UNIFORM   LOADS 


83.  Graphical  Determination  of  Shears. — In  Fig,  37  the  force  poly- 
gon and  equilibrium  polygon  have  been  drawn  for  the  truss,  as  in  Fig. 
28.  The  shears  can  here  be  conveniently  represented  on  a  horizontal 
axis  A'  B',  by  projecting  horizontally  the  several  forces  of  the  load-line 
in  the  manner  plainly  shown  in  Fig,  37.     This  diagram  then  becomes 


Fig.  37. 


^  shear  diagram,  the  ordinates  representing  to  scale  the  shears  in  the 
truss  at  corresponding  sections.  Thus  the  shear  on  section  q  is  given 
by  the  ordinate  y,  etc.  Note  that  the  shear  passes  through  zero  at  the 
point  where  the  moment  is  a  maximum,  as  proven  in  mechanics,  Web 
stresses  may  also  be  found  as  in  Fig.  29. 

In  practice,  the  shears  and  web  stresses  in  trusses  of  this  kind  are  so 
readily  found  by  algebraic  methods  that  graphical  methods  are  not 
often  employed.  They  are  more  advantageous  for  trusses  with  inclined 
chords.     (See  Art.  100.) 

84.  The  Warren  Truss. 
— The  Warren  Truss,  Fig. 
38,  sometimes  also  called 
the  triangular  truss,  is  one 
in  which  all  web  members 
are  equally  inclined.  It  is  especially  well  suited  for  deck  trusses  of 
moderate  span,  although  also  used  as  a  through  truss.  It  is  often 
built  as  a  riveted  structure,  and  as  such  is  commonly  spoken  of  as 
a  Warren  Girder  or  Lattice  Girder. 
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Assume  the  following  data:  Span  length  =  90  ft.;  height  of  truss 
=  12  ft.;  dead  load  per  foot  per  truss  =  600  lbs.;  live  load  per  foot 
per  truss  =  1,600  lbs.  The  dead  joint  load  =  T^  =  600  X  15  =- 
9,000  lbs.;  live  joint  load  =  P  =  1,600  X  15  =  24,000  lbs.  We  will 
first  assume  that  the  entire  dead  load  is  applied  at  the  upper  chord  jomts. 

5  X  g,ooo  _ 

Chord  Stresses',    Dead  Load.— Ldi    reaction,    R,  =  '       - 

22,500  lbs.     Then  applying  the  method  explained  in  Art.  75,  the  lower 
chord  stresses  may  be  written  out  as  follows: 

ab  (moment  center  at  B)  =  22,500  X  15/12  =  28,125  lbs. 

In  a  similar  manner 

6c  =  (22,500  X  2  -  9,000  X  i)  15/12  =  45'Ooolbs. 

cd  =  [22,500  X  3  -  9-000  X  (i  +  2)]  15/12=  50,625  lbs. 

The  upper  chord  stresses  are  as  follows: 

AB  =  22,500  X  >^  X  15/12  =  14,060  lbs. 

BC  =  (22,500  X  iK  -  9,000  X  K)  15/12  =  36,560  lbs. 

CD  =  [22,500  X  2K  -  9,000  X  (K  +  iK)]  15/12  =  47,810  lbs. 

All  upper  chord  stresses  are  compressive  and  all  lower  chord  stresses 

tensile. 

A  somewhat  briefer  method  of  calculating  the  chord  stresses  is  by 
the  use  of  eq.  (3),  Art.  78,  but  it  should  be  carefully  noted  that  this 
formula  wiU  apply  here  to  the  lower  chord  members  only.     In  this  case 

t^  =  ^Q°  X  ^5'  _  ,625.     Then  stress  mab  =  5,625  X  (i  X  5)  = 
2h  2  X  12  ^'     "^  ,u         . 

28,125  lbs.;  stress  in  b  c  =  5,625  (2X4)=  45,ooo  lbs.;  etc. 

For  the  moments  at  the  lower  joints  and  stresses  in  the  upper  chord 
members  we  may  use  the  method  of  interpolation  as  explained  in  Art. 
78.  Thus  the  moment  at  a  will  be  one-half  the  moment  at  B;  the 
moment  at  b  will  be  one-half  the  sum  of  the  moments  at  B  and  C,  etc 
The  corresponding  chord  stresses  will  then  follow  the  same  rule  and 
we  hav^ 

j^B  =  ?5^^  =  14,060  lbs. 
2 

^^_  28,125 +  45.°°°,  36,560  lbs. 


2 

etc.,  etc. 
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Chord  Stresses;  Live  Load. — These  may  be  found  in  the  same  way 
as  the  dead-load  stresses,  or  they  may  be  obtained  by  multiplying  the 
dead-load  stresses  by  the  ratio  of  live  to  dead  load  =  1,600/600.  The 
stresses  are  as  follows : 

ah  =    75,000  lbs.  AB  =    37,500  lbs. 

he  =  120,000  lbs.  BC  =    97,500  lbs. 

cd  =  135,000  lbs.  CD  =  127,500  lbs. 

Web  Stresses;  Dead  Load. — (Fig,  39.)  Applying  the  method  of 
Art.  80,  we  will  tirst  find  the  shears  on  the  several  sections,  such  as  q, 
cutting  a  web  member  and  two  chord  members.  There  being  loads 
at  the  upper  joints  only  it  is  evident  that  the  shear  on  the  section  cutting 


B  b  is  the  same  as  on  the  section  cutting  b  C ;  also  the  shear  on  the 
section  cutting  ^  a  is  the  same  as  that  on  the  section  cutting  a  B,  etc. 
In  other  words,  the  shear  on  any  section  cuttint^  through  a  given  panel 
of  the  loaded  chord  is  constant.  The  shears  in  these  several  panels  are 
as  follows : 

Shear  in  panel  A  B  =  R^  =  +  22,500. 

Shear  in  panel  B  C  =  R^  —  W  =  22,500  —  9,000  =  +  13,500. 

Shear  in  panel  CD  =  R^  —  2W  =  22,500  —  18,000  =  -f  4,500. 

The  shears  on  the  right  of  the  center  are  the  same,  but  of  opposite  sign. 
The  web  stresses  are  numerically  equal  to  the  shears  multiplied  by 


y/  T  2^   -l-    7     K'^ 

sec  6,  the  value  of  which  =  -^^  =  1.179.     On  the  left   of 

12 

the  centre,  where  the  shear  is  positive,  all  members  inclining  upwards 

towards  the  abutment  {A  a,  B  b,  and  C  c),  are  in  tension,  and  members 

inclining  downwards  towards  the  abutment  (aB,  bC,  and  c  D),  are  in 

compression.     On  the  right  the  signs  are  reversed.     The  values  of  the 

stresses  are  given  in  Fig.  40(a)  and  are  marked  "Z>." 
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Web  Stresses;  Live  Load.— The  conventional  method  of  calculation 
wiU  first  be  used  (Art.  82).  For  the  maximum  positive  shear  in  panel 
A  B  the  entire  bridge  is  loaded,  and  the  shear  =  i^i  =  5  P/2  =  60,000 
lbs.     For  panel  B  C,  joints  C  to  i^  inclusive  are  loaded.     The  shear  is 

given  by  eq.  (5).     In  this  case  ^  =  h^^^^<Jl  ^  ^,000,  and  we  have 

Shear  in  panel  BC   =  4,000  (i  +  2  +  3  +  4)  =  40,ooo. 

Likewise 

Shear  in  panel  C  D  =  4,000  (i  +  2  +  3)  =  24,000. 

Shear  in  panel  DE  =  4,000  (i  +  2)  =  12,000. 

Shear  in  panel  EF  =  4,000  X  i  =  4,000. 

The  maximum  negative  shears  will  occur  with  the  truss  loaded  on  the 
left  of  the  panel  in  question.  They  will  be  of  the  same  numerical 
value  as  the  above  positive  shears  but  reversed  in  order. 

The  following  table  gives  the  shears  and  corresponding  stresses  in 
one-half  the  truss. 

LIVE-LOAD  SHEARS  AND  WEB  STRESSES. 


Member. 

Positive  Shears. 

Stresses. 

Negative  Shears. 

Stresses. 

4  a 
aB 
Bb 
bC 
Cc 
c  D 

t      60,000      -j 

r         40, 000 

[     24,000     j 

+   70,700 

—  70,700 
+   47.200 

—  47,200 
+   28,300 

—  28,300 

V        4,000      \ 
[      12,000      j 

-  4,700 
+      4.700 

—  14,200 
+    14,200 

Combined  Dead-  and  Live-load  Stresses.— In  Fig.  40  are  brought 
together  in  a  convenient  form  all  the  dead-  and  Hve-load  stresses  just 
found.  For  the  web  members  the  maximum  Hve-load  stresses  of  both 
kinds  are  given.  In  using  these  results  in  designing,  some  specifica- 
tions require  only  a  knowledge  of  the  maximum  stress,  tension  or  com- 
pression, to  which  the  member  will  be  subjected;  other  specifications 
require  also  the  calculation  of  the  minimum  stress  even  though  it  is  of 
the  same  sign  as  the  maximum.  If  only  the  maximum  be  required, 
the  small  live-load  stresses  in  members  B  b  stnd  b  C,  due  to  negative 
shears,  are  not  needed;   but  the  stresses  of  14,200  lbs.  in  C  c  and  c  D 
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are  needed,  as  they  are  larger  than  the  dead-load  stresses,  thus  giving 
a  reversal  of  stress  in  these  members.  Hence,  in  general,  where  onl}' 
maximum  stresses  are  desired  the  Hve-load  negative  shears  need  be 
found  only  in  those  panels  where  they  exceed  the  dead-load  positive 

shears. 

If  the  minimum  stresses  are  required,  as  well  as  the  maximum,  then 
the  web  stresses  due  to  negative  shears  will  be  needed  throughout,  as 
the  minimum  stress  in  bC,  for  example,  will  be  equal  to  15,900  - 
4,700  =  11,200  lbs.  Fig.  40  {b)  gives  the  maximum  and  minimum 
stress  in  each  member,  all  the  results  being  obtained  from  Fig.  (a). 


L  + 75000 


L+ 120000 


L+ 135000      d 


(a)  Dead-  and  Live-Load  Stresses. 


A         -51600 


g^       -f28100  {, 

(b)  Maximum  and  Minimum  Stresses. 
Fig.  40. 

The  minimum  stress  in  all  chord  members  is  the  dead-load  stress;  the 
maximum  is  the  sum  of  the  dead-  and  hve-load  stresses.  In  C  c  and 
c  D  the  stress  which  is  here  called  the  minimum  is  really  the  maximum 
stress  of  opposite  sign  from  the  one  which  is  numerically  the  greater 
and  which  is  usually  called  the  maximum.  The  stresses  in  thes. 
members  may  be  anything  between  these  limits  and  may  therefore  be 
zero.  This  is  numerically  the  minimum  value,  but  the  information 
needed  in  designing  is  the  greatest  range  of  stress  to  which  the  member 
can  be  subjected  and  hence,  where  the  stress  can  reverse  in  sign,  it  is 
the  maximum  values  of  the  two  opposite  kinds  of  stress  that  should  be 
calculated.  The  minimum  stresses  in  ^  a  and  a  5  are  the  dead-load 
stresses. 
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The  maximum  and  minimum  web  stresses  may  also  be  found 
conveniently  by  first  combining  the  shears  and  then  calculating  the 
resultant  stresses  at  once,  as  in  the  following  table: 

COMBINED  SHEARS  AND  WEB  STRESSES. 


Member. 

Dead-Load  and 
Positive  Live- 
Load  Shears. 

Stresses 
(Maximum). 

Deaa-Load  and 
Negative  Live- 
Load  Shears. 

Stresses 
(Minimum). 

A  a 
aB 
Bb 
bC 
Cc 
cD 

■   +   82,500  1 
1   +   53.500  ] 
^   +   28,500  -j 

+   97,200 

—  97,200 
+   63,100 

—  63,100 
+   33.600 

—  33.600 

i   +   22,500  j 
[   +      9,500  j 
[   -      7.500  1 

+   26,500 

—  26,500 
+    11,200 

—  11,200 

—  8,900 
+      8,900 

True  Maximum  Live-Load  Shears.— The  shears  resulting  from  the 
application  of  eq.  (9),  Art.  82,  are  as  follows: 

Panel  ^  5  =  60,000      Panel  5C  =  38,400      Panel  CZ)  -  21,600. 
Panel  !:>£  =  9,600.       Panel  £F  =  2,400. 

Comparing  these  with  the  Hve-load  shears  previously  found  it  wil) 
be  seen  that  they  are  materially  less.  The  members  most  affected  by 
the  errors  of  the  approximate  method  are  those  near  the  centre  of  the 
bridge,  a  result  not  altogether  undesirable. 

Effect  of  Applying  a  Part  of  the  Dead  Load  at  the  Lower  Chord  Joints. 
—If  one-third  the  dead  load  be  assumed  as  apphed  along  the  lower 
chord,  then  each  upper  joint  load  may  be  taken  as  equal  to  }i  W  = 
6,000  lbs.,  and  each  lower  joint  load  as  equal  to  }i  W  =  3,000  lbs.,  the 
actual  loads  at  a  and /being  very  nearly  as  great  as  at  the  other  joints. 

This  distribution  will  give  slightly  different  reactions  from  those 
already  found,  each  being  increased  by  )4  W,  which  amount  has  in 
effect  been  transferred  from  the  end  joints  to  the  adjacent  lower  joints. 
The  shears  on  the  sections  cutting  the  several  members  will  all  be 
different  from  those  previously  found.  Those  on  sections  cutting 
members  A  a,  B  b,  and  C  c  will  be  increased  by  'A  W  and  those  on 
sections  cutting  aB,  bC,  and  c  D  will  be  decreased  by  K  W-  The 
lower  chord  stresses  will  be  unchanged,  but  the  upper  chord  stresses 
will  be  slightly  modified.  They  should  be  found  by  applying  the 
method  of  moments  in  detail.     Thus  for  C  D  (moment  centre  at  c) 
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Stress  =  [R^X2y2  -  H  W  (iH  +  'A)  -  'A  W  (2  +  i)]  15/12,  etc. 

Equation  (3),  Art.  78,  will  not  apply  in  this  case  except  for  that  part  of 
the  stress  due  to  the  loads  on  the  upper  chord  joints.  The  live-load 
chord  stresses  cannot  in  this  case  be  calculated  from  the  dead-load 
stresses. 

85.  The  Warren  Truss  with  Verticals.— When  the  Warren  truss  is 
used  for  spans  of  considerable  length  it  is  desirable  to  subdivide  the 
panels  of  the  loaded  chord  by  the  use  of  additional  vertical  members 
(Fig.  41),  thus  shortening  the  length  of  the  longitudinal  floor  members. 

These  verticals  carry  the  joint 
loads  applied  at  the  loaded  chord 
joints  b,  (/, /,  etc.  In  the  deck- 
bridge  they  are  compression  mem- 
bers, in  the  through-bridge  ten- 
sion members. 

The  stresses  in  all  diagonals 
are  determined  from  the  shears, 
as  in  the  truss  just  analyzed,  and 
the  chord  stresses  from  moments. 
3n  account  of  the  supporting  joints  at  b,  d,f,  etc.,  the  stresses  in  the 
diagonals  of  successive  panels  will  be  different.  The  chord  stresses 
a  b  and  b  c  are  equal;  also  c  d  and  d  e,  etc. 

Example. — (Fig.  42).  Span  length  =  150  ft.;  height  of  truss  =  25  ft.;  dead  load 
per  foot  per  truss  =  900  lbs.;  hve  load  per  foot  per  truss  =  1,600  lbs.  Assume  one- 
third  of  dead  load  apphed  at  upper  chord  joints.  The  dead  joint  loads  may  be  deter- 
mined by  assuming  the  load  applied  along  the  lower  chord  at  600  lbs.  per  foot,  and  that 
along  the  upper  chord  at  300  lbs.  The 
lower  joint  loads,  Wl,  will  then  be  600 
X  15  =  9,000  lbs.,  and  the  upper  joint 
loads,  W  u,  will  be  300  X  30  =  9,000 
lbs.  The  load  at  B  may  be  taken  at 
9,000  lbs.  also.  The  joint  load  at  n 
is  neglected,  -^i  =  i  (9  X  9,000-1-5  X 
9,000)  =  63,000.  Each  live  joint  load 
=  P  =  1,600  X  15  =  24,000  lbs.  The  solution  will  be  carried  only  far  enough  to 
illustrate  the  method,  the  complete  analysis  being  left  to  the  student. 
Dead-Load  Stresses. — For  chord  stresses  we  have,  for  example, 
c  d  and  de  =  Mjj/2^ 

=  [63,000  X  3  —  9,000  (2  +  2  +  1)]-^^  =  86,400  lbs. 

2.^ 


\ 

A 

A 

A 

A 

/ 

B 

°       (af 

3            C 

)            F 

/ 

V 

V 

X/ 

V 

\ 

'a    b      c     d 

'    (6)                               I 

Fig 

.  41. 
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Z?  F  =  Me  /  25 


15 


=  [63,000  X  4  -  9>ooo  (3  +  3  +  2  +  I  +  0]  p  =  97.200  lbs 


For  web  stresses,  sec.  #  =  V  15^  +  25V25  =  i-i?- 
5  c  =  shear  in  panel  b  c  X  1.17 

=  (63,000  -  9,000  X  2)  1. 17  =  52,500  lbs.  tension. 

c  D  =  shear  in  panel  c  <f  X  1.17 

=  (63,000  -  9,000  X  3)  1. 17  =  41,800  lbs.  compression. 

Live-Load  Stresses.— TYiQ  lower  chord  joints  are  loaded  \\-ith  24,000  lbs.  each.      The 
moments  may  be  obtained  as  for  dead  load,  or  by  the  parabolic  formula.       Fig.  43  shows 

the  moment  polygon,  the  vertices  of  which 
lie  on  a  parabola,  since  the  joint  loads 
are  produced  by  a  uniform  load.  It  will 
be  seen  that  all  moment  centres  for  botl 
top  and  bottom  chords  are  in  load  verti' 
cals  and  all  the  desired  moments  are 
therefore  given  by  the  ordinates  to  the 
parabola.  We  then  have  by  equation  (3) 
Art.  78,  Mc  =  P  d^/2  {mm')  =  180,000 
(2X8)  =  2,880,000  ft. -lbs.  ;  Md  = 
180,000  (3X7)  =  3,780,000  ft. -lbs.,  etc. 
The  ma.ximum  positive  shear  in  panel 
b  c  requires  all  joints  loaded  except  b. 
=  2,400  X  36  =  86,400  lbs.  Likewise  the 
-t-7)  =  2,400  X  28  =  67,200  lbs.,  etc. 


Fig.  43- 


The  shear  is  R,  =  P/io  (i  +  2  +  .  .  .  + 
maximum  shear  in  panel  c  <f  =  P/10  (i  -|-  2  +  . 


86.  The  Pratt  Truss.— This  form  of  truss,  shown  in  Fig.  44  as  a 
through-bridge,  is  the  most  common  type  of  truss  for  spans  from  100  to 
250  feet  in  length.  For  the  shorter  spans  it  is  frequently  built  as  a 
riveted  bridge,  but  for  long  spans  is  made  pin-connected.  The  mem- 
bers Bh  andH  h  are  called  hip  verticals,  or  end  suspenders;   they  are 


tension  members  and  support  only  the  joint  loads  at  h  and  h.  All  other 
verticals  are  compression  members.  All  diagonals,  except  the  end 
posts  a  5  and  ii"  i,  are  tension  members.  The  dotted  diagonals,  d  E 
and  Ef,  are  called  counters;  they  are  used  in  those  panels  where  the 
maximum  and  minimum  shears  are  of  opposite  signs.     By  their  use 
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the  members  D  e  and  e  F  are  not  subjected  to  compressive  stresses 
when  the  shears  in  the  respective  panels  change  sign,  but  instead  they 
simply  drop  out  of  action  (the  stress  becomes  zero),  and  the  counters 
carry  the  shear  in  tension.  Sometimes  counters  are  not  used,  the  main 
diagonals  being  designed  for  alternating  stresses  in  those  panels  where 
counters  would  otherwise  be  needed. 

We  will  assume  the  following  data  for  the  truss  shown  in  Fig.  44: 
Span  =  128  ft.;  height  =  20  ft.;  dead  load  =  450  lbs.  per  foot  per 
truss;  Hve  load  =  1,000  lbs.  per  foot  per  truss;  <f  =  16  ft.;  W  = 
16  X  450  =  7,200;  P  =  16  X  1,000  =  16,000.  All  the  dead  load 
will  at  first  be  assumed  applied  at  the  lower  chord  joints,  and  after- 
wards a  portion  will  be  transferred  to  the  upper  joints  and  the  stresses 
corrected , 

Chord  Stresses. — As  the  chord  stresses  are  a  maximum  under  full 
load,  the  counters  are  not  in  action  and  should  therefore  be  omitted 
from  consideration  (see  Fig.  45).     The  stress  in  any  chord  member  is 


readily  found  by  the  methods  already  explained.  Thus  for  member  d  e 
the  moment  centre  is  D  and  we  have  as  before:  Stress  =[^1X3  — 
W  {2  +  i)]  16/20.  For  member  CD  the  moment  centre  is  d  and  the 
stress  will  be  numerically  the  same  as  found  for  de.  Likewise  the 
stresses  in  5  C  and  c  d  are  numerically  equal,  also  those  m  ah  and  b  c. 
Equation  (3),  Art.  78,  can  be  used  conveniently  in  this  truss.     In 


.  ,      ,  ,      ^  pd?       450  X  16- 
the  case  of  dead  load  — 7-  =-  

2  li 


=   2,880.       Noting    carefully 


2  X  20 

the  moment  centre  for  each  member,  the  following  results  will  readily 
be  obtained: 

ah  and  he  =  2,880  X  i  X  7  =  20,160. 
5C  and  c(/  =  2,880  X  2  X  6  =  34,560. 
CD  and  de  =  2,880  X  3  X  5  =  43,200. 
DE  =  2,880  X  4  X  4  ==  46,080. 
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The  live-load  stresses  can  be  found  from  the  dead-load  stresses  as  in 

Art.  84. 

Web  Stresses.— The  same  general  methods  apply  here  as  in  the 
Warren  truss.  Thus  the  vertical  component  of  the  stress  in  C  ^/  = 
shear  on  section  q;  vertical  component  of  stress  in  C  c  =  shear  on 
section  r,  etc.  There  being  no  load  at  C,  the  shear  on  q  =  shear  on  r, 
hence  the  stress  inC  c  =  vertical  component  in  C  d.  Likewise  stress  in 
D  d  =  vertical  component  in  D  e,  etc.  The  stress  in  5  &  is  equal  to  the 
load  at  h  and  has  a  maximum  value  of  P  +  PF  and  a  minimum  value  of  W. 

The  dead-load  shears  are  as  follows: 

7  X  7,200 
Shear  in  panel  ah  ^  R^  =  ^ ~ =  +  25,200. 

Shear  in  panel  h  c  =  25,200  -  7,200  =  -f  18,000. 

Shear  in  panel  c  d  =  25,200  -  2  X  7,200  =  -f  10,800. 
Shear  in  panel  de  =  25,200  -  3  X  7,200  =  -f    3,600. 

The  maximum  positive  Hve-load  shears,  calculated  by  the  conven- 
tional method,  are:  /^ /'    '  ''''^ 

7  X  16,000         , 
Shear  m  panel   a  b  ==  R^  =  ' =  56,000. 

Shear  in  panel    be  ^       g°°  (I  +  2+3-^4  +  5  +  6)=  42,000.    > 

Shear  in  panel    cd  =  2,000  (i+2-f3-f4  +  5)  =  30,000.  ( 

Shear  in  panel    de  =  2,000  (i  +  2  +  3  -f  4)  =  20,000. ' 

Shear  in  panel  e  f  =  2,000  (1  +  2  +  3)  =  12,000.  ^  ' 

Shear  in  panel  fg  =  2,000  (1  +  2)  =    6,000.'^'  '-'' 

Shear  in  panel  g  h  =  2,000  X  i  =     2,000. 

The  maximum  negative  shears  will  be  equal  to  these,  but  reversed  in 
order. 

Combiningvthe  dead-load  with  the  maximum  positive  and  negative 
live-load  shears  for  the  left  half  of  the  truss,  we  have  the  following: 

Panel.  ab  be  cd  de 

Dead-load  shear +  25, 2°°  +  1^,000  +  10,800  +    3,600 

Positive  live-load  shear +  56,000  +  42,000  +  30,000  +  20,000 

Negative  live-load  shear o  -    2,000-     6,000-12,000 

Maximum  shears  (dead  load +  pos.  live  load)...  +81,200  +  60,000  +  40.800  +  23,600 
Minimum  shears  (dead  load  +  neg.  live  load) .  .  .  +25,200+  16.000+    4.800  -    8,400 
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It  is  to  be  noted  that  in  all  panels  but  d  e  the  maximum  and  mini- 
mum shears  arc  both  iiositivc.  These  shears,  multiplied  by  sec  6,  give 
therefore  the  maximum  and  minimum  stresses  in  the  respective  diag- 
onals. In  the  panel  d  e  the  maximum  shear  is  ])Ositivc  and  gives  the 
maximum  stress  in  the  main  diagonal  D  e;  the  minimum  shear  is 
negative  and  gives  the  maximum  stress  in  the  counter  d  E.  Both  of 
these  stresses  are  tensile.  The  least  stress  in  each  of  these  diagonals 
is  zero,  which  occurs  whenever  the  shear  is  of  such  sign  that  it  is  carried 
by  the  other  member. 

Referring  now  to  the  vertical  compression  members,  it  will  be  seen 
that  the  stress  in  C  c  (Fig.  45),  is  always  equal  to  the  shear  on  section 
r,  which  is  the  same  as  the  shear  in  panel  c  d,  there  being  no  load  at  C. 
The  maximum  stress  in  C  c  is  therefore  40,800  lbs.  and  the  minimum 
is  4,800  lbs.  The  stress  in  D  d  is  likewise  equal  to  the  shear  in  panel 
d  e,  if  the  counter  is  not  in  action.  This  is  the  case  when  the  shear  is 
a  positive  maximum  and  hence  the  maximum  stress  in  D  d  =  23,600 
lbs.  When  the  shear  in  panel  d  e  is  negative,  then  the  counter  d  E  is 
acting  and  the  members  constituting  the  truss  are  as  shown  in  Fig.  46. 

The  stress  in  D  d  under  these  conditions  is 
not  controlled  by  the  shear,  but  is  found  by 
considering  the  forces  acting  on  joint  D. 
There  being  no  load  at  D,  the  stress  in 
D  d  will  be  zero  and  this  is  the  minimum 
value  desired.  The  stress  in  E  e  must  also 
be  determined  with  careful  reference  to  the  members  which  are  in 
action  under  any  given  loading.  The  maximum  stress  will  occur 
when  Ef  or  dE  receives  its  maximum.  When  Ef  is  stressed,  D  e  is 
also  in  action  (Fig.  47),  and  the  stress 
in  E  e  will  equal  the  shear  on  sec- 
tion s.  This  will  be  equal  to  —  3,600 
lbs.  dead-load  shear  -I-  12,000  lbs., 
live-load  shear  =  8,400  lbs.,  which  is 
the  same  as  the  vertical  component 
in  Ef  (or  dE).  Note  that  the  dead-load  portion  of  the  maximum  stress 
in  Ee  is  tension,  that  is,  the  dead  load  acts  to  reduce  the  Hve-load 
compression.  This  action  is  similar  to  that  which  occurs  in  the  coun- 
ters.    The  minimum  stress  in  £e  is  equal  to  zero,  as  in  the  case  of  D  d. 


Fig.  46. 


Fig.  47- 
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Correction  for  the  Loads  Applied  at  the  Upper  Joints.— li  one-third 
of  a  dead  joint  load  be  transferred  from  each  lower  chord  joint  to  the 
upper  chord  joint  above,  the  only  members  whose  stresses  will  be  af- 
fected will  be  the  verticals,  for  none  of  the  bending  moments  will  be 
changed,  nor  the  shears  on  the  vertical  sections  cutting  the  diagonal 
members.  The  shears  on  the  sections  cutting  the  verticals  C  c  and 
D  d  will  be  increased  by  K  ^^»  hence  the  dead-load  compression  in 
these  members  will  be  increased  by  j^  W.     In  member  E  e,  Fig.  47, 


L  +  44800     h      L+il800       C       L+76800      d      L  +  9G00U       g 

(a)  Dead-  and  Live-Load  Stresses. 
B       ~\vmo  C        -139200  D      ^lissoo    E 


+  20200  5   +  20300    c  +  34600    rf   +  43200   e 

(b)  Maximum  and  Minimum  Stresses. 
Fig.  48. 

the  negative  dead-load  shear  on  section  s  will  be  decreased  by  ^4  ^l 
therefore  the  dead-load  tension  will  be  decreased  by  this  amount,  and 
the  combined  dead-  and  live-load  stress  will  be  increased  by  K  W. 
The  minimum  stress  in  D  d,  Fig.  46,  and  likewise  in  E  e,  will  now  be 
y^  W.  Finally,  the  dead-load  stress  m  B  b  will  be  decreased  by  )4  W. 
These  results  lead  to  the  general  statement  that  the  transferring  of  a 
part  of  the  panel  load  to  each  upper  chord  joint  increases  the  com- 
pression or  decreases  the  tension  in  each  vertical  by  the  amount  so 
transferred. 

Summary  of  Stresses.— In  Fig.  48  are  given  the  results  of  this 
analysis,  with  stresses  in  the  verticals  corrected  for  a  load  of  K  ^>  = 
2,400  lbs.,  applied  at  each  upper  joint.  Fig.  (a)  gives  the  dead-  and 
live-load  stresses  which  act  together  to  produce  the  maximum  stresses 
in  the  various  members;  Fig.  (b)  gives  maximum  and  minimum  stresses. 
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Note  that  the  maximum  of  Fig.  (b)  can  be  obtained  by  adding  the  dead- 
and  live-load  stresses  of  Fig.  (a),  but  that  the  data  of  Fig.  (a)  are  not 
sufficient  for  calculating  the  minimum  web  stresses  of  Fig.  (b) . 

87.  The  Deck  Pratt  Truss. — As  a  deck-bridge  the  Pratt  truss  may 
be  supported  either  at  the  bottom  chord,  as  in  Fig.  49,  or  at  the  top 


chord,  as  in  Fig.  50.  The  former  method  is  usually  employed  where 
there  are  several  spans,  and  the  latter  where  there  is  but  a  single  span. 
In  Fig.  49  members  A  a  and  A  B  are  not  members  of  the  truss  proper. 
In  both  forms  the  stresses  in  chords  and  diagonals  are  the  same  as 
in  the  through-bridge,  since  all  corresponding  moments  and  shears  are 
the  same.     In  Fig.  50  the  end  diagonals  A  b  and  /  h  are  tension  mem- 


FiG.  50. 

bers.  The  stresses  in  the  verticals  are  greater  than  in  the  through- 
b/idge.  Thus  the  stress  in  C  c  is  equal  to  the  shear  on  section  r,  as 
before,  but  this  shear  is  a  maximum  when  the  bridge  is  loaded  up  to 
joint  C  instead  of  to  joint  d  as  in  Fig.  45.  The  Hve-load  stress  in  C  c 
is  then  equal  to  the  shear  in  panel  B  C,  which  is  the  same  as  the  shear 
in  panel  b  c  oi  the  through-bridge.  The  dead-load  stresses  are  in- 
creased by  whatever  increase  there  may  be  in  the  proportion  of  the 
joint  load  assumed  to  be  appHed  at  the  upper  joints,  this  increase 
usually  amounting  to  )^  W.  In  Fig.  49  member  B  b  receives  a  total 
stress  of  only  K  ^>  the  load  at  b.  In  Fig.  50  this  member  carries  shear 
exactly  as  C  c,  and  its  stress  is  determined  in  a  similar  manner. 

In  calculating  the  stress  in  the  middle  vertical  E  e,  it  is  necessary 
first  to  ascertain  which  of  the  diagonals  in  panel  £  F  is  in  action.     To 
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do  this,  calculate  the  total  shear  in  this  panel  with  the  bridge  loaded  up 
to  joint  E.  If  this  shear  is  positive,  then  Ef  will  be  in  action;  if  nega- 
tive, then  e  F.  In  case  £/is  acting,  then  the  stress  inEe  will  equal  the 
shear  on  section  s;  but  if  ei^  is  acting,  the  stress  in  E  e  will  equal  the 
total  load  at  E.  As  a  matter  of  fact,  if  the  maximum  positive  shear  on 
section  5  is  greater  than  the  total  load  at  E,  it  follows  that  the  shear  in 
the  panel  E  F  will  at  the  same  time  be  positive.  The  member  Ef  will 
then  be  in  action  and  the  stress  inEe  will  equal  the  shear  on  section  s. 
But  if  this  shear  be  less  than  the  load  at  E,  then  the  shear  in  panel  E  F 
will  be  negative  and  e  F  will  be  in  action,  making  the  stress  inEe  equal 
to  the  load  at  E.  Whence  the  rule,  that  the  maximum  total  stress  in 
E  g  is  equal  to  the  maximum  shear  on  section  s,  or  to  the  maximum 
joint  load  at  E,  whichever  is  the  greater.  The  minimum  stresses  in  the 
verticals  are  found  as  in  the  through-bridge.  For  member  C  c,  and 
in  Fig.  50,  also  member  B  b,  they  are  found  from  minimum  shears;  for 
members  D  d  a,nd  E  e  they  are  equal  to  the  dead  joint  load  appHed  at 

the  top. 

The  dead  load  stresses  in  the  verticals  may  be  found  conveniently 
by  first  assuming  all  dead  load  appKed  at  the  upper  chord  joints  and 
afterwards  correcting  the  resulting  stresses  by  subtracting  therefrom 
the  amount  carried  at  each  lower  joint. 

To  illustrate  the  stress  calculation  for  the  verticals  a  truss  will  be 
assumed  of  the  form  shown  in  Fig.  50,  but  of  the  same  dimensions  and 
loading  as  in  Art.  86.  All  the  dead  load  will  first  be  assumed  appHed 
at  the  upper  joints.  The  shears  in  the  several  panels  are  the  same  as 
given  in  Art.  86,  and  are  as  follows: 

Panel.  AB  BC  CD  DE 

Maximum  shears -F  81,200     +  60,000     +  40,800     -f  23,600 

Minimum  shears +25,200     +16,000     +    4,800     -    8,400 

The  maximum  stresses  will  then  be  as  follows: 

Bb  ^  81,200  (25,200  dead  +  56,000  live). 
C  c  =  60,000  (18,000  dead  +  42,000  live). 
Dd  =  40,800  (10,800  dead  +  30,000  live). 
For  member  E  e  the  maximum  shear  in  panel  D  E  {=  shear  on  sec- 
tion s)  =  23,600  lbs.;   the  total  load  Sii  E  =  P  +  W  =  16,000  +  7,200  = 
23,200  lbs.     The  maximum  stress  in  E  e  is  therefore  23,600  lbs. 
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The  minimum  stresses  are  as  follows: 
B  b  =^  25,200  (all  dead  load). 
C  c  =  16,000  (18,000  dead  —  2,000  live). 

For  members  D  d  and  E  e  the  minimum  stress  =W  =  7,200  lbs. 

All  of  these  stresses,  both  maximum  and  minimum,  should  now 
be  decreased  by  HW,  or  2,400  lbs.,  to  allow  for  the  portion  of  the 
d-'ad  load  applied  at  the  lower  joints. 

88.  The  Howe  Truss. — (Fig.  51). — In  this  truss  the  chords  and 
diagonals  are  of  wood  and  the  verticals  of  iron  or  steel.  This  type  of 
truss  has  been  extensively  used  in  the  past  and  is  still  employed  to  some 


f      g      h 


Fig.  51. 


extent  where  timber  is  cheap  and  transportation  difficult.  It  is  so 
Constructed  that  the  diagonals  can  carry  compression  only,  and  the 
verticals  tension.  Main  diagonals  are  shown  by  full  lines,  and  counters 
by  dotted  lines.  The  figure  shows  counters  in  every  panel,  a  form  of 
construction  frequently  used.  The  counters  near  the  ends  of  the 
bridge  receive  no  definite  stress,  but  they  enable  the  details  at  the  joints 
to  be  more  satisfactorily  designed. 

The  analysis  of  the  Howe  truss  is  exactly  similar  to  that  of 
the  Pratt  truss.  In  fact  the  stresses  in  the  truss  of  Fig.  51  are 
numerically  the  same  throughout  as  those  in  the  deck  Pratt  truss  of 
Fig.  50,  the  upper  chord  of  Fig.  50  corresponding  to  the  lower  chord 
of  Fig.  51,  etc. 

89.  Determination  of  Chord  Stresses  by  the  Method  of  Chord  Incre- 
ments.— In  horizontal  chord  trusses  it  is  often  convenient  to  determine 
the  chord  stresses  by  considering  the  horizontal  components  acting  at 
each  joint,  beginning  at  the  end  of  the  structure.  This  method  requires 
the  shears  and  the  horizontal  components  of  the  web  stresses  to  be  first 
determined.  It  will  be  explained  by  appHcation  to  the  example  of  Art. 
86,  Fig.  44.     The  dead-load  chord  stresses  will  be  found. 

The  dead-load  shears  are  given  on  p.  149.     The  horizontal  com- 
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ponents  of  the  diagonal  stresses  will  be  equal  to  the  shears  multiplied 
by  tan  6,  or  by  16/20  =  0.8.  '  We  therefore  have 


Member. 

Shear. 

Hor.  Comp. 

aB 
Be 
C  d 
De 

25,200 

18,000 

10,800 

3,600 

20,160 

14,400 

8,640 

2,880 

^ 


Then  at  joint  B,  Fig.  52,  2  hor.  comp.  =  o  gives  the  relation:    S^  = 
hor.  comp.   8,+  hor.   comp.   ^3.     Hence  stress  in  -S  C  =  20,160  + 

14,400  =  34,560  lbs.  Then  at  joint 
JT  C,  stress  in  C  -D  =  stress  m  BC-\- 
hor.  comp.  C  d  =  34,560  +  8,640 
=  43,200  lbs.;  and  finally  at  joint 
D,  stress  \n  D  E  =  43^200  +  2,880 
=  46,080  lbs.  These  check  with  the 
The  stresses  in  the  lower  chords  are  found 


Ic      i 


Fig.  52. 


results  found  by  moments. 

likewise.     They  are,  in  fact,  given  in  the  results  already  found. 

If  this  method  is  applied  to  Hve-load  stresses  it  is  to  be  noted  that 
the  shears  or  the  web  stresses  needed  are  those  due  to  a  full  load,  which 
is  the  loading  giving  maximum  chord  stresses.  They  are  not  the  maxi- 
mum shears  or  maximum  web  stresses.  The  method  is  not  so  con- 
venient in  this  case. 

90.  Use  of  Coefficients  in  Calculating  Stresses.— In  the  analysis  of 
numerous  trusses  of  a  similar  type  for  uniform  loads,  it  is  a  sa\ing  of 
time  to  calculate  a  set  of  coefficients  for  the  various  members,  from 
which  may  be  determined  the  stresses  in  any  truss  of  a  given  number 
of  panels  by  multiplying  these  coefficients  by  certain  constants.     These 

coefficients  are  the  stresses  or 

shears  found  by  assuming  the 

height,  the  panel  length  and 

the  joint  load  each  equal  to 

unity.     For  web  stresses  the 

coefficients     for     dead-     and 

maximum  Hve-load  will  be  different.      The  coefficients  for  a  7-panel 

Pratt  truss  are  shown  in  Fig.  53.     For  web  members  the  upper  hgure 


I 
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is  the  dead-load  and  the  lower  figure  the  live-load  coefficient.  Then 
for  any  similar  truss  of  7  panels  the  various  stresses  will  be  found  by 
multiplying  these  coefficients  by  the  following  constants:  For  verticals, 
by  the  joint  load  W;  for  diagonals,  by  W  sec  6;  and  for  chord  mem^ 
bers,  by  W  ta.n  6;   in  which  W  represents  either  dead-  or  live- joint  load. 


Section  IV.— Trusses  with  Inclined  Chords  and  Singls 
Web  Systems 

91.  Components  of  Stresses  in  Inclined  Members. — In  analyzing 
trusses  with  inclined  chords  it  is  frequently  necessary  to  deduce  the 
stress  in  a  member,  or  its  vertical  or  horizontal  component,  from  another 
known  component  or  from  the  stress  itself.  The  simplest  way  to  do 
this  in  practice  is  to  make  direct  use  of  the  length  and  the  horizontal  or 
vertical  projection  of  the  member  in  question,  rather  than  to  calculate 
angles  and  use  trigonometrical  tables.  The 
desired  relation  of  the  components  of  stress  is 
then  obtained  from  the  principle  that  the  com- 
ponents of  the  stress  are  proportional  to  the 
corresponding  projections  of  the  member. 
Thus  in  Fig.  54,  let  O  yl  be  any  member  of 
length  /,  and  let  l^.  and  l^  be  its  projections 
parallel  to  the  axes  O  X  and  O  Y.  Let  5  represent  the  stress  in  O  ^ 
and  S^  and  Sy  the  components  of  5  resolved  in  directions  parallel  to 
O  X  and  O  Y.     Then  by  similar  triangles  we  have 


Fig.  54. 


5    = 


5„  = 


S,.  = 


I 


I 


5 
/ 


—r  .  L,  and 


/ 


(I) 


From  these  equations  the  easily  remembered  rule  may  be  stated: 
To  find  any  desired  component  divide  the  given  component  by  the  corre- 
sponding projection  and  multiply  by  the  projection  corresponding  to  the 
desired  component.     This  method  will  be  generally  used  in  the  follow 
ing  work. 
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92.  Chord  Stresses.— Let  A  B,  Fig.  55,  be  any  truss  with  inclined 
chords.  The  simplest  method  of  calculating  the  stress  in  any  chord 
member,  as  D  E,  is  by  the  method  of  moments,  as  in  the  horizontal 


Fig.  55. 

chord  truss.     The  moment  centre  for  £)  £  is  at  C.     If  its  lever-arm  is 
t,  we  may  write,  as  in  Art.  75, 


(2) 


where  M  =  I  moments  about  C  of  the  external  forces  on  the  left  of 

the  section. 

Instead  of  calculating  the  value  of  t  it  is  often  more  convenient  to 
get,  first,  the  horizontal  component  of  the  chord  stress  and  then  reduce 
by  the  method  explained  in  the  preceding  article.  The  horizontal 
component  is  found  as  follows:  Fig.  56  shows  the  structure  to  the  left 


Fig.  56. 


Fig.  57. 


of  the  section.  6"  is  the  unknown  stress.  Resolve  this  into  the  com- 
ponents S^  and  Sf^  and  apply  these  at  a  point  c,  vertically  above  C. 
Equating  moments  about  C  as  before,  S^  will  not  appear  and  we  shall 
have 

M 


'^'^  ~  h' 


(3) 
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That  is,  the  horizontal  component  of  the  chord  stress  is  equal  to  the 
bending  moment  divided  by  the  vertical  distance  from  the  moment 
centre  to  the  member.     Then,  from  Art.  91, 

5-f^./  =  f.f.         (4) 

The  chord  stresses  are  a  maximum  when  the  bridge  is  fully  loaded. 
93.  Web  Stresses.— The  stress  in  a  web  member  of  a  truss, such  as 
shown  in  Fig.  55,  is  obtained  most  easily  by  the  method  of  moments. 
For  member  C  E,  for  example,  the  moment  centre  is  at  the  intersection 
oi  D  E  and  C  F.  The  lever-arm  oiC  E  may  be  measured  from  a  large 
scale  drawing  of  the  truss. 

So  long  as  the  chord  members  cut  by  the  section  intersect  beyond 
the  support,  the  maximum  stress  of  either  kind  in  the  web  member  will 

be  caused  by  a  position  of  loads  similar 
to  that  necessary  in  the  horizontal  chord 
bridge.  If,  however,  the  chord  members 
intersect  at  a  point  between  the  supports, 
as  in  Fig.  58,  the  maximum  stress  will  be 
^^^'  ^^'  caused  by  loading  the  truss  fully.     This 

form  would  rarely  be  used  for  a  simple  truss  as  it  is  not  an  economi- 
cal type,  being  of  minimum  depth  at  point  of  maximum  moment.  The 
two-hinged  arch,  however,  is  often  built  in  this  form. 

In  a  truss  with  one  horizontal  chord  and  with  vertical  web  members 
(Fig.  59),  the  method  of  moments  may  conveniently  be  modified  as 
follows:  Suppose  the  stress  in  E  D  he  required.  In  Fig.  (a)  replace 
the  stress  S  by  5^  and  5„  appHed  at  point  D.  Then  if  M^  represents 
the  moment  of  the  external  forces  about  /  we  have 


and  from  Art.  91, 


S,  =  -^,    . (5) 

"       s  +  ma 


S^sL^^      ' (6) 

"  /„        s  +  ma      k 


in  which  /  =  length  of  E  D,  and  k  =  vertical  projection.  All  quantities 
are  easily  calculated,  and  if  all  lever-arms  are  expressed  in  panel  lengths 
the  work  is  still  further  simpHfied. 
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For  the  stress  in  the  vertical  F  D  we  have  directly,  from  2  M  =  o 
of  the  forces  acting  to  the  left  of  the  section  cutting  F  D, 


S  = 


s  +  md' 


(7) 


This  method  of  moments  can  be  applied  also  where  all  web  members 
are  inclined,  but  with  less  advantage.  Thus  in  Fig.  57  the  stress  in 
C  E  may  be  resolved  into  the  vertical  component  S^,  and  the  componerit 
5  parallel  to  the  upper  chord,  and  applied  at  point  E.  Then  5  = 
MJ{s  +  a),  and  S  =  SJ/h',  where  /  =  length  of  web  member  C  E. 


The  method  of  shears  is  also  readily  appHed  to  such  a  truss  as  shown 
in  Fig  59.  We  have  here,  as  in  the  horizontal  chord  truss,  the  principle 
that  the  shear  on  any  section,  q,  must  be  resisted  by  the  vertical  com 
ponents  of  the  stresses  in  the  members  cut.  In  this  case,  however,  the 
upper  chord  member  has  a  vertical  component,  and  the  vertical 
component  in  the  web  member  will  therefore  equal  the  shear, 
minus  or  plus  the  vertical  component  in  the  chord  member  accordmg 
as  this  vertical  component  acts  in  the  opposite  or  the  same  direction  as 

the  shear. 

The  minimum  stresses  in  a  truss  with  counters,  such  as  shown  in 
Fig  ^Q  are  found  in  the  same  general  way  as  in  the  Pratt  truss.  The 
only  point  requiring  notice  is  the  calculation  of  the  stress  in  the  verticals 
which  are  adjacent  to  panels  containing  counters,  such  as  member  F  D. 
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This  receives  its  minimum  stress  when  E  D  and  D  G  are  acting,  in 
which  case  the  stress  is  found  by  considering  the  forces  acting  at  joint 
F.  The  chord  members  E  F  and  F  G  ha\e  a  resultant  upward  action 
which  causes  tension  in  F  D,  while  the  load  at  F  causes  compression. 
The  resultant  may  be  a  small  compressive  stress  or  may  be  a  tensile 
stress.  The  least  compression  or  the  greatest  tension  is  what  is  wanted, 
and  it  will  occur  when  the  truss  is  as  fully  loaded  as  possible  from  the 
left  without  bringing  F  H  into  action.  The  required  loading  must  be 
determined  by  trial  by  loading  from  the  left  up  to  D,  then  to  H,  then 
to  K,  and  calculating  the  total  stress  in  D  G.  The  load  is  thus  advanced 
until  D  G  just  becomes  zero;  F  H  will  then  also  be  zero.  The  middle 
vertical  G  H  has  its  maximum  tension  under  full  load.  The  calcula- 
tion of  minimum  stresses  is  illustrated  in  the  example  of  Art.  96. 

94.  Exact  Method  of  Calculating  Maximum  Web  Stresses  for  Moving 
Loads. — In  the  foregoing  discussion  relative  to  maximum  web  stresses 
the  assumption  has  been  made  of  full  joint  loads  on  one  side  of  the 
section  and  no  loads  on  the  other  side,  as  in  the  conventional  method  of 
Art.  82.  The  exact  analysis  for  maximum  web  stresses  for  a  mo\ing 
uniform  load  will  now  be  given.     As  in  Art.  82  let  x  (Fig.  60)  =  the 


I/-' 


t:::::::^ 


distance  from  the  joint  on  the  right  of  the  section  to  the  head  of  the 
load;  m  =  the  number  of  panels  to  the  left  of  this  joint,  and  n  =  whole 
number  of  panels.  Let  s  =  distance  I  A.  Assume  that  the  load  has 
reached  joint  D  in  its  movement  towards  the  left  and  then  consider  the 
effect  of  a  further  movement  into  the  panel  D  C.  The  stress  in  E  D 
will  be  increased  by  adding  increments  of  load  to  the  left  of  D  until  we 
reach  a  distance  x  from  D,  at  which  point  the  addition  of  an  increment 
will  produce  no  additional  stress.  The  stress  in  E  D,  due  to  an  incre- 
ment of  load  d  P,  placed  a  distance  x  from  D,  is  found  by  taking  mo- 
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>-nents  about  /.     The  joint  load  at  C  is  J  P  xjd  and  the  reaction  =- 
^    ^^p    X  +  (w  -  m)  d^  ^^,j^g^^g  ^1^^  g^j.ggg  \^ED  due  to  </ P  is 

iP  .  "  +  <Y  ""  '^  X  .  -  </P^  [.  +  (m  -  I)  d] 
dS  =  - ^ 


Placing  this  equal  to  zero,  we  derive 

n  —  m 


X  = 


n  —  1  +  n  [m  —  i)  - 


(8) 


Comparing  this  with  the  value  of  x  given  in  Art.  82,  eq.  (8),  we  notice 
that  here  the  denominator  contains  the  additional  term  n  {m  -  1)  d/s. 
This  term  becomes  zero  when  s  =  a:  ,  or  for  parallel  chords,  as  should 

be  the  case. 

The  stress  mED  for  this  loading  is  found  by  taking  moments  about 
/.  If  Pi  is  the  left  abutment  reaction,  P'  the  joint  load  at  C,  and  p  the 
load  per  foot,  the  stress  in  £  P>  = 

R^X  s  -  P'  X[s  +  {m  -  i)  d] 
S  -  ^  • 

Now 

Substituting  the  value  of  x  from  (4)  and  reducing,  we  have,  for  the 
maximum  stress, 

2^  I  M-  I  +  nini-  1)  -j 

For  the  maximum  stress  in  a  vertical,  F  D,  the  load  terminates  in 
the  panel  D  H.  The  distance  x  is  now  measured  from  joint  H  and 
tn  =  number  of  panels  to  the  left  of  this  joint.  The  centre  of  moments 
is  at  /,  and  the  lever-arm  (value  of  /),  is  (m  -  i)  d. 

95.  Graphical  Methods  of  Analysis.— The  graphical  method  of 
analysis  is  well  adapted  to  trusses  with  inclined  chords.     Chord  stresses 
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may  be  determined  either  by  the  method  of  moments,  using  the  equi- 
librium polygon  as  explained  in  Art.  73,  or  by  the  method  of  stress 
diagrams  as  used  in  roof  truss  analysis,  A  single  stress  diagram  will 
serve  to  determine  all  dead-load  chord  and  web  stresses  and  another 
single  diagram  will  give  the  live-load  chord  stresses.  In  constructing 
the  dead-load  stress  diagram  all  counters  should  be  omitted  at  first. 
The  resulting  diagram  will  give  the  chord  stresses  and  the  stresses  in 
the  main  web  members.  A  supplementary  diagram  should  then  be 
drawn  with  the  counters  in  action  and  the  main  diagonals  omitted. 
This  will  give  the  dead-load  counter-stresses  which  will  be  needed  in 
combining  with  the  live-load  stresses  in  these  members.  For  live-load 
web  stresses  the  method  of  stress  diagrams  is  still  very  convenient 
if  the  conventional  method  of  loading  is  adopted.  For  the  more 
exact  treatment  the  methods  explained  in  the  next  chapter  are  better 
adapted. 

In  determining  live-load  web  stresses  a  separate  diagram  must  be 
drawn  for  each  position  of  the  load,  a  different  position  being  required 
for  each  pair  of  diagonals  meeting  at  the  unloaded  chord.  This  dia- 
gram need  be  drawn  only  as  far  as  the  members  whose  stresses  are 
desired.  The  abbreviated  diagram  of  Chapter  II,  p.  75,  will  be  found 
to  apply  well  here.  The  reactions  for  the  several  positions  of  the  loads 
should  first  be  computed,  then  laid  off  on  the  same  vertical  and  all  the 
diagrams  drawn.  Or  the  hve-load  web  stresses  may  be  found  by  a 
single  diagram  as  follows:  Assume  a  left  abutment  reaction  of  some 
convenient  amount,  as  100,000  lbs.,  and,  with  no  loads  on  the  truss, 
begin  at  the  left  and  draw  a  stress  diagram  up  to  the  last  diagonal 
member  on  the  right.  The  main  diagonals  are  to  be  considered  as 
acting  on  the  left  of  the  centre,  and  the  counters  on  the  right.  Scale  off 
and  tabulate  the  stresses  thus  found.  Compute  the  actual  reactions 
for  the  various  positions  of  the  loads  required.  Then  to  get  the  maxi- 
mum stress  in  any  web  member  multiply  the  stress  found  from  the 
diagram  by  the  true  reaction  corresponding  to  the  position  of  loads  for 
a  maximum  stress  in  this  member,  and  divide  the  result  by  100,000, 
With  a  sHde-rule  this  method  is  very  rapid  and  easy.  It  is  based  on  the 
fact  that  the  diagram  thus  drawn  and  the  diagrams  drawn  for  each 
position  of  the  loads  are  similar  figures.  This  method  is  fully  illustrated 
In  Art.  100. 
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96.  Analysis  of  a  Curved-Chord  Pratt  Truss.— 

Example.— Let  it  be  required  to  analyze  the  "Curved-Chord  Prau"  truss  shown 
in  Fig.  61  for  a  uniform  fixed  load  of  400  lbs.  per  foot  per  truss  and  a  uniform  moving 
load  of  900  lbs.  per  foot  per  truss. 

Dead  panel  load      =    W   =     7,000  lbs. 

Live  panel  load        =   P     =  15,750  lbs. 

24,500  lbs. 


7  11' 
Dead-load  reaction  =  — • 


All  the  dead  load  will   at   first  be   assumed   as  applied  at  the  lower  joints.     Panel 
length  =  d  =  17.5  ft. 

Chord  Stresses— Applying  the  method  of  Art.  92,  eq.  (3),  we  may  write  at  once: 

ab  and  be  =  (24,500  X  i)  i7-5/i8  =  23,800. 

cd  and  hor.  comp.  BC=  (24,50°  X  2  -  7,000  X  i)  170/22  =  33.400. 
de  and  hor.  comp.  CD  =  [24,500  X  3  -  7,ooo  X  (i  +  2)117.5/24  =  38.000. 
Hor.  comp.  DE  =  [24,500  X  4  -  7.ooo  (1  +  2  +  3)]  17-5/25  =  39.2oo. 


The  stresses  in  the  upper  chord  members  are  found  from  their  horizontal  compo- 
nents as  follows  :  BC  =  33,400  X  i7-95/i7-5  =  34,30o;  CD  =  38.000  X  i7.6i/i7-5  = 
38,200;   D  E=  39,200;  X  I7-53A7-5  =  39,30o.  ^^^ 

400 


The  live-load  stresses  are  equal  to   the  above  dead-load  stresses  multiplied  by 


or  2  2 ^. 

Web  Stresses.— {a)  Dead  Load.— These  will  be  found  by  the  method  of  shears,  getting 

the  vertical  components  of  the  web  stresses  by  subtracting  from  the  shears  the  vertical 

components  of  the  chord  stresses.     The  shears  are: 

Panel  ab=  +  24,500,  Panel  de=  +  3,500, 

Panel  be  =  +  17,500,  Panel  ef  =  -  3,500, 

Panel  cd  =  +  10,500,  etc. 

The  vertical  components  of  the  chord  stresses  will  be  found  from   their   horizonta 

components  already  calculated.      They  are:      Vert.    comp.    BC=  33,^00  X  4/i7-S  - 

7,600  ;    Vert.    comp.    CD=  38,000  X  2/17.5  =  4,300  ;   Vert.    comp.    DE=  39,200  X 

1/17.5  =  2,200. 

The  vertical  components  of  the  stresses  in  the  main  diagonals  are  therefore: 

Vert.  comp.  a  B  =  24,500. 
Vert.  comp.  Be  =  17,500  -  7.600  =  9,900. 
Vert.  comp.  Cd   =  10,500  -  4,300  =  6,200. 
Vert.  comp.D  e  =    3,500  -  2,200  =  1,30c. 
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The  stresses  will  be: 

a  B  =  24,500  X  25.10/18  =  34,200. 
Be  =  9,900  X  25.10/18  =  13,800. 
C  d  =  6,200  X  28.11/22  =  7,900. 
D  e  =  1,300  X  29.70/24  =  1,600, 
All  are  tensile  except  a  B. 

When  the  counter  d  E  is,  \n  action  the  dead-load  stress  in  it  is  compression,  and  is 
calculated  just  as  if  £>  e  did  not  exist.  Its  vertical  component  will  equal  the  shear  in 
panel  d  e  minus  the  vertical  component  of  the  simultaneous  stress  in  D  E.  Now  when 
d  Eis  acting  the  moment  centre  for  D  E  is  ai  d  and  the  horizonal  component  of  its  stress 
v\all  equal  Moment  at  t/  H-  24,  which  is  the  same  as  the  horizontal  component  in  C  D 
already  computed,  =  38,000  lbs.  The  vertical  component  in  D  E=  38,000  X  r/1.75  = 
2,150  lbs.  Finally  vert.  comp.  dE  =  3,500  -  2,150  =  1,350  lbs.,  and  the  stress  = 
1)35°  X  30.52/25  =  1,600  lbs.  compression. 

In  the  same  manner  we  have,  for  the  dead-load  compression  incD:  Hor.  comp. 
CD=  hor.  comp.  B  C  =  33,400;  vert.  comp.  CD=-  33,400  X  2/17.5  =  3.8oo;  vert.  comp. 
c  D=  10,500  —  3,800  =  6,700;  stress  incD  =  6,700  X  29.70/24  =  8,300 lbs.  compression. 
In  case  the  live-load  tension  in  c  Z?  does  not  exceed  the  dead-load  compression,  then  this 
member  is  not  needed. 

The  dead-load  stresses  in  the  verticals  (main  diagonals  acting)  are: 
B  b  =  7000  lbs.  tension. 

C  c  =10,500  —  7,600  =  2,900  lbs.  compression. 
D  d  =    3,500  —  4,300  =     800  lbs.  tension. 

The  member  E  e  will  receive  its  ma.ximum  compression  when  E  j  (or  d  E)  is  under 
maximum  stress,  and  the  value  of  its  stress  will  then  be  equal  to  the  shear  on  the  se. 
tion  minus  or  plus  the  vertical  coTiponent  in  D  E,  Fig.  62.    Tie  dead-load  shear  =  3,50: 
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Fig.  62. 


lbs.,  and  the  vert.  comp.   in  Z)  £  =  2,200  lbs.  compression.      For  equilibrium  the  ten- 
sion Ee  must  equal  3,500  -I-  2,200  =  5,700  lbs. 

We  will   now  correct   the   stresses   in  the   verticals  for   \  \V  which  will  be  assumed 
applied  at  the  upper  joints,  giving  finally  the  stresses 

B  b  =  —  7,000  -|-  2,300  =  4,700  lbs.  tension. 

Cc  =        2,900  -|-  2,300  =  5,200  lbs.  compression. 

Dd  =  —      800  4-  2,300  =  1,500  lbs.  compression. 

Ee  =  —  5,700  -|-  2,300  =  3,400  lbs.  tension. 

(6)  Live  Load. — The  maximum  stress  in  a  B  =  dead-load  stress  X  900/400  =  76,900 
lbs.    Stress  in  B  b  =P  =  15,750  lbs.     For  the  remaining  members  the  method  of  moments 
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explained  in  \rt.  03  will  be  used.     The  distances  from  the  left  support  to  the  points  of 
intersection  of  the  various  upper  chord  segments  with  the  lower  chord  are  as  follows: 
for  B  C,       3.5  panel  lengths, 
for  CD  9      " 

{or  D  E,        21      " 
For  the   maximum   stress  in   B  c,  joints  c  to  /;    are  loaded,  and  the  left  reaction  = 
P/8  (I  +  2  +  3  +  4  +  5  +  6)  =  41,300  lbs.     Then  in  eq.  (5),  Art.  93>  M  =  R.  s  and 
we  have  , 

Vert.  comp.     B  c  =^  R.  X  -y^  =  4i,300  X  ^  =  26,300. 

In  like  manner,  for  the  other  diagonals 

Vert.  comp.     C<f=f(i  +  2+3  +  4+5)^=  22,100. 

Vert.  comp.     De=^(i  +  2+3+4)^=  16,500. 
For  the  counter  E  /  the  load  extends  to  /,  and  the  centre  of  moments  is  21  panels  to  the 
right  of  point  i  or  29  panels  to  the  right  of  R..     We  have  then 

P  s     20 

Vert.  comp.      £  /  =  g- (  i  +  2  +  3)  -  =  ^4  300. 

Likevsdse  P  ^      ,      ,   17 

Vert.  comp.     ^^  =  -^(1+2)  —  =  9,100. 

The  stresses  in  the  diagonals  are 

B  c  =  26,300  X  2S.IO/I8  =  36,700;     Cd=  22,100  X  28.11/22  =  28,200; 
D  e  =  16,500  X  29.70/24  =  20,400;     £/  =  14,300  X  30.52/25  =  17,500; 
F  g  =    9,100  X  29.70/24  =  11,300. 
The  stresses  in  the  verticals  are  calculated  in  a  similar  manner  as  follows: 

c  c  =  ?  (I  +  2  +  3  +  4  +  5)  rr  =  ^8,800. 
75^  =  ^(1+2+3  +  4):^  =  14,800. 

£e=^(l    +    2   +   3)^  =      9,900. 

8  25 
All  these  stresses  are  compressive. 

The  maximum  compression  in  the  verticals  and  the  maximum  tension  m  all  diagonals 

may  now  be  made  up  as  follows,  using  signs  to  indicate  the  kmd  of  stress: 

Member.          Dead  Load.  Live  Load.  Total  or  Maximum. 

aB             -34,200  -76,900  -111,100 

Bb             +4,700  +  15,700  +     20,400 

B  c            +  13,800  +  36,700  +    50,500 

Cc            -    5,200  -  18,800  -    24,000 

Cd            +    7,900  +  28,200  +    36,100 

Dd           -    1,500  -14,800  -     16,300 

De            +     1,600  +20,400  +    22,000 

Ee            +    3,400  -    9,900  -      6,500 

Ef            -     1,600  +  17,500  +     15,900 

Fg            -    8,300  +  11,300  +      3,000 
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There  still  remains  to  be  determined  the  maximum  tension  in  the  verticals  C  c,  D  d, 
and  E  e.  The  minimum  stress  in  all  diagonals  except  B  c  is  zero.  That  in  B  c  occurs 
with  joint  /'  loaded.     It  can  readily  be  found  if  needed. 

The  maximum  tension  \n  Ee  occurs  for  a  fully  loaded  bridge,  as  in  that  case  members 
D  e  Sind  e  F  will  be  in  action.     The  dead-load  tensile  stress  =  vert.  comp.  /^£+vert. 


iWm 


Si 


(a) 


Fig.  63. 


comp.  E  F  —  \W  (applied  at  E)  =  2,200  +  2,200  —  2,300  =  2,100  lbs.  The  live-load 
vert.  comp.  in  D  E  =  (dead  load)  X  900/400  =  2,200  X  900/400  =  4,900.  The  hvc- 
load  tension  in  £  e  is  therefore  4,900+  4,900=9,800  lbs.  Total  tension  =  2,100  + 
9,800  =  11,900  lbs. 

To  get  the  maximum  tension  in  D  d,  members  C  d  and  d  E  are  assumed  to  be  in 
action,  (Fig.  63).  The  dead-load  tensile  stress  in  D  d  is  then  equal  to  vert.  comp. 
CD—  vert.  comp.  D  E  —  2,300  lbs.  (load  at  D).  Now  with  C  d  and  d  E  acting,  the 
horizontal  component  in  D  Eis  equal  to  the  horizontal  component  in  C  Z?  of  38,000  lbs. 
already  found,  v;hence  vert.  comp.  D  E  =  38,000  X  i/iy-S  =  2,200  lbs.  We  then  have 
tensile  stress  in  D  d  =  4,300  —  2,200  —  2,300  =  100  lbs.,  or  practically  zero.  The  live- 
load  tension  in  D  d  will  be  a  maximum  when  the  bridge  is  as  fully  loaded  as  possible 
and  yet  have  d  E  in  action  instead  of  D  e.  This  may  be  determined  by  trial.  The 
member  d  E  is  in  action  when  joints  b,  c  and  d  are  loaded,  as  it  then  receives  its  maxi- 
mum stress.  A  load  now  placed  at  joint  e,  or  at  any  point  to  the  right,  will  increase  the 
chord  stresses  C  D  and  D  E,  and  will  therefore  increase  the  tension  in  D  d  so  long  as 
d  E  remains  in  action.  As  soon  a.s  D  e  comes  into  action  any  further  load  to  the  right 
of  panel  d  e  will  tend  to  cause  compression  in  D  d  or  reduce  its  tension.  The  effect  of 
loads  at  e  and  /  may  be  separately  considered.  A  load  oi  P  =  15,750  at  e  causes  a 
compression  in  d  E  (using  the  same  method  of  calculation  as  before)  equal  to 


15.750 


X  4  X  —  X  ^^^  =  8,400  lbs. 
24  25 


A  load  at  /  causes  a  compression  equal  to  three-fourths  of  this  amount  =  6.300  lbs. 
The  total  stress  (dead  and  live),  in  d  E,  with  bridge  loaded  to  d,  has  been  found  to  be 
15,900  lbs.  tension.  When  loaded  toe  it  will  therefore  be  equal  to  15,900  —  8,400  =  7,500 
lbs.  tension,  and  when  loaded  to  /  it  will  be  7,500  —  6,300  =  1,200  lbs.  tension.  Therefore 
this  member  will  still  be  in  action  for  joint  /  loaded,  but  it  is  evident  that  to  load  joint  g 
in  addition  would  cause  the  resultant  stress  to  be  compression,  that  is,  it  would  throw 
D  e  into  action.  For  a  maximum  tension  in  D  d,  therefore,  the  truss  is  to  be  loaded 
from  b  to  /.     Under  this  load  the  value  of  Rt  =  49,200  lbs.,  and  the  horizontal  com- 

17.5 
ponents  in  C  D  and£>  E  =  [49,200  X  3  —  15,750(2  +  i)]  X  — --^-     The   vert.   comp.  in 

24 
C  D  =  hor.  comp. X  2/17.5  =  8,400  lbs.,  and  vert.  comp.  inD  E  =  hor.  comp.X  i/i7-5 
=  4,200  lbs.,  whence  the  live-load  tension   in  D  d  =  8,400  —  4,200  =  4,200  lbs.     Total 
tension  =  4,200  +  roo  =  4,300  lbs. 
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Bv  the  same  method  it  can  be  shown  that  for  the  maximum  tension  in  C  c  only 
joints  b  and  c  should  be  loaded.  The  dead-load  tensile  stress  =  vert.  comp.  B  C  - 
vert.  comp.  C  D  —  ^  W  =  1,500  lbs.  The  live-load  tension  =  3,200  lbs.  Total  = 
4,700  lbs. 

97.  Other  Forms  of  Curved-Chord  Trusses. — The  curved-chord  Pratt 
truss  as  illustrated  above  is  the  most  common  form  of  curved-chord 
truss  in  use  at  the  present  time.  In  the  deck-truss  the  upper  chord  is 
made  horizontal  and  the  lower  chord  curved.  Formerly,  extensive  use 
was  made  of  the  Parabolic  Bowstring  truss,  in  which  the  joints  of  the 
upper  chord  lie  on  the  arc  of  a  parabola.  Since  the  moment  curve  for 
a  uniform  load  is  a  parabola,  it  follows  that  the  horizontal  components 
of  the  upper  chord  stresses  and  the  stresses  throughout  the  lower  chord 
are  uniform.  The  diagonals  therefore  receive  no  stress  under  uniform 
load,  but  for  moving  loads  counters  are  required  in  every  panel.  The 
uniformity  of  chord  stress  was  a  point  in  favor  of  this  truss,  but  the 
difficulty  of  making  the  wind  bracing  effective  at  the  ends  of  the  bridge 
and  the  extensive  use  of  adjustable  counters  were  objections. 

98.  The  Double-bowstring  or  Lenticular  Truss  (Fig.  64)   has  both 


Fig.  64. 

chords  in  the  form  of  a  parabola.  The  floor  may  be  supported  along 
the  centre  Hne  A  B,  or  may  be  hung  below,  along  the  line  A'  B'.  In 
the  latter  case  a  horizontal  wind-truss  in  the  plane  A'  B'  prevents  the 
swaying  of  the  main  truss  longitudinally.  With  verticals  and  diagonals 
as  in  the  figure,  the  horizontal  component  of  the  chord  stress  is  constant, 
for  the  sums  of  the  ordinates  to  two  parabolas  give  the  ordinates  to  a 
third  parabola. 

99.  The  Schwedler  Truss  is  a  form  of  curved-chord  truss  in  which 
the  slopes  of  the  upper  chord  members  in  certain  of  the  panels  next  to 
the  end  is  made  as  great  as  possible  without  requiring  the  use  of  a 
counter  in  the  panel.  That  is,  the  stress  in  the  main  diagonal  does  not 
become  quite  as  small  as  zero.     The  necessary  slope  depends  on  the 
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relation  of  live  to  dead  load  and  can  be  found  by  placing  equal  to  zero 
the  total  calculated  diagonal  stress  when  the  truss  is  so  loaded  as  to 
cause  the  minimum  Hve-load  stress.  Obviously  these  conditions  can- 
not be  met  near  the  centre  of  the  bridge  as  counters  will  be  required 
here  even  with  horizontal  chords.  While  it  is  advantageous  to  have  as 
large  slope  for  the  chords  as  possible  without  the  use  of  many  counters, 
other  practical  considerations  will  usually  control  the  design,  so  that 
the  precise  proportions  of  the  Schwedler  truss  are  seldom  used. 

100.  The  Pegram  Truss  (Fig.  65)  illustrates  certain  principles  of 
economical  design.  It  is  so  proportioned  that  the  compression  mem- 
bers are  in  general  shorter  than  the  tension  members;  the  upper  chord 
members  are  of  equal  length  and  have  nearly  equal  stresses  to  carry; 
and  the  compressive  diagonals  are  shorter  near  the  ends  where  the 
stresses  are  a  maximum.  The  chief  objection  to  this  type  of  truss  is 
the  difficulty  and  expense  of  making  satisfactory  riveted  connections 
between  the  floor  system  and  the  truss,  in  accordance  with  good  modern 
practice.  It  has  practically  gone  out  of  use,  but  as  its  analysis  serves 
very  well  to  illustrate  methods  especially  applicable  to  trusses  with 
inclined  chords  and  inclined  web  members,  an  example  of  its  analysis 
will  be  given. 

Example. — Take  a  200-ft.  ihrough-span,  Fig.  65,  with  seven  panels,  each  equal  to 
28.57  ff-  The  coordinates  of  the  upper  panel  points  are  given  in  the  figure.  These 
points  lie  in  a  circular  arc  with  a  chord  of  160  ft.  and  versed  sine  of  15  ft.  Each  top 
chord  member  between  pins  is  23.55  ^t.  long  except  the  centre  one,  which  is  r/20  less  or 
22.37  ^t.  long.  This  is  made  shorter  to  enable  the  chord  sections  between  splices  to  be 
of  uniform  length,  the  spUces  being  placed  towards  the  end  of  the  truss  from  the  pin- 
points. 

The  dead  load  will  be  assumed  at  875  lbs.  per  foot  per  truss;  the  live  load  at  1,800 
lbs.  per  foot  per  truss.  The  dead  panel  load  =  875  X  28.57  =  25,000  lbs.  It  will  be 
considered  as  all  applied  at  the  lower  joints.  Live  panel  load  =  1,800  X  28.57  ==  51.43^ 
lbs.     The  stresses  will  be  found  by  the  graphical  method. 

Dead-load  Stresses.— The  abutment  reaction,  i?i,  =  3  X  25,000  =  75,000  lbs.  Lay- 
ing oS  B  A,  Fig.  67,  equal  to  this,  and  A  P,P  Q,  and  Q  R  each  equal  to  25,000  lbs.,  we 
draw  the  truss  diagram  for  one-half  the  truss  as  usual.  The  counter  5-8  is  considered  at 
first  as  not  in  action  and  the  diagram  drawn  as  shown  by  the  full  Hnes.  This  gives  the 
dead-load  stresses  in  all  chord  members  and  the  dead-load  stresses  in  the  web  members 
which  obtain  when  the  truss  is  loaded  for  maximum  positive  shear.  These  stresses  are 
scaled  off  and  written  in  the  diagram  of  Fig.  66  and  marked  "D."  To  get  the  dead- 
load  stress  in  the  counter  5-8,  when  the  truss  is  loaded  for  maximum  negative  shear,  the 
diagram  must  be  drawn  under  the  assumption  that  5-8  is  acting  instead  of  6-7.  This  is 
shown  by  the  dotted  lines  in  Fig.  67,  and  the  stress  in  5-8  is  given  by  G'  H'.     The  same 
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diagram  gives  the  dead-load  tension  (6"'  F),  in  member  5-6  when  the  counter  is  in  actioa 
As  a  check  on  the  diagram  the  stress  in  8-10  is  calculated  by  moments  to  be 

87s  X  (28.S7)'  X  3X4  ,      ,, 

—i-^ ^^ '^-^ =  110,700  lbs. 

2  X  38-72 

Live-load  Stresses. — The  stresses  in  the  chords,  and  in  1-2  and  2-3  are  a  maximum 
for  full  load,  and  may  therefore  be  obtained  by  multiplying  the  corresponding  dead-load 
stresses  by  1,800/875. 


8      B      10 


-soolo 


Fig.  65. 
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Fig.  66. 
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Fig.  69. 


For  a  maximum  in  3-4  and  4-5  all  joints  up  to  5  should  be  loaded.  The  reaction 
Ri  is  then  equal  to  p d/7  (i  +  2  +  3  +  4  +  5)  =  110,200  lbs.  Laying  this  off  as  B  At-, 
?ig.  68,  we  proceed  to  draw  the  diagram  as  far  as  piece  4-5  by  the  method  explained  in 
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Art.  50.  Substituting  the  triangle  1-4-5  for  the  original  framework,  we  find  the  stress 
in  4-5,  or  EF,  by  drawing  .4  5  E  parallel  to  1-5  and  B  E  parallel  to  4-1;  then  EF 
parallel  to  4-5  and  B  F  parallel  to  4-6;  whence  £  F  is  the  required  stress  in  4-5.  '1  o 
find  the  stress  in  3-4,  draw  the  diagram  for  joint  4  of  the  original  truss.  This  diagram 
isB  D  E  F  B,  the  portion  EF  B  being  akeady  drawn ;  D  Eis  the  stress  in  3-4. 

For  a  maximum  in  5-6  and  6-7  all  joints  but  3  and  5  should  be  loaded.  The  reaction 
i?,  =  /><f/7  (i  +  2  +  3  +  4)  =  73,470  lbs.  Laying  ofi  B  A,  equal  to  this,  we  proceed 
as  for  3-4  and  4-5.  Substituting  the  triangle  1-6-7  ^or  the  portion  of  the  truss  to  the  left 
of  7,  the  diagram  B  At  G  and  thence  G  B  H  determines  the  stress  in  6-7,  or  G  H.  The 
diagram  for  joint  6  is  all  drawn  except  the  line  G  F'.  This  drawn  gives  the  stress  in  the 
post  5-6.  The  stresses  in  the  other  web  members  are  found  in  like  manner.  The  last 
loaded  panel  in  each  case  is  indicated  by  the  subscript  to  the  letter  .4  in  the  diagram. 
The  stresses  are  given  in  Fig.  66,  marked  "  L.  " 

The  hve-load  web  stresses  may  also  be  found  by  diagram  as  explained  in  Art.  95 ; 
that  is,  by  assuming  a  reaction  of  100,000  lbs.,  drawing  the  corresponding  diagram 
and  finding  the  actual  stresses  from  this  diagram  by  proportion.  Fig.  69  is  such 
a  diagram,  with  B  A  =  100,000  lbs.  The  diagram  is  drawn  on  the  assumption  that 
members  8-9  and  lo-ii  are  in  action,  as  would  be  the  case  for  positive  shear. 

The  few  computations  may  be  tabulated  thus: 


LIVE-LOAD  WEB  STRESSES. 


Member. 

Stress  from  Diagram. 
i?i  =  100,000  lbs. 

Actual  Reaction. 

Actual  Stress. 

(0 

(2) 

(3) 

(4) 

3-4 
4-5 
5-6 
6-7 
7-8 
8^ 

lO-I  I 

72,100 
72,500 
67,000 
88,700 
77.500 
121,000 
185,000 

110,200 
110,200 
73.500 
73.500 
44,100 
44,100 
22,000 

79,500 
79,900 
49,200 
65,200 
32,400 
53.200 
40,700 

Column  (3)  contains  the  actual  reactions  when  the  truss  is  loaded  so  as  to  produce  llic 
maximum  stresses  in  the  corresponding  members  of  Column  (i).  Column  (4)  is  obtained 
by  multiplying  the  quantities  in  Column  (2)  by  those  in  (3)  and  dividing  by  100,000.  The 
resulting  stresses  should  be  the  same  as  those  found  from  Fig.  68. 

If  analytical  methods  are  preferred,  the  same  general  methods  are  to  be  used  as 
given  in  Arts.  92  and  93,  i.  e.,  the  chord  stresses  found  by  moments  and  the  wel 
stresses  by  moments  or  shears.  In  panel  5-7  the  compression  in  5-8  is  to  be  found 
for  dead  load  by  assuming  6-7  as  not  acting,  for  the  same  reason  ^s  given  in  the  above 
analysis. 

In  the  analy.sis  here  given  the  work  has  been  carried  only  lar  enough  to  get  maximum 
stresses.  For  miminum  stresses  in  some  of  the  web  members  some  additional  diagrams 
would  be  needed  in  accordance  with  the  treatment  of  Art.  96. 
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Section  V.  -Trusses  with  Multiple  Web  Systems 

loi.  The  Whipple  Truss,  shown  in  Fig,  70,  consists  of  two  simple 
Pratt  trusses  combined.  It  is  in  fact  often  called  a  "double  intersec- 
tion" Pratt  truss.  The  advantage  of  this  form  over  the  Pratt  truss  for 
long  spans  is  in  having  short  panels,  and  yet  an  economical  inclination 
for  the  diagonals  (about  45').  It  has  been  used  extensively  in  the 
past,  but  the  form  shown  in  Fig.  77  or  Fig.  84  is  now  preferred. 

The  two  systems  of  web  members,  distinguished  by  full  and  dotted 
lines,  are  commonly  assuixied  to  act  independently.  This  is  not,  how- 
ever, strictly  true,  for  the  chords  connecting  the  systems,  while  allowing 
independent  vertical  deflection,  do  not  allow  independent  horizontal 
displacements,  so  that  the  loads  on  one  system  affect  to  some  extent  the 
form  of,  and  hence  the  distribution  of  stress  in,  the  other  system.  The 
exact  analysis  can  only  be  made  by  the  theory  of  redundant  members 
given  in  Chapter  VH,  and  even  then  it  depends  upon  the  adjustment  of 
the  counters.  The  assumption  of  independent  systems  is,  however, 
very  nearly  correct  and  enables  the  stresses  to  be  statically  determined. 
In  any  case  the  question  affects  the  web  stresses  only,  as  the  chord 
stresses  are  a  maximum  for  a  full  load,  and  under  that  condition  the 
usual  assumptions  are  correct. 

The  truss  of  Fig.  70  will  be  analyzed  for  the  following  loading :  dead 
load  =  500  lbs.  per  foot  per  truss;    live  load  =  800  lbs.  per  foot  per 


♦w 


truss.  The  bridge  will  be  assumed  to  be  a  through-bridge.  Figs.  71 
and  72  show  the  two  systems  separated.  The  joint  load  on  each 
system  =  500  X  15  =  7,500  lbs.  dead  load,  and  800  X  15  =  12,000 
lbs.  live  load. 

The  analysis  can  be  made  exactly  as  in  the  Pratt  truss,  treating  each 
system  of  bracing,  with  the  chords,  as  a  separate  truss.  The  web 
stresses  so  found  will  be  correct.  The  resultant  stress  in  any  chord 
member  is  found  by  adding  the  stresses  obtained  from  the  two  separate 

\ 
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trusses.     Thus  the  total  stress  in  member  D  E,  for  example,  is  equal  to 
the  stress  in  C  £  of  Fig.  71,  plus  the  stress  \n  D  F  oi  Fig.  72. 

The  chord  stresses  may  also  be  found  directly,  from  Fig.  70,  by 
noting  that  under  a  full  uniform  load  none  of  the  diagonals  meeting  the 
upper  chord  at  joints  F,  G,  and  H  are  in  action.  The  stress  in  member 
FG  or  G  H  can  then  be  found  at  once  by  equating  moments  about  g. 


I  K  M 


The  stresses  in  the  remaining  upper  chord  members  can  then  be  found 

by  the  method  of  chord  increments,  Art.  89.     Then  for  the  lower  chord 

stresses  note  that  stress  in/^  =  stress  in  D  E,  etc.    Stress  in  ^  c  =  stress 

in  c  ^  minus  hor.  comp.  in  A  c;  stress  m  ah  =  stress  in  ^  c  minus  hor. 

comp.  in  A  b,  and  should  equal  zero.     This  method  of  calculation  will 

be  used  here. 

iv  (P 
Chord    Stresses. — Dead-load    stress    in    F  G  =  — j-  (6x6)   = 

2  n 

67,500  lbs. 

The  hor.  comp.  in  a  diagonal  =  vert.  comp.  multiplied  by  2  d/h, 
or,  in  the  case  of  the  diagonals  A  b  and  /  M,  by  d/h.  The  vert.  comp.  = 
shear  in  the  panel  of  the  system  to  which  the  diagonal  belongs.  We 
have  then  for  Fig.  71,  since  2  d  =  h, 

Hor.  comp.  E  g  =  1/2  w  d  =    3,75°; 
Hor.  comp.  C  e  =  3/2  w  d  =  11,250; 
Hor.  comp.  A  c  =  5/2  w  d  =  18,750. 
For  Fig.  72, 

Hor.  comp.  Z>/ =     wd  =    7,500; 

Hor.  comp.  B  d  =  2  w  d  =  15,000; 

Hor.  comp.  A  b  =  }4  X  t>  w  d  =  11,250. 
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We  have  then,  by  subtraction,  the  chord  stresses  as  follows: 

EF  =  67,500; 

D  E  =fg  =  6y,soo  -  3^750  =  63,750; 
CD  =  ef  =  63,750  -  7,500  =  56,250; 
B  C  =  d  e  =  56,250  —  11,250  =  45,000; 
A  B  =  cd  =  45,000  —  15,000  =  30,000; 
be  =  30,000  —  18,750  =  11,250. 

The  stress  in  Z>  c  is  found  to  be  equal  to  the  horizontal  component  o 
A  b,  which  proves  the  correctness  of  the  work. 

The  live-load  chord  stresses  are  obtained,  as  before,  by  proportion. 

Web  Stresses. — The  dead-load  vertical  components,  or  shears  in 
the  separate  systems,  are  given  above. 

For  Hve-load  shears,  p  d/6  =  2,000,  and  we  have  for  Fig.  71: 

Shear  in  a  c  =(/>(/  X  5)  -^  2  =  30,000; 

Shear  in  c  e  =  2,000  (i  -f  2  -h  3  -f  4)  =  20,000; 

Shear  in  e  g  =  2,000  (1-^2-^-3)=  12,000; 

Shear  in  g  i  =  2,000  (i  -f  2)  =  6,000. 

For  Fig.  72,  p  dj  12  =  1,000,  and 

Shear  in  a  b  =  (p  d  X  6)  -^  2  =  36,000; 

Shear  in  b  d  =  1,000  (1+3  +  5  +  7    +9)=  25,000; 

Shear  in  df  =  1,000  (i  +  3  +  5  +  7)  =  16,000; 

Shear  in  fh  =  1,000  (i  +  3  +  5)  =  9,000; 

Shear  in  h  j  =  1,000  (i  +  3)  =  4,000. 

Adding  to  the  above  the  dead-load  shears,  we  have  the  stresses  in 
the  verticals,  and  the  vertical  components  of  the  stresses  in  the  diag- 
onals. Vertical  component  of  stress  in  the  counter  G  i  =  shear  in 
gi  =  6,000  —  3,750  =  2,250  lbs.  This  is  also  the  maximum  com- 
pression in  G  g.  The  vertical  component  of  stress  in  F  h  or  f  H  = 
9,000  lbs.  =  stress  in  F  f  and  H  h.  There  is  no  positive  shear  in  h  j, 
and  hence  no  counter  is  needed.  The  stresses  in  ^  a  and  M  m  are 
equal  to  the  sum  of  the  shears  in  a  b  and  a  c. 

The  stresses  in  the  verticals  can  be  corrected  for  the  loads  carried 
at  the  upper  joints,  as  in  the  Pratt  truss. 

Only  maximum  web  stresses  have  here  been  found.     The  student 
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will  have  no  difficulty  in  extending  the  analysis  to  the  determination  of 
all  the  minimum  stresses. 

Fig.  73  shows  a  more  common  arrangement  of  the  end  posts  than 
that  in  Fig.  70.  This  arrangement,  however,  causes  a  further  am- 
biguity in  stress  calculation  from  not  knowing  to  which  truss  system 
the  loads  at  C  and  D  belong.  Assuming  them  equally  divided  between 
the  two  systems  is  nearly  correct  and  enables  the  stresses  to  be  readily 


Fig.  73. 


found.  Each  truss  will  then  contain  the  vertical  members  at  C  and 
D,  and  the  joint  loads  at  these  points  will  be  one-half  the  full  joint  load. 
If  an  odd  number  of  panels  be  used  the  ambiguity  of  calculation  is 
again  increased  as  the  two  systems  into  which  the  web  members  divide 
themselves  under  partial  loads  are  unsymmetrical  with  respect  to  the 

centre. 

The  uncertainty  of  computations  of  stresses  in  double  systems  by 
the  usual  methods  constitutes  a  somewhat  serious  defect  in  such  sys- 
tems, and  is  one  cause  that  has  led  to  the  adoption  of  the  forms  referred 
to  at  the  beginning  of  this  article. 

102.  The  Triple-intersection  Truss  has  been  built  to  some  extent. 
It  is  similar  to  the  Whipple  truss,  but  has  three  instead  of  two  sets  of 
web  members.  The  stresses  are  found  in  the  same  way  as  in  the 
Whipple  truss. 

103.  The  Double-triangular  Truss,  shown  in  Fig.  74,  has  two  sys- 
tems of  triangular  bracing.     This  truss  is  Used  both  as  a  short-span 


Fig.  74. 

riveted  structure  and  as  a  long-span  pin-connected  bridge.  The 
Memphis  bridge  and  the  Kentucky  and  Indiana  bridge  are  of  this  form, 
though  modified  as  shown  in  Fig.  86.     In  analyzing  this  truss  it  is 
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divided  into  the  two  systems  as  shown  in  Figs,  75  and  76.  Any  joint 
load  at  B  and  J  would  be  assumed  equally  divided  between  the  two 
systems. 

Example. — (Fig.  74).  Span  length  =  200  ft.,  height  =  30  ft.,  w  =  1,200  lbs.  per  ft. 
per  truss,  p  =  2,000  lbs.  per  ft.  per  truss.  W  =  1,200  X  20  =  24,000  lbs.  Assume  each 
lower  joint  load  =  16,000  lbs.,  and  each  upper  joint  load,  including  joints  B  and  /,= 
8,000  lbs.  P  =  40,000  lbs.  The  stresses  in  the  eight  members  cut  by  sections  q  and  r 
will  be  found. 

Chord  Stresses. — Dead-load  reaction  (Fig.  75)  =  (4  X  16,000  +  4  X  8,000)  -^  2  = 
48,000;  for  Fig.  76  it  is  (5  X  16,000  +  5  X  8,000)  -t-  2  =  60,000.  Live-load  reactions 
are  respectively  80,000  and  100,000.  Dead-load  stress  in  D  F  (Fig.  75)  =  (48,000  X  2  — 
i6,ooo  —  4,000  X  ij  —  8,000  X  J)  40/30  =  93,300.      Likewise  are  found  80,000  in  c e 


B 


H 


e  g 

Fig.  75. 
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/ 


z 
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Fig.  76. 

and  96,000  in  e  g.  Stress  in  C  A  (Fig.  76)  =  (60,000  X  ij  —  16,000  —  4,000  — 
8,000  X  4)  40/30  =  88,000;  stress  in  E  G  =  104,000;  stress  in  d  f  =  98,700.  The  live 
load  stresses  are  found  to  be:  D  F  =  160,000,  ce  =  133,300,  e  g  =  160,000,  C  E  = 
146,700,  EG=  173,300  and  d}=  160,000.  The  required  stresses  are  therefore  a; 
follows : 

Dead-load  stresses 

D  E  =    88,000  -|-     93,300  =  181,300, 

E  F  =    93,300  +  104,000  =  197,300, 

de  =    80,000  -|-     98,700  =  178,700, 

e  j  =    98,700  -|-     96,000  =  194,700. 

Live-load  stresses 

D  E  =  160,000  -|-  146,700  =  306,700, 

EF  =  160,000  -j-  173  300  =  333,300, 

de  =  133,300  4-  160,000  =  293,300, 

e  j  =  160,000  +  160,000  =  320,000. 

Weh  Stresses. — -The  dead-load  shears  on  the  sections,  or  the  vertical  components  o: 

the  diagonal  stresses  are: 

e  F  =  4,000, 

D  e  =  4,000  -|-  16,000  =  20,000. 
I  Ef  =  8,000, 
{  dE  =  8,000  +    8,000  =  16,000. 


Fig.  75 
Fig.  76 
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Fig-  75 


Fig.  75 


The  live-load  positive  shears  are: 

e  F  =  i/s  P  (i  +  2)   =  24,000. 
D  e  =  i/s  P  (1  +  2  +  3)  =  48,000, 
Fig.  76     dE=  Ef=  i/io  P  (i  +  3  +  5)  =  36,000. 

The  live-load  negative  shears  are: 

D  e  =  1/5  P  =  8,000, 
e  P  =  1/5  P  (i  +  2)  =  24,000, 
Fig.  76      d  E  =  E  J  =  i/io  P  (i  +  3)  =  16,000. 

The  resulting  maximum  and  minimum  shears  and  stresses  are  as  follows: 


Shears. 

Stresses. 

Member. 

+  Dead. 

+  Live. 

—  Live. 

Max. 

Min. 

Max. 

Min. 

De 
eF 
dE 

20,000 
4,000 

16,000 
8,000 

48,000 
24,000 
36,000 
36,000 

8,000 
24,000 
16,000 
16,000 

+  68,000 
+  28,000 
+  52,000 
+  44,000 

+   12,000 

—  20,000 

0 

—  8,000 

+  81,700 

-  33.700 

—  62,500 
+  52,900 

+  14,400 
+  24,000 

0 
—     9,600 

104.  The  Lattice  Truss,  Fig.  77,  has  commonly  four  systems  of 
bracing.  It  is  seldom  used  for  long  spans  and  is  always  built  as  a 
riveted  structure.  It  is  best  analyzed  by  treating  tlie  four  systems  as 
independent,  although,  as  the  web  members  are  riveted  together  at 
their  points  of  intersection,  independent  action  is  not  possible.  For 
small  trusses  it  is  customary  to  analyze  the  truss  as  a  beam.  The 
maximum  moment  and  shear  is  found  at  several  different  sections;  the 


c p 


Fig.  77. 

stresses  in  the  chords  or  flanges  are  found  by  assuming  them  to  take 
all  the  moment,  and  those  in  the  web  members  by  assuming  the  shear 
as  equally  divided  among  the  members  cut. 

105.  Double  Intersection  Trusses  with  Curved  Chords.— In  double- 
intersection  trusses  with  curved  upper  chords  each  truss  system  is 
affected  by  loads  on  the  other  system,  owing  to  the  uplifting  force  at 
each  angle  of  the  upper  chord.  The  .systems  are,  as  a  result,  not  so 
independent  as  in  the  horizontal  chord  trusses  and  the  errors  of  calcula- 
tion are  greater.     The  same  general  methods  of  calculation  are  used 
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as  in  the  double  systems  already  discussed.  In  getting  web  stresses 
the  chord  members  are  assumed  as  straight  between  successive  joints 
of  the  same  system. 


Section  VI. — Trusses  with  Subdivided  Panels 

106.  The  Baltimore  Truss. — The  Baltimore  truss,  Fig.  78,  or  a 
modified  form  of  it,  Fig.  85,  is  used  very  generally  for  long  spans.  The 
stresses  are  all  easily  determined;  the  panel  lengths  are  short,  while  the 
diagonals  have  an  economical  inclination.  The  intermediate  floor 
beams  at  b,  d,  etc.,  are  carried  by  means  of  the  subverticals,  b  b' ,  d  d' , 
etc.,  to  the  joints  b',  d' ,  etc.,  at  the  centre  of  the  main  diagonals.  These 
points  are  in  turn  supported  by  the  substruts  b'  c,  d'  c,f'  e,  etc.  The 
dotted  members,  /'  G  and  ¥  I,  are  counters.     When  they  come  into 


action  the  substruts,  ef  and  g  h',  act  with  them  and  become  tension 
members.  Fig\  84  shows  a  form  in  which  the  centre  joints  are  sup- 
ported by  subti^  extending  to  the  upper  chord  joints.  The  stresses 
in  the  various  members  will  be  discussed  in  detail. 

Chord  Stresses. — The  upper  chord  stresses  are  found  as  usual  by 
taking  centres  of  moments  at  lower  chord  points,  the  counters  being 
omitted.     Thus,  in  Fig.  79,  S^  =  M^  ^  h. 

The  stresses  in  the  lower  chord  members  are  found  by  taking 
moments  about  upper  chord  points.  Thus  for  piece  d  e  pass  a  section 
cutting  C  E,  d'  e,  and  d  e,  Fig.  79,  and  write  I  mom.  about  C  =  o.  We 
have,  therefore,  R^  X  2  d  -  P^  X  d  +  P^  X  d  -  S^  X  h  =  o,  whence 
S3  is  determined.  It  is  to  be  noted  that  the  moment  of  the  external 
forces  acting  on  the  portion  considered,  about  the  point  C,  is  not  the 
usual  "bending  moment"  in  the  truss  at  C,  since  in  this  case  we  have 
included  the  force  P3  which  is  on  the  right  of  the  centre  of  moments. 
In  the  equihbrium  polygon  this  moment  is  represented  by  the  ordinate 
r/  c". 
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The  Stress  in  c  J  is  evidently  equal  to  that  in  d  e.  The  other  chord 
stresses  are  found  in  a  similar  manner  to  that  described  above. 

Weh  Stresses— The  stress  in  each  subvertical,  h  ¥,  d  d',  etc.,  is 
equal  to  the  load  at  its  base  =  {W  +  P).  The  vertical  component  of 
the  compressive  stress  in  each  of  the  pieces,  V  c,  d'  c,  etc.,  is  equal  to 
one-half  the  stress  in  the  subvertical,  as  is  easily  shown.  Thus  in 
Fig.  80,  showing  the  forces  acting  on  the  joint  d',  let  the  stress  5  in 
c  d',  be  replaced  by  its  components  S^  and  Sj^  appHed  at  c.  An  equation 
of  moments  about  e  gives  S,d  =  S^X  2d  whence  5,  =  X  S,. 


Fig.  80. 

The  maximum  stresses  in  the  members  a  h',  d'  e,  f  g,  and  h'  i  are 
determined  from  the  maximum  positive  shears  in  the  respective  panels, 
as  these  members  carry  the  entire  shear.  The  maximum  stresses  in 
the  counters  /  f  and  K  /'  are  Hkewise  found  trom  maximum  positive 
shears  in  these  panels.  The  stresses  in  the  verticals  Ee,Gg,  and  /  i 
are  equal  to  the  vertical  components  in  Ef,  G  h' ,  and  /  f,  respectively, 
plus  whatever  load  may  be  apphed  at  the  upper 
panel  point.  The  tension  in  C  c  =  vert.  comp.  in 
6'  c  4-  vert.  comp.  in  ^'  c  +  load  at  c  =  2  (PF  +  P). 

The  stresses  in  the  upper  portions  of  the  mam 
diagonals,  V  C,  £/,  etc.,  require  special  attention. 
Consider  the  member  C  d',  passing  a  section  through 
the  panel  c  d,  Fig.  81.  In  general,  for  positive  shear, 
we  have  the  relation:  Vert.  comp.  Cd'  =  V-  veri.  comp.  c  d' .  This 
enables  the  dead-load  stresses  to  be  readily  determined.  For  maximum 
Hve-load  stress  the  position  of  loads  must  f^rst  be  found.  Consider 
the  effect  of  a  joint  load,  P,  placed  at  d.  This  load  adds  to  the  reaction 
t-nd  to  the  shear  on  the  section  an  amount  equal  to  13/16  P.     It  also 
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adds  to  the  vertical  component  of  the  stress  in  c  d'  an  amount  equal  to 
X  P.  The  net  effect  on  the  vert.  comp.  in  C  d'  is  therefore  (13/16  - 
i^)  p  =  5/16  P.  This  shows  that  the  live  load  should  extend  from 
the  right  up  to  joint  d.  The  vertical  component  of  the  Hve-load  stress 
in  C  d'  is  then  equal  to  the  shear  minus  %  P  =  1I16  P  {1  +  2  +  .  .  .  + 
j^)  -  K  ^  =  83  / 16  P.  Similarly  for  Ef  and  G  h'.  The  vertical  com- 
ponent in  &'  C  =  shear  m  h  c  +  vert.  comp.  h'  c,  as  is  seen  from  Fig. 
82,  from  I  vert.  comp.  =  o.  Adding  P  to  joint  h  decreases  the  positive 
shear  in  he  by  1/ 16  P,  but  increases  the  vertical  component  in  h'  c  by 
8/16  P,  thus  increasing  the  vertical  component  in  h'  c  by  7/16  P. 
Hence  for  a  maximum  stress  in  h'  C  the  bridge  should  be  fully  loaded. 


K 

K 

Ys 

When  the  pieces  f  k  and  /'  m  (and  similar  members  on  the  left),  act 
with  the  counters,  they  are  in  i;ension,  and  their  maximum  stresses  will 
occur  when  the  shear  in  these  panels  is  positive  (truss  loaded  on  the 
right).  Consider  member  f  k:  When  the  shear  in  j  k  is  positive  the 
shear  in  panel  i  j  is  also  positive  and  the  active  diagonal  in  the  panel 
will  be  /  f  (both  /  f  and  i  f  being  tension  members) .  The  conditions 
will  therefore  be  as  represented  in  Fig.  83.  Whatever  load,  P,  there 
may  be  at  j  produces  a  stress  in  the  member  f  K  whose  vertical  com- 
ponent is  equal  to  K  P-  Therefore  in  general  the  vertical  component 
of  the  tension  in  f  )^  =  F  +  vert.  comp.  j'K  =  V  -\-  HP.  A  process 
of  reasoning  similar  to  that  employed  from  member  d'  e  shows  that  for 
a  maximum  tension  in  j'  k  the  live  load  should  extend  only  to  joint  k. 
The  vert.  comp.  of  maximum  Hve-load  stress,  therefore  =  1/16P 
(i  _^  2  +  .  .  .  +  6) ;  the  corresponding  dead-load  stress  =  V  +  }4W=  - 
jy/  W  ^  y^  W  =  -  W.  This  stress  is  compressive.  The  stress  in 
/'  m  is  found  in  like  manner.  If  the  total  shear  in  /  m  plus  }4  W  {  = 
vert.  comp.  in  I'  m)  should  be  negative,  then  there  would  be  no  tensile 
stress  in  /'  m. 
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The  minimum  stresses  in  subverticals,  substruts,  and  hip-verticals 
are  the  dead-load  stresses.  The  minimum  stresses  in  all  other  web 
members  up  to  the  first  counter,/'  G,  are  caused  by  loading  those  joints 
which  were  not  loaded  for  maximum  stresses.  The  stresses  themselves 
are  calculated  as  before.  In  the  counters,  and  in  members  /'  g  and 
h'  i,  the  minimum  is  zero.  In  members  G  h'  and  G  g  the  minimum 
occurs  when  the  truss  is  loaded  from  the  left  end  up  to  g,  or  far  enough 
to  bring  counter  h^  I  into  action,  but  without  placing  a  load  at  h.  The 
piece  h'  i  is  then  not  acting  and  the  vert,  comp,  in  G  h'  will  equal  one- 
half  the  dead  joint  load  at  h.  The  stress  in  G  ^  will  then  equal  the 
vert.  comp.  in  G  h'  plus  the  dead  load  applied  at  G.  The  minimum 
stress  in  /  i  will  be  the  dead  load  at  /. 

Fig.  84  illustrates  a  form  of  Baltimore  truss  in  which  the  loads  at 
the  intermediate  joint  are  carried  by  subties  to  the  upper  chord  joints. 
A  substrut  is  required  at  h'.     Member  g  h'  is  a  counter. 


The  analysis  of  this  truss  is  very  similar  to  that  of  the  other  form, 
and  a  brief  statement  with  respect  to  certain  members  will  suffice.  The 
maximum  stresses  in  members  C  d' ,  Ef,  and  G  h' ,  and  in  /  j' ,  when 
acting  as  a  counter,  are  due  to  the  maximum  positive  shears  in  the 
respective  panels.  The  minimum  stresses  in  C  d'  and  Ef  are  found 
from  the  minimum  shears,  but  in  G  h' ,  and  in  all  the  subties,  the  mini- 
mum stress  is  equal  to  one-half  a  lower  dead  joint  load  X  sec  6.  The 
counter  g  h'  will  have  the  same  maximum  tension  as  the  member  g  h' 
or  f  k  of  Fig.  78;  its  minimum  stress  is  zero.  The  vert.  comp.  in 
d'  e  is  equal  to  the  shear  in  the  panel  d  e  plus  the  vert.  comp.  in  d'  E 
(one-half  the  load  at  d) .  The  maximum  stress  in  d'  e  will  occur  when 
the  truss  is  loaded  from  the  right  up  to  </,  and  its  minimum  stress  when 
joints  b  and  c  are  loaded.  The  maximum  stresses  in/'  g  and  h'  i  are 
similarly  found.  The  minimum  stress  in  h'  i  is  zero,  and  Hkewise  in 
/'  g  if  the  shear  in  this  panel  can  be  negative.  If  not,  then  its  minimum 
stress  is  found  as  for  d'  e. 
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The  stress  in  £  ^  is  equal  to  the  sum  of  the  vert.  comp.  of  the  stresses 
in  Ef  and  E  d',  plus  the  load  at  E.  Its  maximum  value  occurs  when 
the  truss  is  loaded  from  the  right  up  to  c?;  its  minimum  value  when  the 
other  joints  are  loaded.  The  maximum  in  G  ^  and  /  /  are  similarly 
found,  except  that  in  these  cases  the  bridge  should  be  loaded  up  to  h 
and  ;  respectively.  The  minimum  stress  in  G  ^  occurs  when  the  bridge 
is  loaded  on  the  left  sufficiently  to  throw  h'  i  out  of  action.  Its  stress 
is  then  equal  to  vert.  comp.  G  ¥  +  vert.  comp.  f  G  +  load  at  G  = 
lower  dead  joint  load  +  upper  dead  joint  load.  The  minimum  stress 
in  /  i  is  the  same. 

107.  The  Pettit  Truss.— The  Pettit  truss,  shown  in  Fig.  85,  is  the 
standard  form  for  very  long  spans.  It  is  very  similar  to  the  Baltimore 
truss,  the  only  difference  being  in  the  inclined  upper  chord,  which  is  a 
more  economical  arrangement  for  long  spans.     Usually,  also,  the  sub- 
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paneling  does  not  extend  to  the  end  of  the  bridge,  as  the  height  at  that 
point  does  not  require  it  (see  Fig.  86).  The  pieces  shown  by  dotted 
lines  serve  merely  to  support  the  chords  and  posts  at  intermediate  points 
and  form  no  part  of  the  truss  proper.  The  vertical  ones  are  designed 
to  carry  the  weight  of  the  upper  chord;  the  horizontal  ones  have  no 
definite  load  and  are  made  of  uniform  size,  sufficiently  strong  to  resist 
the  buckhng  of  the  posts.  Omitting  these  members,  the  analysis  offers 
no  special  difficulties,  as  the  variation  from  the  Baltimore  truss  due  to 
inclined  chords  is  easily  taken  into  account. 

Fig.  85  shows  the  use  of  substruts.  The  more  common  arrange- 
ment, however,  is  to  use  subties  running  to  the  upper  chord  joints  as 
shown  in  Fig.  86.  In  this  form  the  incUnation  of  d'  E  is  not  equal  to 
that  of  C  d',  and  it  follows  that  the  vertical  component  in  d'  E  is  not 
equal  to  one-half  the  load  at  d.  The  value  of  this  stress  can  readily  be 
found  by  a  diagram  of  joint  d' ,  but  algebraically  it  is  best  found  by  the 
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use  of  a  moment  equation.  Let  Fig.  87  represent  the  forces  acting  on 
the  joint  (/',  and  let  S  be  the  desired  stress.  Let  P  =  stress  in  d'  d  = 
load  at  d.  Replace  S  by  its  components  applied  at  point  E,  and  take 
moments  about  e.     We  have  at  once 


5. 


Pd 
h 


and   S 


where  /  =  length  of  d'  E  and  d  =  panel  length.  This  easily  obtained 
result  is  a  good  illustration  of  the  usefulness  of  the  moment  equation 
for  concurrent  forces  and  of  the  device  of  substituting  for  an  inclined 
force  its  compcr.?::'.3  applied  ct  a  convenient  point. 


{O'bcdefghij 
-300- 
FlG.  86. 


d-  ^ 
Fig.  87. 


Example. — To  illustrate  the  more  difficult  parts  of  the  anaylsis  the  maximum 
stresses  will  be  found  in  members  d'  e,  Ee,  E  /'  and  e  /'  of  Fig.  86.  The  dead  load  will 
be  taken  at  1,500  lbs.  per  ft.  per  truss  and  the  live  load  at  2,400  lbs.  per  ft.  per  truss. 
All  the  dead  load  will  at  first  be  assumed  as  applied  at  the  lower  chord  joints.  The  live 
(oint  load  =  P  =  60,000  and  the  dead  joint  load  =  W  =  37,5oo-  Length  oi  d'  E  = 
V  2f  +  2f  =  36.80;  length  of  £  /'  =  e  /'  =  \/  25^  +  23.5^  =  34.31- 

Stress  in  E  /'. — The  live  load  extends  from  the  right  up  to  /  and  e  /'  is  not  in  action. 
The  stress  in  E  f  will  be  obtained  from  the  shear  in  panel  e  f. 

The  calculations  are  briefly  given. 

H.  comp.   EG=      —W 


Dead-load  stress.     Shear  =1.5  W.    Ri  = 


W. 


FX  6- 


W'  (5  +  4  +  3  +  2) 


1- 

J  5c 


19  W . 


V.   comp.    £  G  =   H.    comp.    £  G  X  -7-  = 


0.57  W.      V.  comp.  Ef  =^  (1.5  —  .57)  \V  =  34,870  lbs.  tens. 

P    .       .        .  ,       s        7 


Live-load    stress. 
P  X  6 


.  .    +  7 )  =  -^  P.      V.  comp.     EG  ■= 


Shear  =  —  (  i   +  2  4- 
12 

J.xf-^PX6)— =  0.42  P.      V.  comp.  E  y=\^  -  .42  )  P=  114,800  lbs.  tens 
50         \  3  /  50  '  \  3  / 


50        \  3  /  5 

Stress  in  Ee.     Loads  same  as  for  Ef. 

Dead-load  stress.     V.  comp.  d'  E=  H.  comp.  d'  E  X  —  =  W .  —  X  —  =  0.574  W. 
^  ^  25  47       25 


V.  comp.  C  E 


=  J-  Til 
50  L  2 


IF  X  4  -  W  (3  -I-  2) 


J       47 


1.266   TI'.       Stress  in  P  <•  = 
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shear   in    panel  e  f  +  W.  comp.  d'  E  —  Y.  comp.  C  E  =  (1.5  +  .574  —  1.266)  W  == 
30,300  lbs.  comp. 

Live-load   stress.     V.  comp.  C  E  =  —  .   {  —  P  X  4  ]  —  =0-695  P-     Stress  in  E  e=- 

50       \  3  /  47 


(i--^0 


^,300  lbs.  comp. 


Stress  in  d'  E.     This  stress  is  found  from  loads  l^F  +  P  at  d.     Consider  joint  d'  as  in 
Fig.  87.  ^  ^ 

Dead-load  stress  =  W  Y.  ^-^-  =  20, 260  lbs.  tens.      Live-load  stress  =  P  X  -^ — '—  = 
47  47 

46,980  lbs.  tens. 

Stress  in  e  /'.     Load  joints  a  to  e.      Member  /'  g  goes  out  of  action.      Stress  in  /'  C 

will  be  obtained  and  thence  the  stress  in  e  /'  by  considering  joint  /'. 

Dead-load  stress.      Member  /'  G,  produced,  intersects  the  vertical  £  e  at  a  point  .\ 

feet  below  e.     This  intersection  may  be   taken   as   moment   center  for  stress  in   E  G, 

Stress  in  j  g  (moments  at  G)  =  o  W. 


Then  V.  comp.  E  G 


50  L  2 


P7X4<i-^(3+24-i)(i+T^<?  +  9WX3 


]^= 


0.54  W. 


Shear  in  j g  =  0.5  W.      V.    comp.  f  G  =  (0.5  —  0.54)  PF  =  —  0.04  W,    indicating 
tensile  stress.     Then  with  forces  acting  at  /'  and  with  moment  centre  at  E  we  have 


H.  comp.  e  f  = 


W  X  25  —  H.  comp.  /' CX50 


Stress  in  e  /'  =  H.  comp.  X 


47 
34-31 

25 


W{2S-  0.04  X  ^^  X  50) 
47 


47 


0.672  W  =  25,200  lbs.  comp. 


P  ,  10 

Live-load  stress.      Shear  in/?    =  —  (14-2-1-3-1-4)=  — P. 
^ "         12  "■  '        12 

Stress  in  /  r  =  —  P  X  6  X  ^  =  2.5  P.     Then  V.  comp.  EG  =  ^  I  —  P  Y.  &  d  + 
^  *        12  50  '^  50  \  12 

2-5  P  X  3)—  =  0.209  P.     V.  comp.  f  G  =   (—  +  0.209  jP  =  1.042  P  =■--  62,500  lbs. 

H.  comp.  el  =  62,500  X  4^  X  —  =  62,800  lbs.,  and  stressing/  =62,800  X  — '- —   = 
^  26.5       47  25 

86,200  lbs.  tens.     The  net  tension  in  e /'  =  86,200  —  25,200  =  61,000  lbs. 

108.  The  Compound-Triangular  Truss.— Fig.  88  shows  a  method  of 
subdividing  the  panels  in  the  double-triangular  truss.  The  computa- 
tion of  stress  is  but  slightly  affected  by  the  sub-panelling. 


The  intermediate  joint  loads  at  h,  d,  f,  etc.,  may  be  considered  as 
transferred  to  the  main  panel  points  a,  c,  e,  etc.,  by  means  of  separate 
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small  trusses  or  trussed  stringers,  ah'  c,c  d'  e,  etc.,  as  shown  in  Fig.  89. 
Whatever  stresses  may  exist  in  the  inclined  and  horizontal  members  of 
these  small  trusses  must  be  added  to  the  stresses  for  the  same  loading 
in  those  members  of  the  main  truss  with  which  they  in  reahty  coincide. 


Fig.  89. 

To  find  the  chord  stresses  in  such  a  truss,  neglect,  at  first,  the  sub- 
panelling  and  calculate  the  chord  stresses  for  the  main  truss  as  explained 
in  Art.  103,  assuming  each  of  the  joints  c,e,g,  etc.,  loaded  with  a  double 
panel  load.  The  resulting  stresses  will  be  correct  for  the  upper  chord. 
For  the  lower  chord  there  will  need  to  be  added  to  each  stress  thus 
found  the  stress  in  the  member  as  a  part  of  the  small  truss.  This 
additional  stress  [see  Fig.  89  (a)]  =  P  djh,  where  P  is  the  joint  load 
(dead  or  live) ,  applied  at  b,  d,  f,  etc. 

The  dead-load  web  stresses  are  also  found  by  considering  at  first 
the  main  truss  only.  The  resulting  stresses  will  be  correct  for  the  upper 
halves  of  the  web  members.  For  the  lower  halves,  a  b',  b'  c,  c  d\  etc., 
a  compression  must  be  added  equal  to  }4  W  sec  6  [Fig.  (a),]  due  to  the 
action  of  the  small  truss. 

The  maximum  live-load  stresses  in  the  upper  halves  of  the  diagonals 
can  also  be  found  by  omitting  the  subpanels.     The  maximum  tension 


Fig.  90. 


in  Ef,  for  example,  occurs  when  the  main  joints,  g,  k,  and  0,  are  loaded 
with  a  double  panel  load;  the  maximum  compression  occurs  when 
joint  c  is  so  loaded.  For  the  lower  halves  of  these  members  the  stresses 
in  the  small  trusses  must  be  considered  in  detail.     Consider  member 
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f  g  for  example,  belonging  to  the  dotted  web  system  (Fig.  90).  Its 
vert.  comp.  is  always  equal  to  the  shear  on  the  section  cutting  E  g  oi 
the  main  truss,  plus  a  compression  equal  to  one-half  the  live  load  at/,  if 
any.  The  positive  shear  on  the  section  is  greatest  when  joints  g,  k,  and 
0  are  fully  loaded,  but  to  load  g  fully  requires  a  load  at/,  which  would 
cause  a  compression  in/'  g  of  the  small  truss.  The  resultant  effect  of 
a  joint  load,  P,  placed  at /must  be  determined.  Adding  such  a  load 
at /adds  }4  P  Sit  g,  thereby  increasing  the  shear  by  5/8  X  1/2  P  = 
5  / 16  P.  The  vert.  comp.  of  the  compression  caused  in/'  g  of  the  small 
truss  =  8/16  P,  hence  the  resultant  effect  is  compressive  by  3/16  P. 
Hence  for  maximum  tension  no  load  should  be  placed  at/.  Joint  g 
will  then  be  loaded  with  1-1/2  P,  and  joints  k  and  0  with  2P  each, 
giving  a  shear  equal  to  1/8  X  2  P  +  3/8  X  2  P  +  5/8  X  iK^  = 
31/16  P,  which  is  the  vert.  comp.  of  the  desired  maximum  tension. 
For  the  maximum  compression  in  ef,  the  joint/ should  be  loaded.  On 
the  full  system  of  the  main  truss  there  will  then  be  i  /  2  P  at  e  and  2  P 
at  joints  i  and  m.  The  shear  in  panel  eg  will  equal  2/8  X  2P  + 
4/8  X  2P  +  6/8  X  1/2  P  -  1/2  P  =  11/8P.  The  vert.  comp.  o.' 
the  compression  in  ef  is  therefore  11/8P  +  1/2P  =  15/8  P.  The 
minimum  stresses  are  caused  when  those  joints  are  loaded  which  were 
not  loaded  for  maximum  stress. 

In  a  similar  manner  the  maximum  Kve-load  stress  in  h^  i  is  found  to 
require  the  load  to  extend  to  i,  giving  loads  on  the  main  joints  of 
1-1/2  P  at  i  and  2  P  at  m.  The  vertical  component  of  the  tension  in 
h'  i'=  5/4  P.  The  vertical  component  of  the  maximum  compression 
mgh'=  (1/8  X  2P  +  3/8  X  2P  +  5/8  X  1/2P  -  1/2P)  +  1/2P 
=  21/16  P,  loads  extending  to  h. 

Section  VII —Skew-Bridges 

109.  Skew-bridges  are  those  in  which  one  or  both  of  the  end- 
supports  of  one  truss  are  not  directly  opposite  those  of  the  other.  Fig. 
92  is  a  plan  and  Figs.  91  and  93  are  elevations  of  the  two  trusses  of  such 
a  bridge.  The  intermediate  panel  points  are  usually  placed  opposite 
in  the  two  trusses,  so  that  all  floor  beams  are  at  right  angles  to  the  line 
of  the  truss.  Where  the  skew  is  not  exactly  one  panel,  as  at  the  left 
end,  it  is  desirable  to  shorten  the  panel  B  C  and  lengthen  B'  C  in  order 
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that  the  figure  aBB'  b  may  be  a  plane  figure.     The  hip-verticals  are 
thus  made  inclined. 

In  the  analysis,  each  truss  must  be  treated  separately  unless  the 
skew  is  the  same  at  each  end  and  the  trusses  therefore  ahke.  In  cal- 
culating the  joint  loads  on  the  trusses  the  floor  load  may  be  assumed  as 
applied  along  the  centre  line  X  Y.     Each  joint  load  is  equal  to  the 
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usual  full  panel  load  excepting  the  loads  at  g,  b  and  b\  At  g  it  is  three- 
fourths  of  a  full  joint  load  and  at  b  and  b'  they  are  each  equal  to  X  X 
(load  on  panel  m  n)  +  )^  X  (load  on  panel  n  0) .  The  joint  loads 
being  known  the  stresses  are  readily  calculated  by  the  principles  already 
discussed.  For  maximum  live-load  stresses  the  position  of  the  moving 
load  is  in  general  the  same  as  for  the  square  bridge. 


CHAPTER  V 

ANALYSIS   OF  BRIDGE   TRUSSES  FOR   CONCENTRATED 

LOADS 

no.  The  preceding  chapter  has  treated  all  live  loads  as  uniform 
loads.  While  this  method  of  treatment  is  in  general  use  for  highway 
bridges  and,  to  some  extent,  for  railway  bridges,  it  is  the  general  practice 
in  the  latter  case  to  deal  with  actual  specified  wheel  loads  and  to  find 
the  maximum  stress  in  each  member  due  to  these  loads.  In  highway 
bridges,  also,  concentrated  loads  generally  need  to  be  considered  in 
determining  the  maximum  stresses  in  the  floor  system.  It  is  proposed 
in  the  following  discussion  to  show  how  to  find  the  position  of  any  given 
system  of  loads  which  will  produce  the  maximum  stress  at  any  section 
of  a  beam  or  in  any  truss  member  and  to  explain  methods  of  calculating 
such  stress.  The  methods  apply  in  general  to  any  system  of  moving 
loads  and  hence  apply  also  to  the  uniform  load  system  treated  in  the 
preceding  chapter. 

Section  I,— Influence  Lines 

III.  Definition  and  Construction. — Before  proceeding  with  the 
consideration  of  particular  structures  a  general  explanation  will  be 
given  of  a  graphic  method  of  representing  the  variation  in  moment, 
shear,  stress,  or  other  function,  relative  to  a  particular  section  or  mem- 
ber of  a  structure,  which  is  of  very  general  application  in  all  problems 
dealing  with  moving  loads.  Suppose,  for  example,  that  the  bending 
moment  at  C,  in  the  beam  A  B,  is  under  investigation  (Fig.  i).  We 
will  first  trace  the  variation  which  occurs  in  this  bending  moment  when 
a  single  concentrated  load,  P,  passes  over  the  beam.  Suppose  this 
load  to  move  across  the  beam  from  B  io  A.     So  long  as  it  is  between  B 

oc 
and  C  the  bending  moment  at  C  is  equal  toPy.a.     This  moment 
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varies  directly  with  .v  and  may  therefore  be  represented  by  the  straight 
Hne  B'  D,  drawn  with  reference  to  a  horizontal  axis  A'  B'  so  that  the 

ordinate   v  at  any  point  =  Pj.a  =  the    moment    at  C  for   load    P 

V 

placed  at  a  distance  x  from  B.  The  ordinate  C  D,  under  the  point  C, 
will  be  the  moment  at  C  for  load  P  at  C,  =  P.a  a'/l.  After  the  load 
passes  C  the  bending  moment  at  C  (considering  forces  on  the  right  of 
C),  is  equal  to  Pa' x'//'.  This  moment  is  represented  by  the  straight  line 
D  A\  The  ordinates  to  the  entire  broken  line  A' DB'  therefore  repre- 
sent the  moment  at  C  due  to  the  concentrated  load  P  as  it  moves  over 
the  beam.  Generally,  for  convenience,  the  load  P  is  taken  equal  to 
unity  and  the  resulting  line  will  therefore  represent  the  effect  of  a  unit 

load  mo\ing  over  the  structure. 

U — --a — ^ a' — — ^       By  reason  of  its  general  signifi- 

I        (p)  ic ^) '  .         . 

^°    cance  such   a  line  is  called  an 

influence  line. 

An  influence  line  may  then 

be  defined  in  general  as  a  lind" 

which  represents  the  variation 

of  moment,  shear,  panel  load, 

stress,  or  any  similar  function, 

at   a  particular  point  in  a  structure  or  in  any  particular    member, 

due  to  a  load  unity  moving  over  the  structure.     The  value  of  the 

function  for  any  given  position  of  the  unit  load   is  measured  by  the 

ordinate  to  the  influence  line  at  the  point  where  the  load  is  placed.     An 

influence  Hne  differs  from  the  usual  moment  or  shear  curve  heretofore 

employed  in  that  the  former  represents  the  variation  in  the  function 

for  a  particular  point,  due  to  a  mo\ing  load,  while  the  latter  represents 

the  variation  in  the  function  along  the  structure  due  to  a  fixed  load. 

The  equation  of  the  influence  line  for  any  function  may  be  derived 

by  writing  out  the  value  of  the  function  for  a  load  unity  when  placed 

at  a  variable  distance  x  from  one  end  of  the  structure  taken  as  the 

origin.     Influence  lines  for  simple  structures  are  composed  of  one  or 

more  straight  Hues,  as  the  functions  are  all  of  the  first  degree;   and  in 

most  of  the  structures  considered  in  this  chapter  the  influence  lines  are 

readily  constructed  by  calculating  the  ordinates  at  one  or  two  critical 

points. 


Fig. 
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112.  Influence  Lines  Between  Points  of  Application  of  Loads. — 
In  any  jointed  structure  or  girder,  where  the  applied  load  is  transferred 
by  members  of  a  floor  system  (stringers,  etc.),  to  certain  load  points, 
the  influence  line  between  consecutive  load  points  is  always  a  straight 
line.  This  is  proven  as  follows:  Let  y\  and 
y^  (Fig.  2),  be  the  ordinates  of  the  influence 
line  when  the  load  is  placed  at  points  i  and 
2  respecdvely.  For  intermediate  positions 
the  proportion  of  the  load  P  carried  to  ad- 
jacent points,  I  and  2,  will  be  P  x/d  and 
P;x//(f,  respectively,  and  will  vary  uniformly 
as  P  moves  from  i  and  2.      The  ordinate 

y  will  be  equal  to  P  -7.  yi  +  P  ^  ^2 

vary  uniformly  between  the  values  y^  and  y 
line  for  the  panel  1-2  is  a  straight  line. 


Influence  line 


Fig.  2. 


—  v„    and    this    quantity  will   also 


Hence  the  influence 
The  influence  line  for  any 
such  structure  can  therefore  always  be  completely  determined  by 
calculating  the  value  of  the  function  for  a  load  unity  placed  succes- 
sively at  each  load  point. 

1 13c  Use  of  Influence  Lines.— Influence  lines  are  particularly  useful 
in  representing  graphically  the  influence  upon  the  value  of  any  function 
of  the  loads  on  the  different  parts  of  a  structure  and  the  effect  of  mo^dng 
those  loads  in  either  direction.     In  structures  whose  analysis  is  difficult 

they  are  also  very  useful  in  the 
]%itj-^    P,     P2  actual  calculation  of  stresses. 

clR^  Q.    Q. ^  In  Fig.  3  suppose  A' D  B' he 

the  influence  Hne  for  bending 
moment  at  C  in  the  beam  A  B, 
constructed  for  unit  load  as  ex- 
plained in  Art.  iii.  Then  the 
bending  moment  at  C  due  to  a 
unit  load  placed  at  any  point, 
ATj,  is  given  by  the  corresponding  ordinate  y^.  A  load  of  P^  placed  at 
point  iVi  will  cause  a  moment  P^  times  as  great,  and  hence  equal  to 
Pi  y,.  Likewise  a  load  P^  at  A^  will  cause  a  moment  at  C  equal  to 
P,  y„  etc.  Hence,  in  general,  the  total  bending  moment  at  C 
due  to  any  number  of  concentrated  loads  is  equal  to  the  sum  of 
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the   products  of  the  loads  times  the  respective  ordinates  of  the  in- 
fluence line  or 

M  =  IPy, (i) 

This  principle  applies  to  any  function  under  consideration. 

Again,  if  the  load  consists  of  a  uniform  load  of  p  per  unit  length, 
and  of  any  length,  b,  the  total  moment  due  to  this  load  is  equal  to  the 
load  p  per  unit  length,  multiplied  by  the  area  within  the  Hmiting  or- 
dinates of  the  influence  line.  For  the  moment  due  to  an  element  of 
load,  p  d  x,is  p  d  X  y,  where  y  is  the  ordinate  under  the  load;  and 
integrating  between  the  limiting  values  of  x  (Xi  and  .^2),  we  have: 


M 


y  dx  =  p  X  area  E  F  H  K. 


From  this  explanation  it  is  clear  how  an  influence  line  can  readily  be 
used  for  direct  calculation  of  the  desired  quantities  for  any  system  of 
loading. 

In  the  following  articles,  in  which  certain  moments,  shears,  etc., 
are  investigated,  the  influence  line  is  first  drawn,  and  from  this  is  derived 
the  general  rule  or  criterion  for  the  position  of  a  series  of  concentrated 
loads  which  will  cause  the  value  of  such  function  to  be  a  maximum. 
The  direct  algebraic  method  of  deri\ing  such  criterion  is  also  given  in 
some  cases.  It  is  a  briefer  method  for  the  simpler  problems,  but  the 
use  of  influence  lines  leads  to  a  better  understanding  of  the  effect  of 
moving  loads  and  is  almost  necessary  in  the  case  of  the  more 
complex  structures. 

Section  II. — Beams  Loaded  Continuously 

114.  Reaction  and  End  Shear. — Influence  Line. — The  left  reaction, 
or  end  shear,  of  the  beam  A  B,  Fig.  4,  due  to  a  unit  load  placed  at  any 
point  on  the  beam,  =  i  X  xjl.  The  influence  line  for  reaction  is  then 
the  straight  line  A"  B',  drawn  with  ordinate  at  A'  equal  to  unity.  The 
influence  line  for  the  right  reaction  may  be  drawn  below  the  axis  and 
is  the  line  A'  B".     The  right  reaction  will  not  be  considered  further. 

115.  Position  of  Loads  for  Maximum  Values. — For  a  uniform  load 
the  maximum  reaction  evidently  occurs  when  the  entire  span  is  loaded 
and  is  equal  to  p  X  area  A'  B'  A"  =  K  />  /.     For  a  single  concentratea 
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■  load  Pi,  moving  over  the  structure,  the  left  reaction  is  equal  to  Pi  y^; 
and  this  reaches  a  maximum  value  when  the  load  reaches  the  end  where 
it  ecjuals  P^.  For  a  series  of  concentrated  loads  Pi,  P.,  P„  etc.,  the 
total  reaction  is  equal  to  Pi  y,  +  P2  :y2  +  ^3  >'3  +>  etc.  As  the  loads 
move  towards  the  left  each  of  these  terms  increases  in  value  until  the 
first  load.  Pi,  passes  off  the  beam,  when  the  reaction  is  reduced  suddenly 
by  the  value  of  this  load.  The  reaction  then  again  increases  until  P. 
passes  off,  and  so  on.  It  therefore  reaches  a  maximum  each  time  a 
load  reaches  A.  Which  of  these  maximum  values  is  the  greatest  de- 
pends upon  the  weight  and 
spacing  of  the  several  loads;  it 
can  readily  be  determined  by 
trial. 

116.  Calculation  of  Maxi- 
mum Reaction. — In  calculating 
the  value  of  maximum  reaction 
for  a  series  of  concentrations, 
the  series    should    be    placed 

with  the  heavier  loads  near  the  left  end  and  one  of  the  loads  at  the 
end.  The  reaction  is  readily  found  by  the  usual  moment  equation 
about  B.  Various  positions  may  need  to  be  tried  and  the  greatest 
value  taken.  Convenient  tabular  forms  for  such  calculations  are 
explained  further  on.  A  graphical  method  of  calculation  is  given  in 
the  following  article. 

117.  The  Reaction  Polygon.— In  Fig.  5  let  Pi,  P2,  P3.  ^nd  P,  be  a 
series  of  loads  moving  from  B  towards  A.  The  reaction  due  to  Pi 
alone  may  be  represented  as  in  Art.  74,  Chap.  IV.,  by  the  Hne  A^B', 
the  end  ordinate  being  equal  to  Pi-  When  P,  passes  the  point  N„ 
whose  distance  from  B  is  equal  to  b„  then  P^  comes  upon  the  beam  and 
the  increase  in  reaction  is  now  due  to  both  Pi  and  Pj.  The  additional 
effect  of  P2  is  represented  above  the  line  B'  A^hy  the  line  B^A^,  drawn 
so  that  ^1  ^2  is  equal  to  the  reaction  due  to  P^  when  P^  is  at  A,= 


Fig.  4. 


/ 


The  ordinate  between  these  two  lines  at  a  distance  h^  to 

the  left  of  the  reaction  will  be  P2.  The  total  ordinate  from  A'  B'  to 
the  line  A^  B'  will  now  represent  the  reaction  due  to  Pj  andPz-  In  a 
similar  manner  the  effect  of  P3  is  added  to  that  of  Pi  and  P2,  and  the 
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same  construction  can  be  continued  for  any  number  of  loads  until  Pi 
passes  oflf  the  beam.  The  reaction  due  to  any  gi\en  position  of  the  loads 
is  then  represented  by  the  total  ordinate  y  under  load  Pj,  when  placed  in 
the  given  position.  The  broken  line  A^B^B^  B^  B'  may  be  called  a 
reaction  polygon  for  the  given  series  of  loads,  and  for  the  beam  A  B. 

When  Pj  passes  off  the  beam  then  P,  will  head  the  series,  and  the 
line  A^B'  may  be  assumed  as  the  base  Hne  and  the  beam  shifted  a 
distance  h^  towards  the  left  so  that  the  end  A  comes  directly  over  the 
end  Ci  of  this  base  line.  The  construction  can  then  be  continued  and 
the  reaction  will  now  be  given  by  ordinates  from  the  Hne  C^  B^. 

Finally,  it  may  be  stated  in  general  that  the  maximum  reaction  for 
the  entire  series  of  loads  will  be  given  by  the  maximum  ordinate  be- 


FlG. 


tween  the  base  of  the  diagram  formed  by  the  lines  B'  A'  A^C^  C^  D^-, 
etc.,  and  the  reaction  polygon. 

If  a  moving  uniform  load  be  considered  the  reaction  polygon  be- 
comes a  parabola,  as  given  in  Art.  74,  which  is  also  the  maximum  shear 
curve. 

118.  Shear  at  any  Point  in  a  Beam. — Influence  Line. — The  shear 
at  C  in  the  beam  A  B,  Fig.  6,  due  to  a  load  unity  moving  from  B  towards 


I-  a 


I 


when  the 


A,  increases  from  zero  when  the  load  is  at  B  to  + 

load  is  just  to  the  right  of  C.  As  the  load  passes  C  the  shear  becomes 
-  a/l  and  then  increases  to  zero  when  the  load  reaches  A.  The 
lines  B'  D  and  yl'  £  are  parallel  and  the  ordinates  at  A'  and  B'  are 
equal  to  unity. 
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119.  Position  of  Loads  for  Maximum  Shear. — {a)  Uniform  Loads. 
— The  maximum  positive  shear  due  to  a  moving  uniform  load  of  p  per 
unit  length  will  evidently  occur  when  the  load  extends  from  5  to  C  and 


/ 


/ 


(I -a)    =    f7(^-«)'. 


is  equal  to  p  X  area  D  C  B'  =  p  X  % 

as  in  eq.  (8),  Art.  74.     The  maximum  negative   shear   requires  A  C 

p 
to  be  loaded,  giving  a  value  equal  to a^  as  in  eq.  (9). 

(b)  Concentrated  Loads.— Suppose  the  beam  to  be  loaded  in  an> 
manner  with  a  series  of  loads,  ^     ^     r\      ^^ 

Fig.  7.  The  influence  line  .  ^  Oo  n  O  O  O 
shows  that  all  loads  to  the 
right  of  C  cause  positive  shear 
and  all  loads  to  the  left,  nega- 
tive shear.  Consider  now  the 
effect  of  a  movement  of  the 
series  towards  the  left.  The 
positive  shear  due  to  all  the 

loads  on  the  right  will  be  increased  and  the  negative  shear  due  to 
those  on  the  left  will  be  decreased,  hence  in  all  cases  the  positive 
shear  will  be  increased  by  such  movement  until  some  load  P,  passes 
point  C,  when  the  shear  will  suddenly  be  decreased  by  an  amount 

equal  to  P,X  D  E  =  P,.  For 
concentrated  loads  therefore  the 
shear  reaches  a  maximum  value 
each  time  a  load  reaches  C. 
The  greatest  of  these  maximum 
values  is  the  one  sought;  it  will 
evidently  occur  when  there  are 
few  or  no  loads  to  the  left  of  C. 
It  will  be  of  some  assistance 
to  determine  the  relative  value  of  the  shears  when  each  of  two 
consecutive  wheels,  P,  and  P„  are  placed  just  to  the  right  of 
C  (Fig.  7).  Let  Gi  represent  the  sum  of  the  loads  to  the  left 
of  and  including  P„  and  G^  the  sum  of  the  loads  to  the  right  of 
Pj.  Let  G  =  total  load  on  the  beam  when  P^  is  at  C,  and  b  =  distance 
between  P^  and  P^.     Suppose  the  loads  advance  from  this  position 


"no  (p;)'(F^OOn  00 


> 


194      ANALYSIS  OF  BRIDGE  TRUSSES  FOR  CONCENTRATED  LOADS 

a  distance  h,  thus  bringing  P^  at  C.  The  effect  upon  the  positive  shear 
is  first  to  decrease  it  suddenly  by  an  amount  Pj,  after  which  it  is  gradu- 
ally increased.  The  increase  due  to  G^  may  be  expressed  by  G,  X 
{y2  ~  Jt)  =  G^b  tan  a,  and  the  increase  due  to  G^  (decrease  in  negative 
shear),  may  likewise  be  expressed  by  Gj  (y/ —  Ji)  =  G^b  ta.n  a. 
Hence  the  total  increase  is  G  &  tan  a  =  G  b/l;  and  the  net  change  in 
shear  due  to  the  entire  movement  =  G  b/l  —  Pj.  If  this  expression 
is  positive  then  the  second  position  gives  the  greater  shear  and,  if  nega- 
tive,^jj»e"first  position.     For  equal  shears  we  have  therefore,  --x 

The  slight  increase  in  shear  due  to  additional  loads  that  may  come 

upon  the  beam  from  the  right  has  been  neglected.     If  G'  be  the  total 

load   on   the   beam   when  P2  is   at  C, 
n         c  E 

A I  ;  ;  '  tB    then   the   increase    in    shear   will    be 

^g::^:iii"-~i^'-r!:'— 30^ J''-    somewhere    between   G  b/l  —  P^    and 

G'bll—P,.     When  the  former  expres- 

g„  40       40        40        40  '1  r 

iQ        (2)    (3)    (T)    (5)         sion  is  negative  and  the  latter  positive 
t^::?:::iTS^'-^L-'^--~y>^  then  both  positions  should  be  tried. 

Fig.  8.  If   the  wheels    are    all    equal    and 

uniformly  spaced,  then  Pj/^  will 
always  be  greater  than  Gjl,  and  the  shear  will  be  a  maximum  when 
the  first  wheel  of  the  series  is  placed  at  the  point.  If,  however,  the 
first  wheel  is  small,  or  the  first  space,  b,  large,  then  it  may  easily  happen 
that  the  second  wheel  should  be  placed  at  the  point. 

If  the  end  section  at  A  be  considered,  the  loads  immediately  pass 
off  the  beam  when  passing  the  section.  Hence  in  comparing  the 
values  of  the  shear  the  value  of  G  in  eq.  (i)  should  not  include  the 
load  Pi. 

120.  Calculation  of  Shears. — To  illustrate  the  application  of  Art. 
119,  the  maximum  positive  shears  will  be  calculated  at  points  A,  D/[/ 
and  C  of  the  beam  A  B,  (Fig.  8),  for  the  series  of  loads  shown. 

Shear  at  A. — Consider  the  relative  shears  with  Pj  and  Pj  placed  at 
A.  By  eq.  (i)  Gjl  =  160/30  =  5.3  and  PJb  =  20/8  =  2.5,  hence 
the  shear  is  greater-wherr-P;^s''at  A.  Consider  P^  and  P3.  Here 
C^ll  =  120/30  =  4.0  and  P.Jb  =  40/5  =  8,   hence  P2   placed   at  A 


^'/  ^ 
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^ves  a  maximum.     The  value  of  the  shear  =  i?i  =  40  (30  +  25  -^ 
20+15)  -^  30  =  120. 

Shear  at  D. — Consider  Pj  at  D,  then  Pj-  The  value  of  G  as  the 
loads  move  8  feet  towards  the  left  varies  from  140  to  160.  In  eq.  (i) 
Gjl  then  varies  from  4.6  to  5.3,  and  P^jh  =  20/8  =  2.5.  Hence  Pj 
should  be  placed  at  D.  The  shear  =  40  (22.5  +  17.5  +  12.5  +  7.5) 
-  30  -  80. 

Shear  at  C. — Considering  P^  and  then  P^  at  C,  the  value  of  G  varies 
from  100  to  140  and  G/l  from.  ;^.^  to  4.3.  Again,  PJb  =  2.5  and  the 
shear  is  a  maximum  with  Pj  at  C,  Shear  =  Pj—  Pi=  [20  X  23  + 
40  (15  +  10  +  5)]  ^  30  -  20  =  35.3. 

Shear  at  E. — For  P^  and  P^  at  E,  G  varies  from  20  to  100  and  G// 
from  0.67  to  2)-Z-  -^J^  =  2.5.  Both  positions  will  therefore  be  tried. 
With  Pi  at  E,  shear  =  P^  =  20  X  7.5  ^  30  =  5.0.  With  P^  at  E, 
R,  =  [20  X  15.5  +  40  (7-5  +  2.5)]  -^ 
30  =  23.7,  and  shear  =  23.7  —  20  =  3.7. 
The  greater  shear  in  this  case  therefore 
is  for  Pi  Sit  E. 

121.  Use  of  Reaction  Polygon  in 
Calculatiiig  Shears.  — In  Art.  1 1 7  it  was 
shown  how  the  reaction  polygon  may  be 
used  for  calculating  end  shears.  It 
may  also  be  employed  in  getting  shears 
at  other  sections.  In  Fig.  9,  suppose 
polygon    constructed    for    the    beam    and 


Fig.  9. 


B'  A"  is  the  reaction 
loads  of  Fig.  8.  The 
ordinate  to  this  line  at  any  point  will  be  the  left  reaction  when 
the  loads  are  placed  with  P^  at  the  given  point.  The  reaction 
polygon  therefore  gives  the  shears  throughout  the  beam  for  the 
case  when  the  loads  are  placed  with  P^  just  to  the  right  of  the 
given  section.  As  seen  in  the  above  analysis  this  will  be  the  maximum 
shear  for  sections  towards  the  right  end.  Consider  the  section  at  C. 
The  shear  at  C  for  P^  placed  at  this  point  (just  to  the  right)  is  given  by 
the  ordinate  y^.  If  the  loads  are  now  placed  with  P^  at  C,  as  in  the 
figure,  Pi  is  at  F,  8  feet  to  the  left  of  C,  and  the  left  reaction  is  given  by 
the  ordinate  y'.  The  shear  between  F  and  C  will  equal  y'  —  P^,  and 
is  given  by  the  ordinate  to  the  horizontal  line  H  K  drawn  with  F"  H  = 
Pi.     In  this  case  K  C'  is  greater  than  C"  C',  showing  that  the  shear  is 
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greater  when  P2  is  placed  at  the  point.  In  a  similar  manner  the  shear 
can  be  found  for  P3  at  the  point.  If  some  of  the  loads  pass  off  the  beam 
then  the  base  Hne  of  the  reaction  polygon  is  to  be  taken  as  indicated 
in  Art.  117.  Notice  that  the  slope  of  a  line  drawn  from  F"  to  K  is 
PJh  oi  eq.  (i),  and  the  slope  of  a  hne  F"  C"  is  G//,  thus  giving  a 
graphical  representation  of  the  relation  expressed  in  eq.  (i). 

122.  Bending  Moment  in  a  Beam.— Influence  Line.— In  Fig.   10, 
.  the  influence  Hne  for  bending  moment  at  any  point  C,  distance  a  from 

A,    \s  A'  D  B\  drawn  as  ex- 

C         J;e-b4        plained  in  Art.  iii.     The  ordi- 

^       nate    C   D  =  a  a' II,    ?nd    the 
A'^-    ordinates  at  A    and  B,   to  the 
lines   produced,    are    equal    to 
a  and  a'  respectively. 

123.  Position  of  Loads  for 
Maximum  Moment. — {a)  Uni- 
form Load. — The  maximum  mo- 
ment due  to  a  uniform  load 
evidently  occurs  when  the  load 
extends  from  A  to  B,  and  is  equal  to  the  area  A'  D  B'  multiplied  by 
the  load  per  unit  length,  or 


Fig.  10. 


a  a 


M  =  y^lX—r-X  p  = 


p  a  a' . 


(2) 


(&)  Single  Concentrated  LoaJ.— Since  the  moment  at  C,  due  to  any- 
load,  P,  is  P  y,  this  moment  is  a  maximum  when  the  load  is  at  C  and 
is  equal  to  P  a  a' II. 

(c)  Two  Equal  Loads.— For  two  equal  loads,  P,  a  fixed  distance,  b, 
apart,  the  moment  is  evidently  a  maximum  when  one  load  is  placed  at 
the  point  and  the  other  is  on  the  longer  segment  of  the  beam,  for  then 
y  +  y'  IS  Si  maximum.     This  maximum  moment  is  equal  to 

,,^p(ij^^<^^<^yp-Ji^  .  .  (3) 

The  above  results  for  the  three  special  loadings  (a),  {b),  and  (c) 
have  been  derived  in  Chapter  IV,  though  in  a  different  manner. 

(d)  Any  Number  of  Loads.— Fig.  11  represents  the  beam  loaded  in 
any  manner  with  a  series  of  concentrated  loads.     So  far  as  the  bending 
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moment  at  C  is  concerned  the  loads  between  C  and  B  produce  the  same 
effect  as  a  single  load  G^,  equal  to  the  sum  of  the  several  loads  and 
applied  at  their  centre  of  gravity;  for  the  reaction  at  A  remains  the 
same  and  the  moment  =  R,X  a.  Likewise  it  may  be  shown  that 
a  single  load  G^  will  produce  the  same  effect  as  the  several  loads^  be- 
tween A  and  C.  Hence  the  total  bending  moment  due  to  the  given 
system  may  be  written 

M  =G,y,  +G,y,^ (4) 

To  determine  where  the  given  system  of  loads  should  be  placed  to 
cause  a  maximum  moment  at 
C,  consider  what  will  be  the 
effect  upon  the  bending  mo- 
ment if  the  system  is  moved  a 
small  distance  0  x  toward  the 
left.  Assume  such  movement 
to  be  made,  no  loads  passing 
points  A,  C  or  B.  The  new 
value    of    the  moment  will  be 

M  -^  dM  =G,{yi-'  dx  tan  a,)  +  G^y.,  +  d  x  tan  a^), 
and  the  change  in  moment  due  to  this  movement  is 
d  M  =  G^d  xid^na^  -  G,d  X  tan  a^. 

The  rate  of  change  per  unit  length  is 

^  =  G,tana,-G,tana,=  (^-^)  XC'D. 
dx  \a         a / 


Fig.  II. 


(5) 


(6) 


For  a  maximum  value  of  M, 


^  or   ^  -  —  must  change  from 
ox  a'        a 

positive  to  negative,  that  is,  must  pass  through  zero,  as  the  loads  are 
moved  to  the  left.  The  values  of  G,  and  G,  can  change  only  when  a 
load  passes  A,  C  or  B.  A  load  passing  A  decreases  G,  and  a  load 
passing  B  increases  G„  but  a  load  passing  C  increases  G,  and  decreases 

C       G 
G,;  therefore  it  is  only  by  the  last  method  that  ^  -  "^  ^^n  be  changed 

from  positive  to  negative  and  the  moment  made  a  maximum.  For  a 
T^aximum  moment,  then,  a  load  should  be  placed  at  C  such  that  when 
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G       G 

considered  as  part  of  G,  the  expression  —j ^  is  positive,  and  when 

a         a 

considered  as  part  of  Gi  this  expression  is  negative.  Or,  stated  in 
another  way,  when  GJa  can  be  made  equal  to  Go/a'  by  considering 
the  load  which  is  at  C  as  located  partly  on  one  side  of  C  and  partly 
on  the  other  side.  If  a  distributed  load  is  passing  C  this  condition 
can  be  definitely  satisfied. 

G        G  G  4-  G        G 

From  the  equality  — ^  =  —  we  have,  by  composition,  — ^— ^ — ^  =  — , 

or,  if  G  =  Gj  +  G2,  we  have  the  condition 


^  (7) 


This  is  the  most  convenient  form  of  the  criterion  for  maximum  moment* 

Expressed  in  words  it  is  that  the  average  load  per  unit  length  on  the  left 

Qj  of  the  point  must  he  equal  to  the 


f 


average  load  on  the  whole  span. 

For  a  given  set  of  wheel  loads 

--J  :^      there  are   usually  two  or   more 

positions  which  will  satisfy  this 
criterion.  The  moment  for  each  position  must  be  computed  and  the 
greatest  value  taken. 

It  is  to  be  noted  that  if  the  criterion  is  satisfied  when  a  load  is  at  A 
or  B,  a  minimum  value  will  result  instead  of  a  maximum.  Considering 
that  the  influence  line  to  the  left  of  A'  and  to  the  right  of  B'  is  a  hori- 
zontal fine,  it  may  be  stated  in  general  terms  that  a  maximum  value 
requires  a  load  to  be  placed  at  a  point  where  the  angle  in  the  influence 
line  is  convex  upwards  and  a  minimum  where  it  is  concave  upwards. 
This  is  a  general  principle  appHcable  to  all  cases. 

124.  Direct  Algebraic  Method  of  Deriving  Criterion. — Let  x,  Fig.  12, 
represent  the  distance  of  the  centre  of  gravity  of  all  the  loads,  G,  from 
B,  and  x^  the  distance  of  G^  from  G.     The  moment  at  G  is  then  equal  to 

M  -=  G  -  .  a  —  GyX^. 

If  the  loads  are  advanced  a  distance  d  x  towards  the  left,  the  increase 
in  moment  will  be 
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d  M  =  Gj  d  X  -  G,  d  X, 


whence 


This  may  be  interpreted  exactly  as  eq.  (6)  above.  For  a  maximum 
we  therefore  have,  as  in  eq.  (7), 

a        I  '_ 

125.  The  Point  of  Greatest  Moment  in  a  Beam. — Imagine  a  series  of 
concentrated  loads  to  be  moving  over  a  beam.  The  bending  moment 
which  exists  under  any  given  wheel  will  vary  as  the  loads  move,  and 
will  evidently  be   a  maximum  ,         ,  , 

...  _  r~&"ii? — C-— * .ao »; 

when  that  wheel  is  m  the  vicmity  Gil       (^         IG  1 

^zz-_-_l-c^-_--zz;zi_.  I ^ 

Fig.  13. 


of  the  centre  of  the  beam. 

In  Fig.  13  let  P  be  any  load 
in  a  given  series.  Let  G  repre- 
sent the  total  load  on  the  beam,  and  G^  the  load  to  the  left  of  P.  The 
distances  c  and  b  are  independent  of  the  position  of  the  loads  on  the 
beam.     The  moment  under  load  P  is 

M  =-Gj  (l-c-x)-G,b.      ■ 

Differentiating  and  equating  to  zero,  we  find  that  for  maximum 
moment,  2  x  =  I  —  c,  or 

X  =  I  —  c  —  X, (8) 

that  is,  the  maximum  moment  under  any  given  load  occurs  when  that 
load  and  the  centre  of  gravity  of  the  series  are  equidistant  from  the  ends 
{or  centre)  of  the  beam. 

Substituting  the  value  of  x  from  eq.  (8)  in  the  expression  for  M  just 
above,  we  have  a  convenient  expression  for  the  value  of  the  maximum 
moment, 

M  =  G^  -G,b (9) 

By  means  of  eqs.  (8)  and  (9)  it  is  easy  to  find  the  maximum  moment 
under  any  wheel;  and  if  this  is  done  for  each  of  the  wheels  of  the  series, 
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the  greatest  of  the  resulting  maxima  will  be  the  greatest  possible  mo- 
ment in  the  beam.  Practically  it  is  necessary  to  find  this  maximum  for 
only  two  or  three  wheels.  To  select  the  wheels  to  test,  find,  by  the 
method  explained  in  the  preceding  article,  the  wheel  or  wheels  which 
should  be  placed  at  the  centre  to  give  a  maximum  moment  at  that  point. 
The  ones  so  found  and  those  immediately  adjacent  are  the  ones  to  test 
for  maximum  moment. 

126. — Example  of  Moment  Calculation. — Let  it  be  required  to  find 
the  maximum  centre  moment  in  the  beam  of  Fig.  8  for  the  loads  there 
shown,  also  the  point  of  greatest  moment  and  the  value  of  this  moment. 

Maximum  Moment  at  C.  — Try  P3  at  C  and  test  by  eq.  (7 . )     The  total 

load  =  G  =  180    and  -7-  =  —  =  6,0.      The    load    to    the    left    of 
I         30 

C  {=  G^),  wall  range  between  a  value  of  P^  +  P^,  when  P^  is  considered 

on  the  right  of  C,  to  a  value  Pj  +  P2  +  -f  3  when  P^  is  considered  on  the 

,   G,       60        100  ,         „, 

left:    or   G,  =  60  to  100  and  —  =  —  to  —  =  4.0  to  6.7.     The 

former  value  being  less  than  Gjl,  and  the  latter  value  greater,  the 
selected  position  satisfies  the  criterion  and  the  moment  is  a  maximum. 
The  reaction  =  [20  X  28  +  40  (20  +  15  +  10  +  S)]  -^  3°  =  85.33. 
The  moment  at  C  is  85.33  X  15  -  (20  X  13  +  40  X  5)  =  820.  If 
P^  be  tried  at  C  it  will  be  found  that  P^  will  no  longer  be  on  the  beam 
and  the  moment  will  be  less  than  that  already  found. 

The  exact  point  of  maximum  moment  will  now  be  found  in  accord- 
ance with  Art.  125.  The  centre  of  gravity  of  the  five  loads  is  found  to 
be  9.22  ft.  to  the  left  of  P^  or  .78  ft.  to  the  right  of  P3.  In  accordance 
with  Art.  125,  therefore,  the  maximum  moment  under  P3  will  occur 
when  that  wheel  is  placed  .39  ft.  to  the  left  of  the  centre,  the  centre  of 
gravity  being  then  an  equal  distance  on  the  right.     In  this  position  the 

reaction  =  R,  =  ^-^ — ^-39)   ^^^  ^^^  bending  moment  under 

30 

180  X  (14.61)2 
P,  =  R,X  (15  -  0.39)  -  (20  X  13  +  40  X  5)  = 

460  =  824.     This  is  but  slightly  greater  than  the  centre  moment. 
Further  examples  by  the  use  of  tabulations  are  given  in  i^rt.  145. 
The  moments  can  also  be  calculated  readily  by  means  of  an  equi- 
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librium  polygon  drawn  for  the  given  loads.    In  Fig.  14  is  such  a  polygon 

constructed  of  indefinite  length,  with  pole  distance  equal  to  80.     To 

find  maximum  M^  determine  the  proper  position  as  explained  above; 

P3  is  to  be  placed  at  C.     Mark 

off  the  beam  length,  A  B,  so  that 

C  comes  at  P3,  and  draw  the 

closing  line  a  b.     The  ordinate 

c  d  X  H  =  M^.     In  the  same 

way,  by  shifting  the  beam  so 

that   P4    comes  at    C  (shown 

as  C),    the   closing   line  a'  h' 

and   ordinate   c'  d'  X  H  gives 

the  moment  at  C.     The  point 

of    maximum     moment     and  ^    z 

5   /  Fig.  14. 

the    value    of    this     moment  ^ 

may  be  found  by  trial,  or  by  first  finding  the  position  analytically  aat^ 

the  moment  graphically. 


Section  III. 


1/  H 


-Trusses  with  Horizontal  Chords  and  Single 
Web  Systems 


,i 


127.  Bending  Moments  at  Joints  of  the  Loaded  Chord. — Influence 


Line  and  Criterion  for  Maximum  Moment. — Consider  joint  C  of  the 

truss  A  B,  Fig.  15.  It 
has  been  shown  (Art. 
77)  that  the  bending 
moment  at  a  joint  of 
the  loaded  chord  is 
the  same  as  in  a  solid 
beam  under  the  same 
loading.  Hence  the 
influence  Kne  for  this 
moment,  and  likewise 
the  criterion  for  position 


Fig.  15. 


of  moving  loads  for  a  maximum,  will  be    the   same  as   in  a  solid 
beam.     That  'n^,  in  general,  for  maximum  moment    at  C  the  condi- 

r*       c 

tion  is  that—  =  -r.     When  GJa  is  the  lesser,  then  the  moment  will 
a         I 


(r 


5> 
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be  increased  by  moving  towards  the  left  and  when  it  is  the  greater 
then  the  moment  is  diminished  by  such  movement.  For  a  maxi- 
mum, some  wheel  should  be  placed  at  C. 

128.  Calculation  of  Moment. — In  calculating  the  value  of  the. 
moment  it  will  not  be  necessary  to  determine  the  actual  joint  loads,  but 
the  moment  may  be  found  from  the  wheel  loads  directly,  as  in  a  solid 
beam.  This  is  shown  by  the  influence  line  and  can  also  be  shown  as 
follows : 

The  bending  moment  at  C  =  R^X  a  —  (moment  of  joint  loads  at 
A,  D  and  C,  about  C).  But  in  getting  R^,  the  moment  of  the  group  G 
about  B  is  evidently  the  same  as  the  moment  of  all  the^oint  loads  about 


Fig.  16. 

B,  and  the  moment  of  the  group  Gj  about  C  is  the  same  as  the  moment 
of  the  three  joint  loads  dX  A,  D,  and  C,  about  this  point. 

The  bending  moment  at  C  can  also  be  determined  from  the  influence 
line  by  adding  the  products  of  the  loads  times  the  corresponding  ordi- 
nates  to  the  influence  line  when  the  loads  are  placed  in  the  desired 
position.  This  method,  however,  possesses  no  advantage  for  such 
simple  cases.  The  equilibrium  polygon  may  also  be  used  as  in  Art. 
126.     Further  illustrations  are  given  in  Art.  142. 

129.  Bending  Moments  at  Joints  of  the  Unloaded  Chord. — Where 
vertical  web  members  are  used,  as  in  a  Pratt  Truss,  the  joints  of  the 
unloaded  chord  are  located  vertically  above  or  below  those  of  the  loaded 
chord,  and  the  moments  are  the  same  as  at  the  joints  of  the  loaded 
chord.  Where,  however,  all  web  members  arc  inclined,  as  in  a  Warren 
truss,  the  moments  at  joints  of  the  unloaded  chord  will  need  to  be 
separately  considered. 

Let  A  B,  Fig.  16,  be  any  truss  with  inclined  web  members,  and  (* 
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any  joint  of  the  unloaded  chord,  not  vertically  above  a  joint  of  the 
loaded  chord.  Let  c  =  horizontal  distance  from  C  to  the  next  loaded 
chord  joint  towards  A,  and  a  =  horizontal  distance  from  C  to  ^.  The 
other  notation  is  the  same  as  that  previously  used. 

130.  Influence  Line.— The  effect  upon  the  moment  at  C  due  to  a 
load  unity  moving  from  B  io  E  and  from  D  io  A  \s  the  same  as  for  the 
moment  at  a  point  C  in  a  beam  A  B;  hence  the  influence  line  for  that 
portion  is  B'  K  and  FA',  parts  of  the  influence  Hne  A  H  B',  where  C  H 
=  a  a'jl.  Between  E  and  D  the  load  is  carried  by  the  stringer  to  these 
panel  points.  The  influence  line  for  this  portion  will  then  be  the 
straight  line  K  F.     The  values  of  the  several  angles  are  as  follows: 

a'  a     ^ 

tan  a^  =  — ;  tan  a^  =  -y-;  tan  a^  = 

KE'  -FD'  _  £'5' tan  a^  -  A' D' ton  a^  ^  cl  -  ad  . 

d  ^  d  Id      •    •     ^^ 

131.  Position  of  Loads  for  Maximum  Moment.— To  derive  the 
criterion  for  maximum  moment  at  C,  let  Gj,  G^,  and  G^  represent  the 
portions  of  the  load  that  He  in  the  segments  A  D,D  E,  and  E  B,  respect- 
ively. Let  the  loads  advance  a  small  distance  d  x  to  the  left.  The 
increase  in  moment  at  C  will  be 

dM  =  G^d  xtsma^  -  G^d  x  tan  a^  -  G^d  x  tan  a^. 
For  a  maximum, 

^  =  Q  ^  G^  tan  03  -  G2  tan  a^  -  G,  tan  a^.     .      .      .      (2) 

d  X 

Substituting  from  (i)  we  have 

a  cl  -ad  I-  a  _  ,. 

^u~^'^Tdr~~^''T'~  '     •    •    •   ^3; 

If  G  =  Gi  +  G2  +  G.,,  we  have,  after  reduction, 

G2T  +  <^i 

^ ^ =^0, .      (4) 

la 


(5) 


V 
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For  a  maximum  the  left-hand  member  of  eq.  (4)  must  become  zero 
by  passing  from  positive  to  negative.     This  can  only  occur  when  some 


G3  ^  +  G, 


be  increased.    Equti- 


wheel  passes  E  or  Z>,  as  then  only  can 

lion  (5)  is  the  criterion  required. 

132.  Calculation  of  Moment.- — In  calculating  the  value  of  the  mo- 
ment at  C  the  reaction  and  the  negative  moment  of  the  group  G^  can 
be  determined  directly  from  the  wheel  loads,  as  in  the  case  of  the  solid 
beam,  but  the  effect  of  the  loads  Gj  must  be  separately  considered. 
The  partial  joint  load  at  D,  caused  by  these  loads,  must  be  deter- 
mined and  the  moment  of  this  joint  load  taken  about  C. 

The  moment  at  C  can  also  be  found  quite  expeditiously  by  calcu- 
lating the  moments  at  D  and  E  which  occur  for  the  same  position  of 
loads.  Then,  since  the  moment  from  D  to  E  varies  uniformly,  we 
have,  by  interpolation, 


M,  =  M,  +  (M,  -  M,)  ^. 


(6) 


133.  Maximum  Floor-Beam  or  Joint  Load. — Let  A  C  and  C  B,  Fig. 
57,  be  two  consecutive  panels  of  the  loaded  chord,  whose  lengths  are 
Jj  and  d^.  Any  load  resting  on  the  floor  of 
the  bridge  is  transferred  by  the  longitudinal 
stringers  to  the  cross-beams,  or  floor  beams, 
and  by  them  to  the  truss  at  the  joints  A,C,B, 
etc.  It  is  desired  to  determine  for  any  given 
loading  the  maximum  load  which  may  come 
upon  the  floor  beam,  or  the  maximum  joint 
load  on  the  truss. 
134.  Influence  Line. — A  load  of  unity  moving  along  the  floor  from 
5  to  C  causes  a  joint  load  at  B  proportional  to  the  distance  of  the  load 
from  C.  The  line  B'  D,  with  ordinate  C  D  equal  to  unity,  is  then  the 
influence  line  for  floor-beam  load  at  C  when  the  load  is  between  B  and 
C.     Likewise  D  A'  \s  the  influence  line  for  the  portion  A  C. 

An  analysis  similar  to  that  in  Art.  123  leads  readily  to  the  similar 
result,  that  for  a  maximum  floor-beam  load  the  condition  is  that 


Fig.  17. 
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This  is  the  ki^mtmon  as^d^educed  in  Art.  123  for  bending  moment 
at  point  C  in  a  simple  beam  of  length  d,  +  d,  (Fig.  18).  This  might 
have  been  concluded  from  the  similarity  of  the  influence  lines  of  Fig.  17 
and  Fig.  10.  In  Fig.  18  the  ordinate  at  C  =  ^1  djl,  while  in  Fig.  17 
it  is  unity.  However,  in  the  determination  of 
the  criterion  of  ArL  123  this  quantity  is  elimi- 
nated -  that  the  result  is  the  same.  It  may 
therefore  be  concluded  that  eq.  (7)  or  (8)  is, 
in  general,  the  criterion  for  a  maximum  value 
for  any  function  for  which  the  influence  line 
is  of  the  form  shown  in  these  cases. 

If  d^  =  d^,  as  is  generally  the  case,  then  the  criterion  becomes 
Gi  -  G„  that  is,  the  loads  on  the  two  panels  must  be  equal.  To 
satisfy  the  criterion  a  load  is  generally  required  at  C. 

135.  Calculation  of  Floor-Beam  Load.— The  load  at  C  is  equal  to 
the  sum  of  the  reactions  at  C  for  the  longitudinal  beams  C  5  and  C  ^, 
due  to  the  loads  in  the  respective  panels.  It  may  be  found  by  the 
usual  moment  equations;   or  it  may  be  found  as  follows: 

In  Fig.  18  ^  5  is  a  beam  of  length  d^  +  d^  2.n6.  A'  D  B'  is  the 

influence   line   for   bending   moment  at  C.      The  ordmate   C  D  = 

^^^^         Comparing  now  the  influence  Hnes  of  Figs.  17  and  18  it  is 

seen  that  for  any  two  ordinates  f  and  y,  similarly  located,  y  :  y  = 

'hjL^^      Whence   it    follows   that    the  floor- 


ed d^ 


or  y  =  y'  X 


d,  -Vd^'^'  ^^  '       '    '^     d,d, 

beam  load  at  C   (Fig.  17),  due  to  any  given  loadmg  is  equal  to  the 

bending  moment  at  C  (Fig.  18),  due  to  the  same  loading,  mukiplied 

by  the  factor  ^^L±_^.     The  maximum  floor-beam  load  may  therefore 

be  found  by  first  finding  the  maximum  bending  moment  in  a  beam 
of  length  d^  +  </,  at  a  distance  d,  from  one  end,  and  then  multiply- 
ing this  moment  by  ^^^.     If  d,  =  d,  ^  d,  the  factor  is  2/J.     This 
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method  of  calculation  is  often  useful.       (The  student  should   prove 
the  relation  analytically.) 

136.  Shear  in  any  Panel. — Let  A  B,  Fig.  19,  be  any  truss  or  a  beam 
having  a  system  of  secondary  members  transferring  the  load  to  certain 
load  points,  E,  C,  etc.  Let  m'  =  number  of  panels  to  the  right  of  C 
and  tn  =  number  to  the  left. 

137.  Influence  Line. — ^For  a  load  unity  placed  between  C  and  B 
the  shear  in  the  panel  £  C  is  equal  to  R^,  and  for  a  load  between  A  and 
E  the  negative  shear  =  R^,  as  in  a  beam.  The  influence  line  from 
B  to  C  and  from  A  to  E  can  then  be  constructed  as  in  Fig.  6  (Art.  118) 


n  nnn  nn    n  n  cf  n  n  n' 


Gk 


^ ^ ^■ 

Fig.  19. 

making  A' A"  equal  to  i  and  drawing  A'  F  parallel  to  B'  A".  The 
ordinate  C  D  =  m'jn,  and  E'  F  =  {m—i)ln.  For  the  portion  CE 
the  shear  will  vary  uniformly  as  the  unit  load  moves  from  C  to  E,  as 
shown  in  Art.  112.  The  influence  line  uill  therefore  be  the  straight 
<ine  D  F. 

The  slopes  of  the  segments  are  given  by 

71  —  I 


I  ti/  +  m  —  I 

tan  a,  =■■  tan  a.^  =  j]  tan  a^  = 


(9) 


nd  n  d 

138.  Position  of  Loads  for  Maximum  Shear. — For  a  maximum 
positive  shear  due  to  a  single  load  the  load  should  evidently  be  placed 
at  C,  and  for  maximum  negative  shear,  at  E. 
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A  uniform  load  will  cause  a  maximum  positive  shear  when  extend- 
ing from  B'  to  A^,  and  the  resulting  shear  will  equal  p  X  area  N  D  B'. 
The  distance  N  C  is  the  distance  .v  of  Art.  82  (h).     It  is  equal  to 

=  — — ,  as  there  given.     The  value  of  the  shear  is 

tan  a^       n  —  i 

m'  (  Yii'  d  \ 

V  ^  PX'AC  DXNB'  =  p.y^  —  [m'  d  +  ^^— ^j 

=  %  pd ,     ....      (10) 

n  —  \ 

the  same  as  given  in  eq.  (9),  Art.  82  {h). 

For  concentrated  loads,  let  G^  represent  the  portion  from  A  to  £,  G^ 
that  in  the  panel  E  C,  G^  that  on  the  right  of  C,  and  G  the  total  load. 
The  total  shear  is  represented  hyV  =  G^y^+  G^  y,^  -  Gj  y^.  Then, 
as  in  Art.  123,  moving  the  loads  to  the  left  a  distance  d  x,  subtract- 
ing the  original  value,  and  di^iding  by  ox,  we  have  d  V  jd  x  ^  G^ 
tan  as  -  G^  tan  a^  +  G^  tan  a,.  Equating  to  zero  and  reducing,  we 
^y/have  finally,  for  maximum  shear,  the  condition, 

A„g^  r^L  G,±^s  .  ^.    .    ^     .      ..    (x:) 

That  is,  for  a  ?naximum  shear  in  any  panel  the  load  in  the  panel  must 
be  equal  to  the  load  on  the  truss  divided  by  the  number  of  panels. 
Algebraically  this  may  readily  be  derived  as  follows: 
Let  X  =  distance  from  G  to  point  B,  and  x,  the  distance  from  G^  to 

point  C.     Then  the  shear  =  V  =  G-^  -  G^^  -  G,.     Differentiating 

this  as  in  Art.  124,  we  have 

ir=£  _  G2 

d  X        I         d' 

and  hence  for  maximum 

G       G,         G       „  .  ,    ^ 

-—  =  —:;,  or  —  =  Go,  as  m  eq.   (11). 
I         d  n  ' 

In  order  to  cause  a  maximum  and  not  a  minimum  the  value  of 
dV/dx  must  reach  zero  by  passing  from  positive  to  negative  as  the 
loads  are  moved  towards  the  left.  This  can  only  occur  when  a  load 
passes  C  or  ^,  but  for  the  greatest  shears  there  will  be  no  load,  as  a 
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rule,  on  the  portion  A  E;  hence  the  maximum  shear  will  occur  when 
some  wheel  near  the  head  of  the  train  is  placed  at  C,  such  as  to  satisfy 
the  above  criterion. 

If  we  assume  no  loads  on  A  E,  the  criterion  can  be  stated  at  once  by 
inspection  of  the  portion  of  the  influence  hne  N  D  B'.  As  shown  in 
.Art.  134,  whenever  the  influence  line  is  of  this  form  the  criterion  for 

maximum  is  ^  =  ^,  or  ^  =  -^^^"-       Substituting  the 

values  above  given  for  A^  C  and  N  B',  and  noting  that  G2  +  G3  =  G, 

we  have,  as  before,  the  criterion 

^  n -  1  w-i  „         G 

Czo  ■ — T^  ~  ^ 7~5»  or  U2  =  — . 

^  m'  d  nm  d  n 

This  principle  is  particularly  useful  where  the  influence  lines  are 

actually  constructed,  or  the  distance  NC  is  determined  graphically 

in  any  other  manner. 

Since  a  wheel  passing  C  causes  a  large  relative  increase  in  G^,  it 

will  be  found  that  the  maximum  shears  in  several  panels  will  occur 

H^ith  the  same  wheel  at  the  panel  point  to  the  right.     To  find  for  what 

panels  any  particular  wheel  P  placed  at  the  panel  point  to  the  right  will 

give  a  maximum  shear,  let  G^  represent  the  wheels  in  the  panel  other 

than  the  wheel  P.     Then  if  P  at  the  right-hand  panel  point  gives  a 

maximum,  the  criterion  requires   that  G  >  nG^  and  <  n  {G2  +  P^- 

Wheel  P  at  the  right-hand  panel  point  will  then  give  a  maximum  so 

long  as  the  entire  load   upon    the    bridge    lies    between    nG^  and 

H  {G,  +  P). 

139.  Calculation  of  Shears. — For  concentrated  loads  the  shear  is 
'jqual  to  the  reaction  at  A  minus  the  joint  loads  from  A  to  E  inclusive. 
The  latter  will  equal  the  sum  of  the  wheel  loads  from  A  to  E,  plus  the 
partial  joint  load  at  E  caused  by  the  loads  in  the  panel  E  C. 

Section  IV.— Methods  of  Calcxjlation 

A.   Analytical  Methods 

140.  Wheel  Load  Tabulation. —Where  stresses  are  to  be  calculated 
tor  a  specified  system  of  concentrated  loads  it  is  convenient  to  prepare, 
first,  a  tabulation  of  these  loads  giving  weights,  spacing  and  various 
noment  products.     Fig.  20  is  a  convenient  form  of  such  tabulation. 
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It  is  calculated  for  a  set  of  two  consolidation  engines  followed  by  a 
uniform  train  load  weighing  5,000  lbs.  per  foot,  and  is  known  as 
Cooper's  £-50  loading.  (See  Art.  169  for  discussion  of  various  load- 
ings.) All  loads  are  given  in  thousands  of  pounds  and  all  moments 
in  thousands  of  foot-pounds.  The  loads  given  are  one-half  the  total 
loads,  being  those  on  one  rail. 

The  various  longitudinal  columns  contain  the  following  data: 

1.  Distance  between  successive  wheels. 

2.  Number  of  wheel  from  the  left  end  (placed  on  the  load). 

3.  Summation  of  distances  from  wheel  No.  i. 

4.  Weight  of  each  wheel  load,  P. 

5.  Summation  of  loads  from  the  left  end  =  I  P. 

6.  Summation  of  moments  of  all  loads  to  the  left  of  any  given  wheel 
taken  about  that  wheel. 

7.  Same  as  6,  except  that  wheel  No.  i  is  omitted. 

8.  Summation  of  loads  from  the  left  with  wheel  No.  i  omitted  = 
J  P'. 

The  uniform  load  is  considered  as  consisdng  of  equal  concentrated 
loads  10    feet  apart.      This  assumption   represents   the   actual   train 

load  quite  as  closely  as  does  a  uni- 
^'  f'  \^'  f"  i     i     i    i     ^''  ^[     form  load  and  gives  practicaUy  the 

k'~'''CII'[ZlZ"\^'Zxl-------^'^''^'      ^^Tcie    results,    as   will  be  seen  in 

K-  o(^  ^       ,       i^^gj.  examples. 

In  calculating  the  moments  of 
such  tables,  and  in  their  application,  the  following  principle  is  much 
used:  In  Fig.  21,  let  M^  represent  the  sum  of  the  moments  of  all 
the  loads  from  P^  to  P„,  taken  about  P„  as  moment  centre,  and  M^ 
represent  a  similar  summation  about  any  point  C  distance  h  from  P„. 
Then  we  have 

M,^  =  i-j^Prv,  andilf,  =  I.^'P  {x  +  6)  =  I.'^Px  +I,''Ph. 
Hence 

M^^  M^^  +  I,''Pb (i) 

That  is,  the  moment  about  any  point  beyond  P^  is  equal  to  M„  plus  the 
product  of  the  total  weight  times  the  distance  from  P^  to  the  point.  If 
the  value  of  the  summation  about  the  next  load  is  desired  then  b  is  the 
distance  from  P„  to  P„  ,  ,. 


METHODS   OF    CALCULAHON 


211 


141.  Stresses  in  a  Pratt  Truss. — Let  it  be  required  to  find  the  live- 
bad  stresses  in  the  truss  of  Fig.  22,  due  to  the  loading  given  in  Fig.  20, 

142.  Maximum  Moments. — The  maximum  stresses  in  all  chord 

members  are  determined  from  the  maximum  moments  at  b,  c  and  d. 

The  criterion  for  maximum  moment  at  any  point  is,  that  the  average 

load  to  the  left  of  the  moment  centre  must  equal  the  average  load  on 

C        G 
the  entire  bridge;  or,  as  expressed  in  eq.  (7),  Art.  124,  —  =  — .    Taking 


Q 

a  panel  length  as  a  unit,  this  becomes  — 


— ,  where  m  =7=  number  of 


panels  to  th^  left,,  and  n  =  total  numbsrr 

(a)  Montent  at  b. — In  general,  for  maximum  "moment,  the  bridge 
should  be  nearly  covered  with  the  live  load,  and  some  wheel-m-ttst-t 
placed  at  the  moment  centre.     Try  Pj  a^t  b.     The  total  load,  G,  which 


Fig.  22. 


now  comes  upon  the  bridge  may  be  determined  as  follows:  The 
distance  from  P^  to  Pj  is  8.0  ft.,  and  hence  the  distance  from  P^  to  the 
right  end  of  the  bridge  =  8.0  +  125  =  133.0  ft.  Looking  along 
column  3  it  is  seen  that  Pjo  is  the  last  wheel  on  the  bridge  and  is  9  ft. 
to  the  left  of  point  g.  (A  convenient  way  to  get  the  location  of  the 
loads  on  the  bridge  is  to  lay  off  the  wheels  of  the  moment  table  of  Fig. 
20  to  a  true  horizontal  scale  and  mark  off  the  panel  points  of  the  truss 
to  the  same  scale  on  a  separate  strip  of  paper,  which  can  be  shifted 
along  under  the  load  diagram  to  any  desired  position.)     The  value  of 

G  is  given  in  column  5  and  is  405,000  pounds.     Then  —  =  ^~  = 

n  6 

67.5.     The  value  of  G^  ranges  from  P^  to  P^  +  P^  =  12.5  to  37.5; 

and  Gi/w  =  12.5  to  37.5.     The  value  of  GJm  being  less  in  both  cases 

than  G/n  the  moment  will  be  increased  by  moving  P^  up  to  the  joint. 

Try  P3  at  6.     Pj  is  now  13  +  125  =  138  ft.,  from  the  right  end  and  Pg, 


is  the  last  load  on  the  bridge. 


430 


=  71.7  and  GJi  =  ^y.^ 
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1062.5.     The  position  does  not  give  a  maximum.     Try  P^  at  &.     Po. 's 

9  ft.  to  the  left  of  ^,  and  —  =  ^  =  71.7.      Gi/i  =  62.5   to  87.5. 

The  former  value  being  less  than  71,7  and  the  latter  value  greater,  a 
maximum  moment  results. 

To  calculate  this  moment  get,  first,  the  left  reaction.  This  will  be 
equal  to  the  summation  of  moments  about  g,  di\dded  by  150  ft.  The 
table  gives  30,080  as  the  sum  of  the  moments  about  P,^  hence  as  shown 
in  eq.  (i),  Art.  140,  M^  =  M^,  +  I.^^P  X  9  =  30.080  +  430  X  9  = 
33,950.  Then  Ry  =  33,950/(6  X  25).  The  bending  moment  at  6  = 
R^  X  25,  minus  the  moment  of  joint  load  at  a  about  h.  The  mo- 
ment of  this  joint  load  is  the  same  as  the  moment  of  the  separate 
wheel  loads,  Pi,  Pi  and  P3,  about  &,  and  is  given  in  the  tables  under 
P4.  It  is  equal  to  600.  Then  the  moment  at  6  =  i?i  X  25  -  600  = 
33,950/6  —  600  -=  5,058  thousand  foot-pounds. 

It  is  possible  that  P5  will  also  give  a  maximum  moment.     With  P5 

at  J,  —  =  ^  -  76    and    GJi  =  87.5    to    112.5.      This    does    not 
6  6 

give  a  maximum.     A  continued  movement  of  the  loads  will  eventually 

cause  a  minimum  moment,  and  later  other  maxima  will  result,  with 

some  wheel  such  as  P13  or  P ^^  at  h. 

Instead  of  assuming  the  train  load  to  be  made  up  of  concentrations 

10  ft.  apart  it  may  be  treated  as  uniformly  distributed.  In  this  case 
the  calculations  will  be  somewhat  modified.  The  head  of  the  uniform 
train  load  is  109  ft.  from  P^.  Hence  with  P,  at  h  the  length  of  the 
uniform  load  on  the  bridge  will  equal  18  +  125  -  109  =  34  ft.,  and 
will  amount  to  34  X  2.5  =  85  thousand  pounds.  The  total  load  on  the 
bridge  is  therefore  355  +  85  =  440,  instead  of  430  previously  used. 
The  criterion  for  maximum  is  still  satisfied.  The  moment  of  the  loads 
about  g  is  equal  to  the  moment  of  the  engine  loads  about  g,  plus  the 
moment  of  the  uniform  load.  The  moment  of  the  engine  loads  = 
M,8  -h  I^^P  X  39  =  18,680  +  355  X  39  =  32,525.  and  that  of  the 
uniform  load  =  2.5  X  34V2  =  i,445-  The  total  moment  =  32,5254- 
1,445  =  33.97O'  as  compared  to  33,950  by  the  former  calculation.  The 
moment  at  6  =  33,970/6  -  600  =  5,061  instead  of  5,058,  a  difference 
entirely  negligible.  The  greatest  difference  arises  when  the  centre  of 
one  of  the  assumed  concentrations  comes  exactly  at  the  end  of  the  span. 
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In  the  above  case  it  is  one  foot  from  this  ])oint.  The  difference  in 
results  by  the  two  methods  may  therefore  be  neglected  in  general.  If 
five-foot  sections  of  the  uniform  load  be  taken,  the  maximum  difference 
is  reduced  to  one-fourth  of  that  which  results  from  the  use  of  ten-foot 
sections. 

(b)  Moment  at  c. — The  bridge  should  still  be  nearly  covered  but 
the  load  not  quite  so  far  advanced  as  for  joint  b,  as  the  heavy  drivers 
exert  more  influence  than  the  other  wheels. 

Try  Pg  at  c.     Pi  will  be  32  +  100  =  132  ft.  from  g  and  P20  will  be 

G       Ao<       ,  G,       112. s         128.75 

8  feet  from  g.     -5"  =  ^  =  67-5-     -f  =  "^    to  -^  =  54.2  to 

64.3.     No  maximum  results. 

Try  P7  at  c.     This  will  give  a  maximum  and  P21  will  be  3  ft.  to  the 

^0,080  -f-  4^0  X  ^  .  ^ 

left  of  ^.     The  moment  at  c  =  ^-^ ^ X  2  -  2,694  =  7,763. 

Pg  at  c  gives  no  maximum. 

(c)  Moment  at  J.—P12  at  (/gives  a  maximum.  P  is  then  at  ^  and 
M^  =  34,380/6  X  3  -  8,385  =  8,805. 

{d)  Moment  at  e.— The  moment  at  e  for  train  headed  towards  the 
left  is  the  same  as  moment  at  c,  train  headed  towards  the  righi.  For 
spans  as  short  as  the  one  under  consideration  this  moment  may  exceed 
that  already  found,  but  for  long  spans  it  will  be  less,  as  the  moment 
centre  will  be  located  too  far  from  the  heavy  drivers.  In  this  case 
maximum  values  of  M^  occur  for  P,^  and  P,^  placed  at  e.  The  re- 
spective moments  are  7,793  and  7,768.  The  maximum  moment  is 
therefore  7,793  and  this  is  to  be  taken  also  as  the  maximum  at  c. 

143.  Maximum  Shears.— SheaiV  in  panel  a  b.  The  criterion  for 
maximum  shear  in  this  panel  is  the  same  as  for  maximum  moment  at 
6r~Hence  P7is  to  be  placed  at  b.  Then,  as  before,  R^  =  33,950/150 
=  226.3.  The  joint  load  at  a  is  equal  to  the  moment  of  the  wheels 
about  P4  divided  by  25  =  600/25  =  24.  Hence  shear  =  226.3  -  24 
=  202.3  thousand  pounds. 

C       G 

Shear  in  panel  b  c.     Try  P^  at  c.     For  maximum  shear  y  =  "^ 

or  G/6  =  G,.       In  this  case  G,  =  62.5  to  87.5  and  G/6  =  380/6  = 
63.3.     Hence  a  maximum  results.     We  also  find  that  with  P3  at  c 
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maximum  is  caused.     For  P^  at  c,  R.  =  ^^'^3°  +  3  Q  X  4  ^  jcg.^. 

150  ^ 

Joint  load  at  b  =  600/25  =  24.  Shear  =  158.3  —  24.0  =  134.3  For 
P3  at  c,  R,  =  ^  '     0  +  355  X9  ^  ^^^^  g^     j^.^^  j^^^  ^^  ^  ^  287.SI2S 

=  1 1.5  and  shear  =  145.8  -  11.5  =  134.3,  the  same  as  for  P^. 

Shear  in  panel  c  d.  P^  at  d  gives  the  correct  position  and  the  shear 
is  found  to  be  78.6. 

Shear  in  panel  d  e.  P,  at  e  gives  maximum  positive  shear,  which 
is  found  to  be  equal  to  37.1. 

Shear  in  panel  ef.  P^  at/ is  the  correct  position  and  the  maximum 
value  is  10.5. 

144.  Floor-beam  Load. — For  maximum  tioor-beam  load  the  criterion 
is  the  same  as  for  moment  at  the  centre  of  a  50-ft.  beam.  P4  placed 
at  the  centre  of  such  a  span  gives  values  of  Gi  equal  to  62.5  to  87.5, 
and  Gi  2  equal  72.5  to  80.6.     With  P4  to  the  right  of  the  centre,  Gl 2 

—  Gi  =  72.5  —  62,5  =  +,  and  with  P4  to  the  left  of  the  centre,  G/2 

—  Gl  =  80.6  —  87.5  =  — .  Hence  this  position  is  correct.  The 
moment  at  the  beam  centre  is  1,181.8.  The  floor  beam  load  is  now 
obtained  from  this  moment  as  explained  in  Art.  135.  It  is  equal  to 
1,181.8  X  2/25  =  94.54.     This  is  also  the  stress  in  member  B  b. 

The  floor-beam  load  may  also  be  found  readily  by  the  use  of  eq.  (2), 
of  Art.  148,  for  the  calculation  of  panel  concentrations.  Counting  the 
joint  load  desired  as  No.  2  of  three  successive  joints,  the  value  of  n  in 
this  equation  will  be  2  and  we  have 

_  M3  -  2  M3  +  M, 
•^2  -  d 

With  P^  at  No.  2,  the  values  of  the  moment  summations  are, 

M3  =  3^563-75.    ^2  =  600    and    M,  =  o. 

Whence 

„.        3,563.75  —  1,200 

W,  =  -^'^  ^  ^^  '- —  =  94.54 

as  before. 

The  load  of  94,540  lbs.  here  found  is  the  load  on  one  rail,  or  on 
one  truss  of  a  single  track  bridge.  It  will  be  the  end  reaction  of  the 
floor  beam,  from  which  its  moments  and  shears  may  be  found. 
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145.  Stringer  Moment  and  Shear.— The  maximum  moment  in  a 
stringer  is  the  maximum  in  a  beam  of  25-ft.  span.  By  the  same 
methods  as  used  in  Art.  126,  the  maximum  moment  is  found  to  occur 
under  P3  when  that  wheel  is  placed  1.25  ft.  to  the  left  of  the  centre 
(the  centre  of  gravity  of  the  group  being  1.25  ft.  to  the  right).  The 
value  of  the  moment  is  381.3.  The  moment  at  the  ceitlre  with  P3, 
placed  at  the  centre,  is  375.0.  The  maximum  end  shear  occurs 
with  P2  placed  at  the  end.     The  shear  =  70.65. 

146.  Moments  in  a  Warren  Truss.— In  the  Warren  truss,  Fig.  23, 
the  moments  at  the  joints  of  the  unloaded  chord,  as  C,  are  determined 
by  the  use  of  the  criterion  of  eq.  (5),  Art.  131.     In  this  case  c/d  =  K. 

.     .      .     ,       ,       G, +  K<^2       G 

and  the  criterion  is  therefore =  -r- 

a  *• 

Suppose  the  moment  at  C  is  required.     The  distance  a  =  50  feet 


A  load  must  be  placed  at  D  or  E.  Try  P,  at  D.  Considering  A 
to  be  at  the  right  of  D,  then  d  =  112.5,  G2  =  i77-5  -  112. 5  =  65, 
and  G  =  355.  Hence  (Gi  +  }4  G2)  /a  =  2.90.  Considering  F,  on  the 
leftofAG^i=  128.75, G2=  177-5  -  128.75  =  48.75,  and  (Gi  +  KG2)/a 
=  3.06.  G/l  =  355/120  =  2.96.  Hence  this  position  gives  a  maxi- 
mum moment.  Try  Pio  at  E.  With  Pio  at  E,  the  two  values  of 
(Gi  +  }^  G2)/a  are  3.07  and  3.19,  and  G/l  =  3.16,  hence  a  maxi- 
mum. P,  and  P^  at  D,  and  P9  and  Pu  at  E  were  tried  but  did  not 
answer  the  criterion. 

In  calculating  the  moment  we  may  get  the  moment  at  C 
directly,  or  get  the  moments  at  D  and  E  and  interpolate.  The 
latter  method  is  the  more  expeditious.     When  Pe  is  at  D,  Pis  is  8  ft. 

18,680  +  8X355       21,520 
to  the  left  of  the  end,  and  Pi  =  —7 =     ^^^  •     -^^^n 


120  120 


^     ^  2r^52o  ^        _  ^         ^  5,123.34-     With  reference  to  joint  £, 

D  120 
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Pg  is  4  feet  to  the  left.    ThenM^  =  X  60- (4,370+ i77-5  X4) 

=  5,680,  and  Mc  = =5,401.67.     In  the  same  way, 

we  find  that  with  Pm  at  E,  Mc  =  5,401.67.     The  maximum  moment 
for  both  positions  is,  therefore,  the  same. 

147.  Pratt  Truss  with  an  Odd  Number  of  Panels. — Where  the  number 
of  panels  is  odd  there  is  some  difficulty  in  getting  the  exact  maximum 
moments  for  the  lower  chord  members  of  the  centre  panel.  Fig.  24 
shows  a  7-panel  Pratt  truss.  Assume  D  e  and  d  E  to  be  tension 
diagonals,  so  that  in  all  cases  the  shear  in  the  panel  is  carried  by  the 
member  which  is  stressed  in  tension.  When  the  shear  is  positive,  D  e 
will  act  and  when  negative  dE  will  act.  Suppose  the  loads  so  placed 
that  the  moment  at  (f  is  a  maximum.     Under  this  loading  the  moment 


at  e  will  be  less  than  at  d.  The  shear  in  panel  de  will  be  negative 
(shear  =  differential  of  moment) ,  and  the  diagonal  d  E  will  therefore 
be  in  action.  The  moment  centre  for  D  E  is  slI  d  and  its  maximum 
stress  is  the  same  as  in  C  D.  For  the  member  d  e,  however,  the  mo- 
ment centre  is  at  E  when  J  £  is  in  action  and  at  D  when  J9  c  is  in  action. 
Hence  for  the  assumed  position  of  loads  the  stress  in  d  e  will  equal 
M^  H-  h.  But  the  given  position  of  loads  is  not  that  which  causes  a 
maximum  value  of  M^and  if  the  loads  are  shifted  to  produce  maximum 
Mj.  thenDe  comes  into  action  and  D  becomes  the  moment  centre  of  d  e. 
Tracing  the  change  in  stress  in  rf  c  as  the  loads  are  shifted  from  a 
position  for  maximum  M^  to  maximum  M^,  it  is  to  be  noted  that  the 
stress  m  de  will  increase  slowly  as  long  as  d  E  is  acting  but  as  soon  as 
D  e  begins  to  act  it  will  decrease.  The  maximum  stress  in  d  e  there- 
fore occurs  for  such  position  of  the  loads  as  will  cause  equal  moments 
at  d  and  e,  or  zero  shear  in  panel  (/  e.  This  position  can  readily  be 
found  by  trial,  using  a  position  intermediate  between  those  for  maxi- 
mum moments  at  d  and  e. 
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It  will  be  found  that  the  maximum  value  of  the  stress  thus  deter- 
mined is  but  little  less  than  the  maximum  in  D  E.  Generally  it  is 
assumed  to  be  the  same. 

Example. — Let  the  panel  length  of  Fig.  24  be  25  ft.,  and  use  the  loading  of  Art.  140. 
P12  at  d  gives  maximum  Md  whose  value  is  11,439;  -^u  at  e  gives  maximum  Me  whose 
value  is  11,361.  The  latter  position  is  20  ft.  farther  to  the  right  than  the  former.  Try, 
therefore,  a  position  with  Pu  placed  5  ft.  to  the  left  of  e.  For  this  position  we  fnd 
Md  =  11,249  and  Me  =  11,336.  The  lo..ds  are  e\idently  too  far  towards  the  lefl. 
Placing  them  with  Pu  2  ft.  to  the  left  of  e  gives  values  of  M d  =  11,306  and  Me  =  II,.^'-  ■. 
which  values  are  practically  equal. 

In  this  case  the  result  could  have  been  reached  more  quickly  by  first  calculating 
Md  for  Pi4  at  e.  This  value  =  11,249,  which  is  but  little  less  than  the  value  Me  = 
11,336,  showing  that  the  loads  should  not  be  moved  far  from  this  position. 

It  is  to  be  noted  that  the  value  of  11,305  here  found  for  maximum  moment  for 
member  de  is  but  one  per  cent,  less  than  maximum  Md    for  member  C  D. 

For  such  problems  as  this  the  graphical  method  by  influence  lines 
is  convenient.  In  this  case  the  shear  influence  line  for  the  centre  panel 
can  be  used  and  the  loads  placed  by  trial  so 
that  the  shear  ( =  ^  P  y)  is  zero.  The  mo- 
ment can  then  be  found  for  this  position. 

If  the  centre  diagonals  are  members 
capable  of  resisting  compression  as  well  as 
tension   (or  are  tension  members  adjusted 

Tvith  considerable  initial  stress),  then  the  shear  may  be  assumed 
equally  divided  between  the  two  members.  To  find  the  stress  in 
D  E  (and  d  e  in  this  case),  pass  a  section  through  the  centre  of  the 
panel  (Fig.  25),  and  take  moments  about  k  or  K.  The  stresses  5, 
and  S2  in  the  diagonals  are  equal  and  hence  their  moments  about 
these  points  cancel.  The  stresses  in  D  E  and  d  e,  therefore,  are 
equal  to  Mj.  -^  h.  The  position  for  maximum  Mj.  is  found  as  in  Art. 
131,  and  is  given  in  eq.  (5).  The  moment  is  the  same  as  at  the 
centre  joint  of  a  7-panel  Warren  truss.  In  the  above  example  it  is 
found  to  be  11,300.  Compare  this  with  the  value  of  11,305  pre- 
viously found. 

148.  Computation  of  Panel  Concentrations. — It  is  frequently 
required  to  compute  all  the  joint  loads  or  panel  concentrations  in  a 
truss  for  some  single  position  of  the  loading;  as,  for  example,  with 
wheel  3  at  the  first  panel  point  from  the  left  end.  A  convenient  formula 
is  readily  derived  as  follows: 
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In  Fig.  26,  let  W,,  W„  .  .  .  W^,  W„^^,  etc.,  be  the  panel  concen- 
trations; Mo,  M„  .  .  .  M„,  M„+„  etc.,  the  summation  of  the  mo- 
ments of  the  loads  to  the  left  of  each  panel  point  about  that  point;  b, 
the  distance  from  panel  point  n  to  any  other  panel  point;  and  d,  the 
panel  length.  Suppose  W^  is  required.  By  equating  the  moments 
of  the  loads  about  n  with  the  moments  of  the  panel  reactions  we  have 


M„  =  I. 


Wb, 


{a) 


0 

1 

0 

3 

4 

w - 1   n   n+1 

Wo 

W, 

Wo 

W, 

Wt 

W„-l  W„  W„+l 

Mo 

M, 

Mo 

Ma 

M4 

M„,-l  Mn  Mb.+1 

Fig.  26. 

Similarly  with  centre  at  w  +  i, 

M^^,  =  IJ'Wib  +  d)=IJ'-'Wb  +  dlJ'-^W  +  W,d,  .   (b) 

and  with  centre  at  w  —  i, 

M„_,  =  Io''-'W{b-d)  ^I.'^-Wb-dl.^-'W,     .     (c) 

Substituting  from  (a)  and  (c)  in  {b)  we  readily  get 

d  

The  values  of  the  M's  can  be  taken  from  the  diagram,  or  may  be  com- 
puted with  the  aid  of  the  moment  table,  Fig.  20. 

B.  Graphical  Methods 

149.  Graphical  methods  may  be  employed  in  various  ways  to  assist 
in  the  analysis  of  stresses  for  concentrated  loads.  Graphics  may  be 
applied  to  the  determination  of  the  position  of  loads  for  maximum 
effect  or  they  may  be  used  for  the  determination  of  the  moments  and 
shears  themselves.  Two  general  methods  will  be  considered :  (i)  the 
load  line  for  finding  positions,  with  the  moment  diagram  or  equiHbrium 
polygon  for  finding  moments  and  shears;  and  (2)  the  influence  line  for 
getting  both  positions  of  loads  and  values  of  functions.  These  methods 
are  often  combined  to  advantage.  \ 
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150.  Load-Line  and  Moment  Diagram.— While  these  two  diagrams 
are  separate  and  distinct  diagrams  they  are  conveniently  drawn  on  a 
single  sheet.  Fig.  27  shows  such  a  set  of  diagrams  constructed  for 
Cooper's  £-50  loading.  They  are  drawn  as  follows:  The  wheel- 
diagram  is  first  laid  off  along  the  top  as  shown.  The  heavy  stepped 
line,  or  "load-line,"  is  then  constructed  by  measuring  off  ordinates 
from  the  zero  line,  0-0,  equal  to  the  sum  of  the  loads  on  the  left  up 
to  the  point  in  question.  Under  the 'wheels  the  load-line  consists  of  a 
series  of  steps  each  step  being  equal  to  the  weight  of  the  wheel  above. 
Under  the  uniform  load  the  line  may  be  drawn  as  a  straight  line, 
having  a  slope  of  2,500  lbs.  per  foot. 

The  moment  lines,  numbered  i,  2,  3,  4,  .  .  .  18,  at  the  right  edge, 
are  constructed  by  beginning  at  the  horizontal  reference  Hne  at  some 
point  near  the  right  end  of  the  sheet  and  laying  off  successively  on  a 
vertical  line  the  moment  of  each  wheel  about  that  point,  beginning 
with  wheel  i.  Then  the  Hne  i  is  drawn  from  the  reference  line  under 
wheel  I  to  the  first  point  thus  found;  the  line  2  through  the  intersection 
of  line  I  with  the  vertical  under  wheel  2,  and  the  second  point  so  found; 
then  3  through  the  intersection  of  2  with  the  vertical  under  wheel  3, 
and  the  third  point;  etc.  A  scale  of  one  one-hundredth  of  the  scale 
for  loads  will  be  found  convenient.  The  ordinate  at  any  point,  from 
the  reference  line  to  any  one  of  these  moment  lines,  is  thus  equal  to 
the  sum  of  the  moments  about  the  point,  of  the  loads  up  to  and  includ- 
ing the  load  corresponding  to  the  moment  Hne  taken.  Also,  the  ordi- 
nate at  any  point  between  any  two  Hues,  as  between  2  and  8,  is  equal  to 
the  sum  of  the  moments  of  wheels  3  to  8,  inclusive,  about  that  point. 
The  broken  line  A  B,  formed  of  segments  of  moment  lines,  is  evidently 
an  equiHbrium  polygon  for  the  given  loads.  The  portion  B  C  above 
B  is  a  parabolic  curve  but  may  be  constructed  as  a  polygon  by  using 
concentrated  loads  as  in  the  moment  table  of  Art.  140. 

151.  Moments  at  Joints  of  the  Loaded  Chord.— Before  using  the 
diagram,  the  panel  points  of  the  truss,  or  the  points  along  the  beam 
where  the  moments  are  desired,  are  first  marked  off  on  a  sHp  of  paper 
to  the  same  scale  as  the  diagram.  Suppose  1-2-3-4  .  .  .  ,  Fig.  28, 
represent  a  portion  of  a  load  line,  and  A  B  a.  truss,  laid  off  on  a  separate 
slip  of  paper.  Let  it  be  required  to  find  the  position  of  loads  for  a 
maximum  moment  at  C.     The  average  load  on  the  left,  =  GJAC, 


METHODS    OF    CALCULATION 


221 


must  equal  the  average  load  on  the  bridge,  =  GjA  B.  Try  wheel  5 
at  C  by  placing  C  under  this  wheel.  The  ordinate  F  B' =  G,  and 
GjA  B  is  the  slope  of  the  line  A'  F.  The  ordinate  IC'orKC  =  G„ 
and  GJA  C  is  equal  to  the  slope  of  ^'  /  or  ^'iT.  The  slope  of  A'F  is 
seen  to  be  greater  than  that  oiA'  K  and  less  than  that  of  ^'  /;  therefore 
this  position  gives  a  maximum  moment  at  C.  Hence,  in  general,  if  the 
line  whose  slope  is  equal  to  Gjl  cuts  the  load  or  step  which  is  above  the 
point,  the  position  is  one  giving  a  maximum.  This  line  is  conveniently 
indicated  by  means  of  a  thread. 

If  there  are  no  loads  off  the  bridge  to  the  left,  the  line  A'  F  starts 
from  the  zero  line  at  the  end  of  the  bridge  at  A'\  but  if  there  are  loads 


to  the  left,  it  starts  in  thettoad-line  vertically  over  the  end  of  the  bridge. 


The  right  end  is  the  poi^t  in  the  load-Hne  vertically  over  the  right  end 
of  the  bridge.  In  the  atbove  case,  if  ^'  F  should  pass  above  A'  I,  the 
loads  must  be  moved  to  the  left;  and  if  it  should  pass  below  A'  K,  then 
the  loads  must  be  moved  to  the  right. 

The  moment  itself  is  easily  found  on  the  moment  diagram  by  read- 
ing off  the  ordinate  B'  B",  multiplying  this  by  AC  /A  B,  and  subtracting 
the  moment  of  the  loads  to  the  left  about  C,  which  is  given  by  the 
ordinate  C'  C". 

The  moment  at  C  is  also  equal  to  the  ordinate  C"  D  from  the 
dosing  line  A'  B"  to  the  equilibrium  polygon  formed  by  the  segments 
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of  the  moment  lines.  The  extremities  of  this  closing  line  lie  in 
verticals  through  the  ends  of  the  bridge. 

In  finding  the  greatest  possible  moment  in  a  girder,  the  centre  of  grav- 
ity of  any  number  of  loads  is  readily  found  by  producing  the  two  segments 
of  the  equiUbrium  polygon  including  these  loads,  to  their  intersection. 

152.  Moments  at  Joints  of  the  Unloaded  Chord.— Fig.  29  shows  a 
load-line  and  the  outline  of  a  truss  A  B.  Try  wheel  3  at  D  for  a  maxi- 
mum moment  at  C.  The  slope  of  the  line  A'  F  is  equal  to  the  left-hand 
member  of  eq.  (5),  Art.  131.  G,  varies  between  the  values  D'  M  and 
D'  M',  or  a  K  and  C  K',  according  as  wheel  3  is  considered  m  or  out 


1/    \p^^M/    \  /    \   /     \i 

'^  D  E 

Fig.  29. 


of  the  panel  D  E.  The  value  of  Gj  varies  correspondingly  between  the 
sum  of  the  loads  5,  4  and  3,  and  the  sum  of  5  and  4  only.  The  corre- 
sponding values  of  G^  c/dsivc  found  by  drawing  M  O  and  M'O.  They 
are  K  N  and  K'  N'.  The  slopes  of  the  lines  ^ '  A^  and  ^'  N',  if  drawn, 
would  therefore  be  the  two  values  of  the  second  member  of  eq.  (5). 
Hence  when  A'  F  cuts  TV  N',  this  position  of  the  loads  gives  a  maximum 
moment  at  C.  None  of  the  Unes  need  be  drawn,  the  points  A^  and  A^' 
being  lightly  marked  and  a  thread,  A'  F,  stretched  from  A'  to  the  inter- 
section of  the  vertical  at  B  with  the  load-line.  With  a  load  at  E,  two 
points  similar  to  TV  and  N'  arc  obtained  by  Hncs  drawn  from  the  inter- 
section of  the  vertical  through  D  with  the  load-line,  to  the  upper  and 
lower  limits  of  the  load  at  E. 
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The  posilion  of  the  loads  ha\ing  been  found,  the  ben(hnt^  moment 
at  C  is  most  readily  found  by  proportion  from  the  moments  at  D  and  E. 
Thus  if  i\/„  and  M^  arc  the  bending  moments  at  D  and  E,  respectively, 
found  as  above  described,  then  the  moment 


if ,  =  M,  +  (M,  -  ilfj 


d' 


Graphically,  the  moment  at  C  is  equal  to  the  ordinate  intercepted 
between  the  closing  hne  A'  B"  and  the  closing  line  D"  E" . 

153.  Use  of  the  Equilibrium  Polygon.— If  it  is  desired  to  determine 
moments  by  measuring  ordinates  to  an  equilibrium  polygon,  a  better 
form  for  such  a  polygon  is  shown  in  Fig.  30,  the  pole  distance  being 
selected  so  as  to  give  ordinates  of  considerable  length.  To  accommo- 
date the  work  to  spans  of  various  lengths  two  or  three  polygons  may 
be  drawn  of  suitable  portions  of  the  train  load,  and  w4th  poles  dis- 
tances selected  accordingly.  Fig.  30  shows  two  such  polygons,  the 
shorter  being  for  the  two  engines  alone,  and  suited  to  spans  up  to 
about  100  ft.,  and  the  longer  being  drawn  for  200  feet  of  train,  and 
serving  for  spans  from  100  to  200  feet  in  length. 

154.  Shears  and  Web  Stresses.— (a)  Shear  in  Beams  or  Girders.— 
It  has  been  shown  in  Art.  119  and  illustrated  in  Art.  120,  that  wheel  i 
will  cause  a  maximum  shear  at  all  points  to  the  right  of  the  point  where 

—  =  — !-,  and  that  wheel  2  will  cause\a  maximum  shear  to  the  left  of 
/         h 

G       P 

the  point  where  -j  =  -r'>  where  G 

and  G'  are  the  total  loads  on  the 
girder  with  wheels  i  and  2,  re- 
spectively, at  the  point;  b  =  dis- 
tance between  wheels  i  and  2; 
Pi  =  weight  of  wheel  i;  and 
/  =  length  of  girder. 

Let  A  1-2  ...  S,  Fig.  31,  be 
a  load-line.  Draw  the  line  A  T,  having  a  slope  of  Pi/b.  Lay  off 
the  length  of  the  girder  A  B  on  the  line  0-0,  and  at  B  draw  the 
vertical  B  T.     This  vertical  ordinate  is  that    load    which,    di\ided 
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\,yl=  pjh,  and  therefore  is  the  load  G  or  G'  above  mentioned. 
In  order  that  this  may  be  the  total  load  on  the  girder,  wheel 
5  must  be  at  the  right  end.  Laying  off  the  girder  then  from  B' 
to  the  left,  the  portion  B'  C  to  the  right  of  wheel  2  is  the  portion 
of  the  girder  in  which  the  maximum  shear  is  given  by  wheel  i,  and  the 
portion  of  the  girder  to  the  left  of  C"  has  its  maximum  shears  for  wheel 
2.  Between  C  and  C"  both  positions  should  be  tested.  The  line 
A  T  may  be  permanently  drawn  on  the  diagram;  no  other  lines  need 

be  drawn. 

(&)  Shear  in  a  Truss— In  Fig.  32,  1-2  ..  .  14,  is  a  load-line  and 
ABa.  truss,  outlined  on  a  separate  strip  of  paper.     Consider  the  maxi- 


'*'^-*lBffiIIIQJJf|SJ 


Fig.  32. 

mum  positive  shear  in  panel  D  C.  Construct  the  influence  line  for 
shear  as  in  Art.  137,  using  the  lower  chord  as  a  base  line.  The  criterion 
for  maximum  shear  is  that  -^  =  ^-  Try  P,  at  C,  as  shown 
in  the  figure.  The  slope  of  N' L  is  Gl N  B  and  the  slopes  of  iV'  H 
and  N'  K  are  the  two  values  of  GJNC.  Hence  if  N'  L  cuts  K  H, 
the  position  gives  a  maximum. 

The  influence  lines  for  all  the  panels  can  be  drawn  on  the  same 
outline  as  shown. 
I. — i-? 
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The  values  of  the  shears  are  readily  obtained  from  the  diagram. 
Reaction  =  ordinate  B'  B"  ^  I,  and  joint  load  at  Z)  =  ordinate 
C  C"  -r-  d.     Then  V  =  Ry  -  (joint  load  at  D). 

155.  General  Use  of  the  Influence  Line. — Let  Fig.  t,t,  represent  any 
influence  line  consisting  of  several  segments.     Let  a^,  a^,  etc.,  be  the 

inclinations  of  the  several  segments 

measured     from    the      horizontal. 

Let  Gj,  G2,  etc.,  represent  the  total 

load  resting  upon   the   portions  of 

the  structure  corresponding  to  the 

several  segments.      From  the  analysis  of  Art.  123,  it  is  evident  that 

the  general  form  of   the  criterion  for   a   maximum   is,    taking   dut 

account  of  sign,  / 

2  G  tan  a  =  o', (3) 

In  cases  such  as  those  ah-eady  considered,  a  simple  criterion  can  be 
deduced  from  this  general  expression.  In  the  more  complex  cases,  as 
in  some  of  the  subsequent  examples,  this  is  not  practicable,  and  the 
position  giving  a  maximum  must  be  determined  by  trial.  In  doing 
this,  various  positions  may  be  tried,  the  actual  value  of  the  function 
worked  out  for  each  position  and  the  results  compared.  It  is  easier 
in  some  cases,  however,  to  calculate  the  value  of  the  first  member  of 
eq.  (3).  If  this  is  positive,  then  the  loads  should  be  moved  toward  the 
right,  and  if  negative  then  toward  the  left.  Graphically,  this  quantity 
may  be  obtained  as  follows:     On  a  horizontal  Hne  A  B,  Fig.  34,  lay 

„     e 

2 


Fig.  34. 


off  to  any  convenient  scale  the  weights  of  the  given  series  of  concen- 
trated loads,  P„  P2,  etc.  This  may  be  done  once  for  all.  Then  by 
means  of  a  space  diagram  of  wheels,  applied  to  Fig.  ^;^,  the  particular 
loads  located  under  each  segment  of  the  influence  line  can  be  noted, 
thus  determining  G„  Gj,  etc.,  of  Fig.  34.  Then  draw  A  C  parallel  to 
segment  i  of  Fig.  t^t^,  C  D'  parallel  to  segment  2,  etc.  The  closing 
ordinate  B  B'  will  then  equal  I  G  tan  a. 
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In  cases  such  as  here  considered,  the  influence  line  furnishes  the 
most  convenient  method  of  determining  the  values  of  the  desired 
functions  themselves.  For  this  purpose  it  should  be  accurately  drawn 
to  a  large  scale.  The  value  of  the  function  for  any  given  position  of 
loads  is  then  simply  the  sum  of  the  products  of  the  several  loads  times 
the  corresponding  ordinates  to  the  influence  line. 


WITH   Inclined  Chords   and   Single  Web 
Systems. 


Section  v.— Trusses 


156.  Chord  Stresses.— The  methods  already  described  in  Arts. 
127-129,  for  determining  maximum  moments,  apply  also  to  any  truss 
with  single  web  system.  The  maximum  chord  stresses  are  determined 
from  maximum  moments. 

157.  Web  Stresses  in  the  Curved-Chord  Pratt  Truss.— In  trusses 
with  inclined  chords  the  web  stress  is  not  dependent  upon  the  shear 
alone,  but  is  a  function  of  chord  stress  as  well.  The  method  of  Art. 
136  is,  therefore,  not  applicable  to  this  case. 

158.  Influence  Lines.— Consider  the  diagonal  ED,  Fig.  35.     By 


either  of  the  metHods  explained  in  Art.  93,  calculate  the  stress  inED 
for  a  load  unity  at  D  and  again  at  C,  and  lay  off  the  ordinates  D'  K 
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and  C  L  equal  to  these  stresses.     The  line  A'  LKB'  is  the  influence 

line  for  ED. 

The  point  N,  where  the  influence  line  crosses  the  axis  is  conve- 
niently determined  by  drawing  A  E  and  5  i^  to  an  intersection  M.  The 
point  N  is  vertically  below  M.  It  is  the  point  where  a  load  causes 
zero  stress  in  E  D.  The  correctness  of  the  construction  may  be  shown 
as  follows:  For  a  load  placed  at  A^  and  supports  at  A  and  B,  the 
lines  A  M,  M  B,  and  B  A  will  represent  to  some  scale  the  diagram  of 
moments,  or  the  equilibrium  polygon.  The  ordinates  will  therefore 
also  represent  to  some  scale  the  bending  moments  at  the  joints  of  a 
truss.     Hence  we  may  write  M^  =  EC  and  M^  =  D F.     The  stress  in 

Mom.  £C         J   ,     ,  .    p  7.     Mom.  DF 

C  D  therefore,  =  :^^t^,  and  the hor.  comp.  mE p  =  ,,    r>  c 

o  zy,  inereiuic,      Lgj^g^-j-^  £  (;'  ^  Length  D  F 

These  two  quantities  are  equal,  hence  the  stress  mED  for  this  loading 
is  zero.  In  some  methods  of  analysis  the  point  A^  is  all  that  is  needed 
of  the  influence  line. 

The  numerical  calculation  oi  E  D  hy  shears  from  the  influence  line  is  very  simple. 

Foi   1  lb.  at  D,  V.  comp.  E F  =  Ri  X  —   X^  =  Ri  X  3X  SAo.     V.  comp.  ED  = 

40  CI 

shear  -  V.    comp.    £  i?  =  2?i  [i  -  (3  X  5)/4o],    etc.       For   unit   load  at  C,  V.  comp. 

EF=  RiX—  X  -T.  and  shear  =  R,.    V.  comp.  ED  =  shear  +  V.  comp.  E F. 
40         a  1 

\ 

A  graphical  construction  is  sometimes  convenient.  For  this  purpose 
draw  the  reaction  lines  A"  B'  and  A'  B".  The  ordinate  D'  D"  =  R, 
br  unit  load  at  D.  Then  to  get  the  stress  mED  use  the  method  ex- 
plained in  Art.  50,  Chapter  II.  Replace  the  truss  between  A  and 
£ C  by  the  triangle  A  EC  and  draw  the  force  polygon  for  joint  A.  It 
will  be  completed  by  drawing  the  line  aTE  from  D".  Then  draw  the 
diagram  for  joint  E,  the  stress  in  E  C  being  zero.  The  lines  E  F  and 
ED  give  the  desired  stress,  'eD,  to  be  laid  off  as  D'  K.  For  a  unit  load 
at  C  the  reaction  is  C  C".  As  before,  ~AE  gives  the  stress  in  A  E. 
When  we  come  to  joint  E  the  stress  in  the  member  £  C  is  unity,  equal 
to  the  load  at  C,  and  given  by  the  length  C"  C".  The  diagram  for  this 
joint  is  therefore  completed  by  drawing  from  C"  the  Hncs  E  D  and 
EF,  thus  again  determining  the  stress  in  ED.  It  is  compressive  and 
is  laid  off  as  C  L. 
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159.  Position  of  Loads  Joy  Maximum  Web  Stress.— The  maximum 
stress  mED  occurs  when  some  of  the  wheels  at  the  head  of  the  train 
are  in  the  panel  C  D,  and,  in  exceptional  cases  only,  when  some  of  the 
loads  are  to  the  left  of  C.  In  the  cases  treated  we  will  assume  that  there 
are  no  loads  on  the  portion  A  C. 

Let  G2  represent  the  total  load  in  the  panel  C  D;  G^,  the  load  in 
DB;  and  G  the  total  load  on  the  bridge.  Let  the  loads  advance  from 
any  given  position  a  distance  d  x  towards  the  left.  The  stress  mED 
will  be  increased  by  an  amount  0  M  =0^0  x  tan  a^-  G^d  x  tan  a^. 
For  a  maximum         j 

o,    or   G3  tan  0:3  =  G^  tan  a^.     .      .     .     (a) 


d  M 

ox 


(I) 


From  this  we  may  write,  as  in  Art.  123,  the  criterion  for  maximum, 

G3     _  _G^        _G_  _  _G^ 
WW  ~  N  D'  ^"^  N  B'       N  D' 

This  is  the  most  convenient  form  of  the  criterion  when  the  point  N  is 
known.  It  is  also  the  most  convenient  form  to  use  with  the  load  line, 
as  shown  in  Art.  154  {h). 

For  analytical  methods  the  value  of  N  D'  may  be  desired.  The 
point  N  is  determined  analytically  by  equating  to  zero  the  stress  in 
ED  (or  moment  at  /),  for  a  load  unity  at  N.     We  have  from  this, 

^  .  -  ^  (.  +  a)  .  o,  whence  ^  =  ^,    SubstUut- 

ing  this  in  eq.   (i),  we  derive  the  form  of  criterion 

/  G  ^         ^\ (2) 


I   ~  d 


This  is  quite  similar  to  the  criterion  for  shear  of  Art.  138,  the  terra 
{ajs)  taking  care  of  the  effect  of  inclined  chords. 

For  maximum  stress  in  the  vertical  E  C,  the  same  general  position 
of  loads  is  required,  but  they  will  need  to  be  shifted  shghtly.  The 
moment  centre  is  now  at  /'.  The  same  general  criterion  as  given  in 
eq.  (i)  will  apply  but  the  point  N  will  be  shifted  to  N\  Its  position 
in  this  case  is  determined  graphically  as  follows:  Produce  H  E  to 
intersect  D  F  2it  F'  and  draw  A  E  and  B  F'  to  intersect  at  M\     The 
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desired  position  of  the  point  N'  is  now  vertically  below  M\  In  this 
construction  we  may  consider  the  member  E  F  replaced  by  E  F',  which 
gives  a  truss  in  which  E  C  and  E  D  are  both  zero  when  the  stress  in 
HE  ^  stress  in  E F' ,  hence  the  correctness  of  the  construction. 

For  the  vertical  E  C,  the  criterion  of  eq.  (2)  is  changed  by  replacing 
5  by  s'  of  Fig.  35. 

In  numerical  work  the  various  values  of  ^  are  conveniently  expressed 
in  panel  lengths.  For  stresses  in  members  to  the  right  of  the  centre 
(counters  and  minimum  stresses),  the  intersection,  /,  lies  to  the  right 
of  B,  and  5  is  negative  and  measured  from  A. 

160.  Calculation  of  Stresses.— {a)  Analytical  Method.— For  uniform 
loads  the  maximum  stress  =  area  N  K  B'  X  p.  If  u  =  K  D'y  = 
stress  in  ED  for  i  lb.  at  D,  then 

I  —  a  —  d 


Maximum  ED  =  }4u  X  N B'  =  }4u 


I  — 


fe) 


For  concentrated  loads  the  calculation  of  stresses  will  be  illustrated 


by  the  determination  of  the  maximum  stresses  in  members  EC,  E  D 
and  H  K,  Fig.  36.     The  loading  of  Fig.  20  will  be  used. 

Member  E  C. — For  this  member  the  value  of  s,  of  eq.  (2),  expressed 
in  panel  lengths,  is  equal  to  (30/7  —  i)  d  =  3.285  d.     a  =  2  d.     Hence 


a 

I  +  - 
5 


I  + 


3  285 
therefore,  G/8  =  1.61  G^. 

Try  P,  at  A     ^  =  ^ 


=  1. 61.     The  criterion  for  maximum  stress  is, 


60.     G2  =  12.5  to  37.5  and  1. 61  G2 


20.1  to  60.3.  The  position  gives  a  maximum.  The  value  of  R^  is 
found  to  be  170.2  and  the  joint  load  at  C  =  2-33-  '^^^  stress  in  EC 
is  then  found  from  the  equation 
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EC  =  170.2  X 


3  285 


—  7,. 2,7,  =  102.5  compression. 


5-285 

Member  ED.— The   value  of  ^  =  (37/3  -  2)  d  =  10.33  d.     i  + 
ah  =  1. 19.     Placing  P3  at  D  we  have  G/8  =  60  and  1.19  G^-=  44.6 


Fig.  37. 


to  74.4.     The  position  gives  a  maximum.     Then  R^=  180.2  and  joint 
load  at  C  =  9.58. 

i8o.2  X  IO-33C?  -9-58  X  12-33  </ 
1333^ 


F.  comp.  E  D  = 


130.8. 


Stress  =  130.8  X 


V3o'  +  37' 


37 


=  1 68. 1  tension. 


Member  H  K.—Tht  members  H  I  and  J  K  intersect  at  a  distance 
10.33  ^  from  B  or  18.33  ^  from  A.  Hence  .?  =  -  18.33  d.  a  ==  5^, 
hence  i  +  a/5  =  i  -  .273  =  0.727. 

Placing  Pg  at  K  we  have  G/8  =  26.9  and  .727  Gg  =  9.1  to  27.3. 
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hence  this  is  the  correct  position.     Then  R,  =  34-04  and  joint  load 

at  J  =  3.33- 

rrj,       34.04  X  18.33  ^- 3-33  X  13-33^  ^     ,0. 
V.  comp.  Hi^=  j2        ^  47-0. 


Stress  =  47-0  X  -^ ^  ==  58-75  tension. 

'  40 

(/>)  Graphical  Method.— Fig.  37  shows  a  load-Hne  and  moment 
I)olygon,  and  the  truss  A  B  outlined  on  a  separate  strip  of  paper. 
Consider  the  member  E  D.  Find  the  point  A^  as  before  described. 
Try  P3  at  D,  as  shown,  and  draw  the  hne  A^'  L.  If  this  cuts  load  3 
the  position  gives  a  maximum,  as  in  Art.  154.  The  reaction  R^  = 
B'  B"  -r-  I,  and  joint  load  at  C  =  Z)'  D"  ^  d.  The  work  can  be  com- 
pleted graphically  by  the  force  polygon  shown  in  Fig.  {a).  R^  k 
the  reaction  and  W^  is  the  joint  load  at  C. 

For  the  vertical  E  C  the  point  A^'  is  a  little  towards  the  right  from 
N,  but  the  same  position  is  likely  to  give  a  maximum  stress  as  for  E  D. 
After  getting  the  value  of  R^  and  joint  load  at  C,  the  force  polygon  is 
drawn  as  shown  in  Fig.  (a).  J^i  and  W^  are  laid  off  as  before,  and  the 
stress  A  E  found.  Its  H.  comp.  will  be  the  same^sjhe  H.  comp.  of 
the  member  T  £  in  the  actual  truss.  Drawing  T  £_determines  its 
stress  and  the  stress  eTC  =  Ri-W^-V.  comp.  T  £  as  shown. 
161.  Maximum  Tension  in  a  Vertical  where  Counters  are  Used.— 
This  problem,  solved  by  trial  in  Art.  96,  Chapter  IV,  can  more  readily 
be  solved  by  the  use  of  influence  lines.  Consider  the  vertical  EC, 
Fig.  38.  Its  maximum  tension  will  occur  when  the  load  moves  on 
from  the  left  and  advances  to  such  a  position  that  the  stress  in  both 
the  diagonals,  C  F  and  £  D,  will  be  zero.  The  stress  in  the  vertical 
will  then  equal  the  difference  of  the  V.  comps.  in  H  E  and  E  F. 

Construct  the  influence  line  for  stress  inCF  or  E  D.  In  the  figure 
the  full  graphical  analysis  for  E  D  \s  given.  The  dead-load  stress  in 
E  D  will  equal  (area  N  K  B'  -  area  A'  N  L)  X  dead  load  per  foot, 
and  will  be  tension.  Suppose  the  live  load  to  consist  of  a  moving 
uniform  load  of  p  per  unit  length.  Placing  a  live  load  on  the  portion 
A'  N  will  cause  maximum  compression  in  ED,  and  equal  to  area 
A'  L  N  X  p.  The  net  compression  in  E  D  will  equal  the  live-load 
compression  minus  the  dead-load  tension.     To  reduce  this  to  zero  the 
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live  load  must  advance  to  a  point  T  so  that  the  area  N  T  T'  X  f 
will  equal  this  net  compression.  Expressed  algebraically,  ii  w  = 
dead  load  per  foot  we  must  have  p  {N  T  T)  =  p  {A'  L  N)  -  w  is 
{N KB'  —  A'  L  N).  This  position  then  gives  a  maximum  tension  in 
EC. 

To  determine  the  stress  in  £ C  construct  its  influence  line  A ^3^02 
by  calculating  the  stress  for  unit  load  at  C,  noting  that  E  D  is  not  in 
action.  (The  H.  comp.  of  both  H  E  and  H  F  =  R^  X  2  djh.)  The 
construction  is  also  shown  in  the  figure.     Finally  the  desired  live-load 


.-^-fc-rfs^^— V"ic'  /  I  id' 


Fig.  38. 


tension  in  £  C  is  the  area  {A,C^  T,  T^C.)  X  p.  The  dead-load  stress 
is  the  joint  load  at  E. 

If  concentrated  loads  are  to  be  used,  then  instead  of  areas  the 
summation  of  products,  I  P  y,  must  be  used,  and  the  position  for  zero 
stress  in  C  F  determined  by  trial.  This  position  having  been  found, 
the  stress  in  C  £  is  obtained  from  its  influence  line.  The  tensile  stress 
in  the  vertical  being  of  minor  consequence  it  is  sufficiently  accurate  to 
use  an  equivalent  uniform  load  in  this  calculation  in  place  of  specified 
wheel  loads. 

162.  General  Treatment  of  Web  Stresses  in  Trusses  with  Inclined 
Chords.— Let  A  B,  Fig.  39,  represent  any  single  intersection  truss. 
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Assume  the  lower  joints  to  be  the  load  points.  Consider  the  member 
C  F.  The  influence  line  will  be  of  the  same  general  form  as  in  the 
case  already  considered.  The  point  N  is  found  by  producing  EF 
(the  upper  chord  member  cut  by  the  section)  io  K  L  and  drawing  the 
lines  KCs^ndLDto  intersect  at  M.  The  correctness  of  this  construc- 
tion will  now  be  shown.  The  figure  K  L  M  is  an  equiHbrium  polygon 
for  load  P,  with  supports  at  A  and  B,  and  K  L  is  the  closing  line. 
Likewise  C  M  P  is  an  equiHbrium  polygon  for  load  P,  with  supports 
at  C  and  D,  and  C  D  is  the  closing  line.  Hence  the  moment  at  F, 
due  toP,=  h  X  pole  distance,  and  moment  at  C  =  h'  X  pole  distance. 
The  horizontal  components  of  the  stresses  in  C  D  and  E  F  are  equal 


U-" 


l"-c~~-. 


to  the  respective  moments  divided  by  the  arms  h  and  h';  they  are 
therefore  equal  to  each  other  under  the  assumed  conditions  and  the 
stress  in  CF  is  zerc. 

The  ordinates  to  the  influence  Hne  at  D'  and  C  may  be  found,  as 
\n  Art.  158,  by  placing  unit  loads  at  D  and  C  and  getting  the  stresses 
graphically.  The  triangle  F  iT  C  may  be  substituted  for  the  truss  up  to 
the  member  C  E. 

If  a  series  of  influence  lines  is  to  be  drawn  for  various  members, 
it  is  convenient  to  construct  them  by  locating  the  point  N  and  then 
determining  the  value  of  an  ordinate  y,  for  each  diagram,  by  construct- 
ing a  stress  diagram  of  the  entire  truss  for  load  unity  at  some  one  joint. 
The  ordinate  y  being  known,  and  the  point  N,  the  entire  influence 
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The  stress  diagram  gives  the  value  of  y  for  all 


B^ 


between  lhtwitluenc(!  line  and  the  truss  is 
ic^i^fce  lines  B^^  and  A'  J  intersect  ii'flk^  vej^ical  through  /. 
i^BUKaile  the  ordinates  to  B'  I'  represent  the  moment  of  the 


hne  can  be  drawn, 
members. 

An  interesting  relai 
the  fac 
This 
^kaction/?!  about  /,  due  to  an  advancing  load,  and  the  ordinates  to  A'  I' 
^^epresent  Ac  m#nent  of  reaction  minus  the  moment  of  the  load  about 

■^thjf  point;    when  the  loacJ  reaches  /,  if  this  could  occur,  these  two 

^^Muantities  would  be  equal. 

^^^    Using  the  point  N,  the  criterion  for  maximum  web  stress  is  the 

HHRme  as  in  Art.  138,  and  the 

I  I  atresses  may  be  found  in 
the  same  way  as  there  de- 
scribed. 

^  A  truss  of  the  form 
shown  in  Fig.  40,  in  which 
one  chord  is  convex  to- 
wards the  other,  presents 
conditions  unlike  those  of 
the  usual  form.  Consider 
the   web   member   E  D,    so 

located  that  the  two  chords  cut,  intersect  at  a  point  /  to  the  left  of 
the  reaction.  For  a  load  advancing  from  the  right  up  to  F  the  stress 
m  ED  =  R^  s/t  and  is  tensile.  It  will  increase  uniformly  until  the 
point  F  is  reached.  The  influence  Hne  for  this  position  is  B'  K. 
The  ordinate  to  the  hne  at  A'  would  be  s/L  For  a  load  advancing 
from  A'  to  E,  the  stress  will  also  be  tensile  and  equal  to  R^ 
(l  -  s)ll,  a  quantity  which  becomes  equal  to  (/  -  s)lt  at  point  B\ 
The  entire  influence  Hne  will  therefore  be  A'HKB',  drawn  as  indi- 
cated. The  structure  should  be  fully  loaded  for  maximum  stress. 
If  the  chord  segments  intersect  outside  of  the  abutments  then  the 
case  is  the  usual  one  already  treated.  '    ' 

^  -  /  / 

Section  VI.— Trusses  with   Subdivided   Panels— Trusses  with 
■ Multiple  Web  Systems 

163.  The  Pettit  Truss.— In  the  Baltimore  and  Pettit   trusses    the 
subdivision  of  the  panel  affects  several  of  the  members,  causing  a 


Fig.  40. 


L^ 


"I 
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considerable  variation  in  form  of  influence  lines  from  those  for  similar 
members  in  the  Pratt  truss.  The  Pettit  truss  with  subties  presents 
somewhat  greater  diflficulties  than  any  other  form  of  these  two  types  of 


trusses,  so  that  a  complete  analysis  of  this  form  will  enable  the  student 
readily  to  analyze  any  of  the  others.  The  various  members  of  the 
panel  C  D,  Fig.  41,  will  be  ta^^en  up  in  order. 
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The  maximum  stress  in  H  K  is  equal  to  a  maximum  joint  load  and 
the  corresponding  stress  in  H  F  is  readily  found  from  H  K.  The 
piece  H  F  must  also  be  considered  as  a  counter;  this  is  done  later. 
The  stress  in  C  Z)  is  obtained  from  the  maximum  moment  at  E.  These 
members  require  no  further  consideration. 

Member  EF. — The  centre  of  moments  is  at  D,  but  note  that  the 
J2vnf  K  ;<^  f^n  tViP  ri.pht.  (;)|  the  section.  The  influence  line  for  this 
moment  will  be  the"  same  as  for  moment  at  D,  in  a  beam  A  B,  except 
for  the  portion  C  D.     The  ordinate  D'  D"  =  aa' jl. 

As  the  load  moves  from  D  io  K  \i  is  still  on  the  right  of  the  section 
and  hence  its  effect  will  follow  the  law  of  the  line  B'  D"  up  to  K".  The 
straight  line,  K"  C",  completes  the  influence  line. 

To  determine  the  criterion  for  a  maximum,  let  G^,  G^  and  G3  repre- 
sent the  groups  of  wheels  on  AC,C  K  and  K  B.     For  a  maximum, 

Gj  tan  «!  +  G2  tan  a^  =  G3  tan  a^,    .      .      .      .      (i) 

The  values  of  the  tangents  are 

a!                     a                     2d  tan  a^-\-  d  tan  a^       I  +  a'     . 
tan  «!  =  -T-;  tan  0:3  =  y;  tan  a^  =  ^ =  — j —  (2; 

Substituting  in  eq.  (i),  and  reducing,  the  criterion  becomes 

Gi+l^^G 


To  satisfy  this  condition  a  load  must  be  placed  at  K. 

In  calculating  the  moment  note  that  the  influence  line  A'  D"  B' 
is  the  influence  line  for  the  moment  at  D  in  a  beam  A  B,  and  the  line 
C"  K"  D",  referred  to  C"  D"  as  base,  is  the  influence  line  for  double  the 
moment  at  i^  in  a  beam  C  D  (the  ordinate  K"  K'"  =  d).  Hence  the 
total  moment  is  readily  obtained  by  calculating,  for  the  given  position 
of  loads,  the  moment  at  D  for  a  beam  A  B  and  twice  the  moment  at 
K  for  a  beam  C  D  and  adding  the  results.  This  applies  to  both  uni- 
form and  concentrated  load  systems.  This  graphic  analysis  brings 
out  clearly  that  the  efi^ect  of  the  trussing  EH  F,  in  adding  to  the 
stress  in  E  F,  is  the  same  as  that  of  a  trussed  beam  EH  F. 

Member  E  i7.— This  memberjsjhe  only  web  member  in  the  panel 
CK  and  hence"  its  sttesTTsHetcrmined  according  to  Art.  158.  For  a 
load  bulwtcu  D  and  "ZT the  stress  in  £  if  is  the  same  as  in  £  Z>  of  the 
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panel  CD  (H K  and  H  F  =  o);  and  likewise  for  a  load  between  A 
and  C.  The  lines  B'  D"  and  A' C"  are  then  drawn  as  in  Art.  158. 
From  D  io  K  the  stress  follows  the  law  of  the  line  B'  D",  hence  the 
influence  line  is  completed  as  shown  in  the  figure.  If  G^  =  load  on 
CK  the  criterion  is   ^  =  -^,  as  in  Art.  138.     For  minimum 

stress,  if  tensile,  the  portion  ^  i^  is  loaded,  the  criterion  being  given 
by  the  influence  line  A' C"  N.  If  this  position  gives  a  stress  which, 
combined  with  the  dead-load  stress,  is  compressive  then  the  counter 
C  H  is  required. 

In  calculating  the  maximum  stress  the  reaction  and  joint  load  at  C 
are  found  and  then  the  stress  in  £  if  by  any  of  the  methods  applicable 
to  trusses  with  inclined  chords. 

Member  £C.— For  maximum  compression  in  EC  the  loads  are 
in  about  the  same  position  as  for  maximum  tension  in  E  H.  There 
will  be  no  live-load  stress  in  T  E  and  hence  E  C  can  be  treated  exactly 

as  E  H.  \ 

Memh£jL-:^-£>.—The  stress  in  this  member  will  not  be  changed  if 
the  separate  small  truss  £  i?  F  [Fig.  (a)],  be  substituted  for  the  con- 
struction as  given.  This  being  done  it  is  seen  that  the  load  at  K  is 
distributed  to  E  and  F  in  the  same  manner  as  if  it  were  applied  to  a 
beam  or  stringer  reaching  from  E  to  F.  The  effect  on  E  D  is  the  same 
as  if  applied  at  the  lower  chord  on  a  beam  or  stringer  from  C  to  D. 
The  stress  in  ED,  or  H  D  of  the  actual  truss,  will  therefore  be  calcu- 
lated as  if  the  secondary  members,  H  K  Sind  H  F,  did  not  exist.  The 
influence  line  is  shown  in  Fig.  41,  and  the  calculations  are  the  same  as 
explained  in  Art.  158. 

The  Counter  Members  C  H  and  H  F.  —There  remain  to  be  con- 
sidered the  members  C  il  and  if  E  as  counters;  load  headed  towards 
the  right.  All  diagonals  in  the  panel  C  D  are  designed  and  built  as 
tension  members  and  cannot  carry  compression  except  as  may  be  pos- 
sible by  means  of  initial  tension  produced  in  adjustment.  It  will  be 
assumed,  therefore,  as  in  the  usual  case  of  tension  diagonals,  that  in 
every  panel  the  web  stress  is  carried  by  that  member  which  will  be 
stressed  in  tension. 

Consider  first  the  member  H  F.  When  this  receives  its  maximum 
counter  stress,  H  D  will  be  relieved  and  the  member  E  H  will  support 
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Ishe  point  H.  The  influence  line  for  H  F  is  then  similar  to  that  for 
E  H,  C  C"  being  the  stress  in  i?  F  for  load  at  C  and  D'  D"  for  load 
at  D.  The  complete  line  is  A'  K"D"B'.  The  stresses  are  readily 
found  as  explained  in  Chap.  IV.     The  criterion  for  maximum  stress  is 

C  G 

given  by  the  influence  line  A'  K"  N,  and  is        ^     =  . 

Member  C  H. — When  this  is  a  maximum,  H  F  will  also  be  stressed 
and  H  D  will  be  relieved.  On  account  of  the  small  angle  between 
C  H  and  H  F  the  stresses  in  these  two  members  {H  K  not  acting) ,  will 
not  be  quite  the  same  but  their  ratio  will  be  constant.  (The  angle 
EH  C  being  90°  the  stress  mCH  =  stress  mHF  X  cos  /?,  Fig.  41(6). 
Hence  for  loads  outside  of  the  panel  C  D  the  influence  line  for  H  F 
may  be  used  also  for  C  H.  For  loads  onC  D  the  effect  of  the  hanger 
K  H  is  the  same  as  if  held  by  the  separate  small  truss,  and  hence,  as 
shown  for  H  D,  we  may  neglect  the  sub-panelling  and  consider  the 
main  panel  C  D,  giving  the  influence  line  A'  C"  D"  B',  from  which  the 
criterion  may  be  written.  The  stress  for  any  given  position  is  readily 
calculated. 

Maximum  Tension  in  E  C. — In  this  form  of  truss  there  will  be  little 
or  no  dead-load  tension  in  E  C,  owing  to  the  effect  of  the  sub-tie  T  £, 
and  the  dead  load  applied  at  E.  The  live-load  tension  is  found  as  in 
Art.  160,  by  using  the  influence  line  for  E  H  and  placing  the  live  load 
so  as  to  cause  the  resultant  stress  in  this  member  to  be  zero,  then 
calculate  the  stress  in  EC.  With  zero  stress  in  E  H  {C  H  acting), 
thef  influence  line  for  tension  in  £  C  is  as  shown  in  Fig.  41  (c).  In  the 
case  at  hand  a  live  load  placed  from  ^  to  X  so  as  to  cause  zero  stress 
[nE  H  will  load  joint  L  so  that  the  resulting  tension  in  £  C  will  be  little 
or  nothing. 

164.  Double  Intersection  Trusses. — The  Whipple  Truss. — The 
influence  line  for  either  chord  or  web  stress  in  a  truss  with  a  double 
system  of  bracing  is  made  up  of  straight  lines  of  many  different  inclina- 
tions. Since  the  criteria  for  maximum  values  contain  as  many  terms 
as  there  are  different  inclinations  in  the  influence  lines,  in  this  case  they 
are  very  difficult  of  application. 

For  example,  take  the  Whipple  truss  of  Fig.  42,  and  consider  the 
chord  member  F  H.  The  centre  of  moments  for  this  member  for 
loads  on  the  full  system  is  at  C.    For  loads  at  the  joints  of  this  system 
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the  ordinates  for  moment  at  C  are  ordinates  to  the  influence  line  ^'  /  B' . 
While  for  loads  on  the  dotted  system,  the  centre  of  moments  for  F  H 
is  at  D,  and  the  ordinates  for  moment  at  D  are  ordinates  to  A'  KB'. 
Hence  the  influence  line  for  stress  in  F  i?  is  the  broken  line  A'  a  b  c  I- 
Kde.  .  .  .  B'.     The   points   a   and   i   are    taken   half-way   between 


Fig.  42. 


A'  KB'  and  A'  IB',  assuming  the  loads  at  M  and  A^  to  be  equall> 
divided  between  the  two  systems. 

The  influence  line  for  shear  in  panel  C  £  of  the  fuU  system  is  the 
full  broken  Hne  of  the  lower  figure,  the  ordinates  to  this  hne  being  zero 
for  the  loads  at  joints  of  the  dotted  system.  Loads  at  M  and  N  are 
equally  divided. 

The  influence  line  for  shear  exhibits  in  a  striking  manner  the  effect 
of  concentrated  loads  upon  the  web  members  when  the  distance  be- 
tween the  loads  is  an  even  number  of  panel  lengths;  as,  for  example,, 
two  engine  concentrations  when  the  panel  lengths  are  twenty-five  feet. 
the  length  of  a  locomotive  being  about  fifty  feet.     Panels  of  such  length 
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are  therefore,  to  be  avoided  in  a  double  system,  and  a  length  chosen 
which  will  bring  the  concentrations  upon  different  systems. 

The  cumulative  effect  upon  chord  members  is  seen  to  be  xevy 
small. 

In  calculating  stresses  in  a  double-intersection  truss  influence  lines 
may  be  used  directly  or  an  equivalent  uniform  load  employed.  The 
latter  method  will  be  satisfactory  for  chords,  but  where  the  concentra- 


Fig.  43- 


hons  are  heavy  and  widely  spaced,  as  would  be  the  case  to  a  large 
degree  with  heavy  coal  or  ore  cars,  the  uniform  load  method  would 
not   give  reliable  results  for  web   stress;    the  influence  lines  should 

be  used. 

165.  The  Subdivided  Double   Triangular  Truss.— Fig.   43   shows 
such  a  truss  and  the  influence  lines  for  two  chord  and  two  web  member."^. 
The  student  should  be  able  to  follow  the  construction.     In  such  a  cas& 
the  influence  lines  are  very  useful  even  for  uniform  loads. 
i.~i6 
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Section  VII. — Skew-Bridges 

1 66.  Influence  Lines. — ^Fig.  44  illustrates  a  skew-bridge  similar  to 
that  shown  in  Art.  109.  As  there  assumed  it  may  be  considered  that 
the  loads  are  apphed  along  the  centre  lines  a  h. 


Fig.  44. 


Moment  at  E. — For  a  load  placed  at  any  point  between  c  and /the 
joint  loads  on  the  truss  A  B  will  be  the  same  as  an  ordinary  truss  of 
span  A  B,  and  hence  the  moment  at  E  will  be  the  same.  The  influence 
line  from  c  to  f  will  therefore  be  the  usual  influence  line  for  bending 
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moment,  A'  E"  B' ,  in  which  E'  E'' =  i  X  j-g .     For   a   load 

between  c  and  a  the  moment  will  vary  from  a  value  C  C"  for  a  load 
at  c  to  zero  for  load  at  a;  and  for  a  load  between  /  and  b  the  moment 
varies  as  the  straight  line  F"  V  thus  giving  the  complete  influence  line 
a'  C"  E"  F"  b'. 

From  this  influence  line  the  criterion  for  maximum  moment  may 
be  written  out.  It  is  seen,  Ijiowever,  that  the  true  influence  line  differs 
but  sHghtly  from  A'  E"  B\  and  as  regards  the  position  of  the  loads,  it 
may  be  assumed  the  same.  Hence  for  a  maximum  moment  at  F  the 
average  unit  load  on  length  A  E  must  be  equal  to  that  on  length  A  B. 

Moment  at  G.— The  stress  \nC  D\s  found  from  bending  moment  at 
G.  The  ordinates  at  C ,  D',  and  F'  are  found  from  the  influence  lin*- 
for  moment  at  G  in  a  beam  A  B,  as  in  the  Warren  truss,  Art.  130. 

A'  a  X  G  B' 


G'  G"  =  iX 


A'B' 


The  influence  Hne  is  completed  by  drawing  the  straight  lines  a'  C", 
C"  D",  and  F"  b'.  The  criterion  for  moment  at  D'  in  a  beam  a'  B' 
may  be  used  as  an  approximate  rule  for  determining  positioQ  of  loads. 

The  stress  in  ^4  C  is  also  found  from  moments  at  G,  but  note  that 
the  joint  load  at  C  is  on  the  right  of  the  section.  The  influence  Hne  for 
this  moment  will  be  obtained  in  the  figure  by  continuing  the  line  F"  G" 
to  C"  and  drawing  the  line  a'  C".  Place  the  loads  as  for  moment  at 
C  in  a  beam  a'  B' . 

Shear  in  Panel  D  E.— Construct  first  the  line  for  shear  as  in  an 
ordinary  truss  A  B.  It  is  A'  D"E"B'.  This  is  then  modified  by 
drawing  the  lines  a'  C"  and  F"  b',  as  for  moment.  The  position  of 
loads  may  be  taken  as  for  a  truss  A  B. 

Shear  in  Panel  CZ).— The  ordinates  at  C,  D'  and  F'  are  deter- 
mined as  for  shear  in  truss  A  B.  The  lines  a'  C"  and  F"  b'  complete 
the  line. 

167.  Calculation  of  Stresses. —For  uniform  loads  the  stresses  are 
given  by  the  areas  of  the  respective  influence  lines.  For  concentrated 
loads  the  approximate  criteria  as  above  noted  may  be  used  for  position 
of  loads.  The  stresses  should  then  be  correctly  calculated  for  the  actual 
truss.     All  loads  between  c  and  /  may  be  treated  in  the  same  way  as 
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in  a  square  truss  A  B,  bixv  loads  on  a  c  and/  &  are  best  treated  by  cal- 
culating the  actual  floor-beam  reactions  at  c  and/ due  to  these  loads  and 
then  applying  one-half  of  each  floor-beam  load  to  joints  C  and  F.  The 
stresses  are  then  determined  by  the  usual  methods. 

Section  viii.— Conventional  Load  Systems 

i68.  The  Train  Load.— The  train  load  generally  assumed  as  the 
basis  of  stress  calculations  consists  of  two  locomotives  coupled  in  a 
direct  position  and  followed  by  a  uniform  load  representing  the  train 
load.  For  double-track  structures  the  loading  is  generally  double.  A 
great  variety  of  engine  loadings  has  been  used  by  the  various  railroad 
companies,  each  road,  as  a  rule,  selecting  a  loading  based  on  the  weights 
of  the  heaviest  locomotive  in  service  or  to  be  anticipated  in  the  near 
future.  Such  great  variety  in  specifications  for  loads  has  made  the 
calculation  of  stresses  by  exact  methods  a  somewhat  troublesome  ques- 
tion, and  has  led  to  numerous  proposed  conventional  systems  of  loads 
which  will  give  approximately  the  same  results  and  whereby  the  cal- 
culations may  be  much  simpHfied. 

These  conventional  loads  are  of  two  kinds:  (a)  systems  of  stand- 
ard locomotive  loads  agreeing  approximately  with  actual  loads  but  in 
which  the  wheel  weight  and  spacing  are  modified  to  secure  greater 
simplicity;  (b)  systems  in  which  wheel  loads  are  not  used  at  all,  but 
some  simpler  "  equivalent "  loads.  Of  the  first  class  the  loads  proposed 
by  Mr.  Theodore  Cooper  are  the  only  ones  that  have  come  into  ex- 
tensive use.  Of  the  latter  a  large  number  have  been  proposed,  and 
several  have  been  used  to  a  considerable  extent.  Mr.  J.  A.  L.  Waddell 
has  proposed  a  system  of  standard  wheel  loads,  and  at  the  same  time 
has  derived  sets  of  equivalent  uniform  loads  corresponding  thereto.* 

169.  Cooper's  Conventional  Wheel  Loads.— The  loads  proposed 
by  Mr.  Theodore  Cooper  in  1894  and  now  used  by  a  large  number  of 
railroads  consist  of  a  series  of  standard  loadings,  any  one  of  which  may 
be  obtained  from  any  other  by  the  use  of  a  constant  multipHer.  The 
wheel  spacing  is  the  same  in  aU.  One  of  these  loadings  is  tabulated  in 
Art.  140. . 

*The  Compromise  Standard  System  of  Live  Loads  for  Railway:Bridges  and  Equiv 
alents  for  same.     By  J.  A.  L.  Waddell. 
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It  consists  of  two  consolidation  engines  with  50,000-lb.  axle  weights, 
followed  by  a  train  weighirt^  5,000  lbs.  per  foot.  This  loading  is  called 
"Class  £-50."  Other  loa(}ings  are  known  as  £-40,  £-45>  -E-60,  etc. 
In  E-40  loading,  for  exampl^  the  axle  weights  are  40,000  lbs.,  and  the 

MAXIMUM  MOMENTS,  SHEAR^  AND  FLOOR-BEAM  CONCENTRATIONS 

FOR  COOPER'S  E-50  Loading  (i,ooo-pound  units). 

For  one  rail. 


Span, 
Ft. 


10 
II 
12 

13 
14 
15 
16 

17 

18 

19 
20 
21 
22 

23 
24 

25 
26 
27 
28 
29 
30 
31 
32 

33 
34 
35 
36 
37 
38 
39 
40 
42 
44 


Max.  Mom. 
near  Centre. 


70-3 

82.1 

100.  o 

118. 7 

1375 
156.2 

I75-0 
193-7 
212  .5 

233-3 
257.8 
282.5 
307.1 
33^-^ 
356.5 
381-3 
406.0 
430.8 

456.9 
484.9 
513.2 
541-1 
569-3 
597-2 
625-5 
653-8 
685.7 
717.9 
750.0 
783 -4 
819.4 
891.9 
964.4 


Max.    End 
Shear. 


37-5 
40.9 

43-7 
46.1 
48.2 
50.0 
53-1 
55-9 
58.4 
60.5 
62.5 
64-3 
65-9 
67.4 

69-3 
71 .0 
72.6 

74.1 

75-5 

76. Q 
78.8 
80.5 
82.2 

83-7 
85.1 
86.5 

88.2 
89.9 
91.4 
92.9 

94-3 
97.6 

100.7 


Max.  Floor- 
beam  Load. 


50.0 
54-6 

58.3 
61.6 
65  .2 
68.3 
71. 1 
73-5 
75-8 
78.6 
81.9 
85.0 
87.7 
90.2 

925 

94-6 

97.1 

100. 1 

102  .9 

105-4 
107.8 
no. 6 

"3-7 
116. 7 

119-4 
122  .0 


Span, 
Ft. 


46 
48 

50 
52 
54 
56 
58 
60 
62 

64 
66 

68 
70 
72 
74 
76 
78 
80 
82 
84 


90 
92 
94 
96 
98 
100 

105 
no 

"5 
120 

125 


Max.  Mom. 
near  Centre. 


1036.9 

IIIO.O 

II88.8 
1268.7 
I35I-2 

1440.0 

1528.6 
1624.5 
1720.5 

I8I9  .4 
1924.2 
2029  .5 

2134-3 

2240.0 

2348.8 

2463-7 
2580.5 

2700.5 
2820.5 
2945.8 

3074 -3 
3205-1 
3338-0 
3470.0 
3607 .0 
3743-0 


4025. 
4422. 
4859  ■ 
5306. 
5768, 
6245. 


Max.  End 
Shear. 


103-5 
106.0 
108.9 
III  .6 

114. 0 
116. 2 
1 19. 2 
122.0 
125  .1 
128.3 
131. 2 

134-7 

138. 1 
141. 7 

145-4 
148.8 
152  .1 
155-2 
158.6 
161 .9 
165  .1 
168.4 
171-5 
174.7 
177.9 

181 .0 
184.4 
187-5 
195-I 
202.5 
209  .9 

217. 1 
224.3 


train  load  is  4,000  lbs.  per  foot.  The  great  advantage  of  such  a  system 
of  loads  is  that  stresses  may  be  calculated  for  any  loading  and  reduced 
to  any  other  by  multiplying  throughout  by  a  constant  factor.  A  single 
moment  table  or  diagram  thus  suffices  for  aU  classes.     Where  thi? 
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system  has  been  adopted  the  class  most  used  at  the  present  time  (1910) 
is  £-50,  with  a  general  tendency  towards  still  heavier  loads.* 

170.  Moments,  Shears  and  Floor-beam  Concentrations  for  Cooper's 
E-So  Loading.— In  the  preceding  table  are  given  for  the  £-50  loadmg 
the  maximum  bending  moments  and  the  maximum  shears  at  end,  for 
beams  from  10  to  125  feet  in  length,  and  the  maximum  floor-beam 
concentration  for  panel  lengths  from  10  to  35  feet.  The  shears  at  the 
quarter  point  and  at  the  centre  may  be  found  very  closely  by  taking 
5/8ths  and  2/7ths,  respectively,  of  the  end  shear. 

171.  Conventional  Systems  of  Equivalent  Loads.— The  refinements 
of  calculation  by  the  wheel-load  method  are  entirely  unwarranted  by 
the  conditions  under  which  a  bridge  is  actually  loaded.  Instead  of 
the  load  being  stationary,  as  assumed,  it  is  mo^ing  at  a  high  rate  of 
speed,  and  the  stresses  arising  from  the  impact  and  vibration  due  to 
unbalanced  locomotive  drivers,  inequahties  of  track,  etc.,  are  a  large 
and  variable  percentage  of  the  statically  determined  stresses.  These 
considerations,  together  with  the  somewhat  lengthy  process  of  stress 
calculation  by  the  wheel-load  method,  have  led  to  a  considerable  use  of 
various  kinds  of  simpHfied  equivalent  loads.  For  ordinary  bridges, 
however,  there  is  really  not  much  gained.  The  selection  of  such  equiva- 
lent loads  is  somewhat  troublesome.  The  actual  loads  on  the  bridge 
are  the  engine  wheel  loads,  and  to  substitute  for  them  some  other  form 
of  loading  requires  a  careful  study  of  the  relative  results  given  by  the 
two  systems,  as  the  fitness  of  any  equivalent  load  method  must  be  based 
finally  upon  its  agreement  with  the  wheel-load  method.  Since  the 
introducdon  of  Cooper's  conventional  engine  loadings,  whereby  the 
work  of  calculation  is  greatly  simphfied,  there  is  httle  demand  for  any 
simpler  form  of  load  for  ordinary  bridges.  For  complex  structures, 
such  as  arches,  cantilever  bridges,  etc.,  especially  if  of  long  span,  some 
form  of  equivalent  load  is  often  desirable.  For  double-intersection 
trusses  also,  the  wheel-load  method  is  difficult  to  use,  as  shown  in 
Art.  164. 

Of  the  class  of  conventional  loads  here  considered  there  are  three 
that  have  been  used  to  a  considerable  extent  and  deserve  mention. 

First.  The  use  of  two  concentrated  excess  loads,  placed  fifty  feet 
apart,  which  may  occupy  any  position  in  the  uniform  train  load,  and 
which  may  be  conceived  as  rolling  across  the  span  on  top  of  the  train 

*  £-72  adopted  by  Am.  Ry.  Eng.  Assn.,  1935. 
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load.  They  would  be  near  the  head  of  the  train  for  sheais,  and  one  of 
them  at  the  joint  in  question  for  moments.  This  is  a  fair  substitute 
for  wheel  concentrations  on  double-intersection  trusses,  as  it  brings 
out  the  effect  of  the  driver  concentrations  upon  the  separate  web 
systems. 

Second.  The  use  of  one  such  concentrated  excess  load  in  place  ol 
two,  it  always  being  placed  at  the  joint  in  question,  while  the  train  load 
covers  the  whole  span  for  maximum  moments,  and  reaches  to  a  par- 
ticular point  in  the  panel  in  question  for  maximum  shears.  This 
method  has  been  used  to  a  considerable  extent.  For  moments  it  gives 
the  same  results  as  the  use  of  a  uniform  load;  for  shears  or  web 
stresses  the  results  are  nearly  cor- 
rect for  the  panels  near  the  end, 
but  are  considerably  too  high  for 
those  near  the  centre.* 

Third.  The  use  of  an  equivalent 
uniform  load.  This  is  the  simplest 
possible  form  of  equivalent  load, 
and  this  fact  has  led  to  many  at- 
tempts to  secure  its  general  adop- 
tion. For  short  girder  spans  its  accuracy  is  hardly  sufficient,  nor  is 
its  use  of  much  advantage  since  a  table  such  as  that  given  in  the  pre- 
ceding article  is  all  that  is  necessary  with  the  wheel-load  method.  For 
spans  over  100  feet  in  length  it  will  give  results  accurate  to  within 
two  or  three  per  cent,  for  most  members  if  the  load  is  properly 
selected,  and  for  such  spans  it  furnishes  a  desirable  substitute  for 
the  wheel-load  method.  For  very  long  spans  and  for  complex  struct- 
ures it  is  much  preferable  to  the  wheel-load  method.  Methods  of 
determining  the  proper  equivalent  load  will  now  be  considered. 

172.  The  Single  Equivalent  Uniform  Load.— The  moment  diagram 
for  a  uniform  load  acting  upon  a  simple  beam  is  a  parabola;  also  the 
curve  of  maximum  moments  in  a  beam  due  to  a  single  moving  load  is  a 
parabola  (Art.  66).  For  a  series  of  concentrated  loads  the  moment 
curve  varies  only  a  little  from  a  parabola,  the  actual  curve  from  the 
usual  engine  loading  being  a  little  flattened  at  the  centre  and  having  a 

*  For  a  full  discussion  of  this  system  see  Trans.  Am.  Soc.  C.  E.,  Vol.  XV,  p.  474, 
Vol.  XXI,  p.  575. 


Fig.  45- 
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little  sharper  curvature  towards  the  ends  of  the  beam  as  compared  to  a 
parabola.  If  a  parabola  be  drawn  having  the  same  average  ordinates 
as  the  true  moment  curve,  the  two  curves  will  cross  at  about  the  quarter- 
point.  In  Fig.  45  the  dotted  line  represents  the  curve  of  maximum 
moments,  and  the  full  line  the  parabola.  From  these  considerations  it 
is  seen  that  the  uniform  load  which  will  give  the  same  average  moments 
as  the  wheel  loads  is  such  a  load  as  will  give  the  same  moment  near  the 
quarter-points.  To  determine  such  load  we  may  then  calculate  the 
actual  maximum  moment  at  the  quarter-point,  place  it  equal  to 
the  moment  caused  by  a  uniform  load  of  p  per  foot,  and  solve  for  p. 

For  a  uniform  load  p  per  foot  the  moment  at  the  quarter-point  in  a 
beam  of  length  /  is  equal  to  3/32  p  l\  If  M^  is  the  actual  maximum 
moment,  then  we  have 


3 
whence 


-^  p  P  =  ilf,, 
32  ^  * 


3  ^ 
This  gives  a  single  uniform  load  which  will  give  nearly  the  same 
moments  in  a  beam  or  truss  as  the  given  wheel-load  system.  For 
points  near  the  end  the  resulting  moments  will  be  somewhat  too  small, 
while  near  the  centre  they  will  be  too  large.  x\t  the  quarter-point  they 
will  necessarily  be  correct  since  they  have  been  made  equal  at  this  point. 

For  shears  or  web  stresses  the  use  of  the  same  load  as  for  moments 
gives  too  small  results,  as  the  effect  of  the  heavy  concentrations  is 
relatively  greater  for  a  partially  loaded  bridge.  Fair  results  may  be 
obtained  by  the  use  of  the  same  loading  if  the  conventional  method  of 
shear  calculation  is  used  as  explained  in  Art.  82  (a).  Still  better  results 
may  be  obtained  by  using  the  equivalent  load  for  moments,  as  found 
by  eq.  (i),  for  a  length  of  span  equal  to  the  loaded  length  of  bridge. 

173.  An  Exact  Equivalent  Uniform  Load  System.— (a)  Equivalent 
Load  for  Moment.— In  Art.  172  a  single  equivalent  uniform  load  was 
determined  by  equating  moments  at  the  quarter-point.  Taking  the 
actual  concentrated  load  stresses  as  a  basis,  such  a  load  necessarily 
gives  exact  results  at  the  quarter-point  but  only  approximate  results  at 
other  points.  Exact  results  can  evidently  be  obtained  for  any  moment 
centre  if  the  equivalent  load  used  for  such  centre  be  obtained  in  the 
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manner  above  described  for  the  quarter-point.  Thus  a  uniform  load 
determined  for  the  i/8th  point  will  give  correct  values  for  moment  at 
that  point,  and  another  load  determined  for  the  centre  will  give  correct 
results  for  the  centre.  Each  moment  centre  will  have  a  different 
equivalent  load. 

(b)  Equivalent  Load  for  Shears.— Consider  the  shear  in  panel  CD 
of  an  8-panel  truss.     The  influence  line  is  shown  in  Fig.  46.     The 


Fig.  46. 

portion  N  B'  will  be  loaded  for  maximum  shear  and  the  criterion  for 
shear  is  the  same  as  that  for  moment  at  D'  in  a  beam  N  B'.  It  also 
follows  that  the  value  of  the  shear  itself  is  proportional  to  such  moment. 
Hence  the  equivalent  uniform  load  for  shear  in  CD  will  be  the  same 
as  the  equivalent  uniform  load  for  moment  at  D'  in  a  beam  N  B' .  In 
an  8-panel  truss  the  ratio  N  D' to  N B' is  il?>  for  all  panels,  hence  the 
correct  equivalent  load  for  shear  in  panel  C  D  will  be  the  equivalent 
load  for  moment  at  the  i/8th  point  in  a  beam  of  length  NB'.  ^  The 
shear  itself  will  equal  this  equivalent  uniform  load  per  foot,  multiplied 
by  the  area  N  EB'  oi  the  influence  diagram. 

For  any  other  panel,  as  F  G,  the  equivalent  load  is  that  for  moment 
at  G'  in  a  beam  N' B'  {N'-G'IN'B'=  1/8).  The  shear  =  load  per 
foot  X  area  N'  H  B'. 

Thus  it  is  seen  that  the  same  system  of  equivalent  loads  can  be 
used  for  shears  as  for  moments  by  selecting  the  load  in  accordance 
with  the  form  of  the  influence  line. 

174.  Equivalent  Uniform  Loads  for  Cooper's  E-50  Loading.— 
It  is  evident  that  a  set  of  equivalent  uniform  loads,  such  as  described 
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in  the  preceding  article,  is  of  no  assistance  in  the  calculation  of  one  or 
two  trusses,  as  the  concentrated  load  stresses  are  required  as  a  basis 
for  determining  the  equivalent  uniform  loads;  but  it  is  possible  to 
tabulate  or  diagram  the  equivalent  uniform  loads  for  any  particular 
engine  loading,  such  as  Cooper's  standard  loading,  for  a  wide  range 
of  span  lengths,  so  that  the  equivalent  load  for  any  desired  moment  or 
stress  can  be  found  at  once. 

Fig.  47  is  such  a  diagram  of  equivalent  uniform  loads  for  Cooper's 
E-50  loading,  for  span  lengths  from  40  to  500  feet.  The  diagram 
gives  directly  the  proper  load  for  moments  for  the  i/ioth,  2/ioths, 
3/ioths,  4/ioths,  and  centre  points,  for  all  the  given  span  lengths;  for 
intermediate  points  the  load  may  be  found  closely  by  interpolation. 
The  diagram  is  plotted  from  calculations  of  moments  from  the  actual 
concentrations  and  the  uniform  loads  are  those  which  will  give  the 
same  moments  as  the  concentrations.  The  loads  are  therefore  an 
exact  equivalent,  and  are  approximate  only  to  the  extent  which  the 
interpolations  may  be  approximate. 

175.  Advantages  of  such  an  Equivalent  Load  System. — Such  a 
diagram  as  given  in  Fig.  47  is  quite  accurate  enough  for  stress  calcula- 
tions, or  it  may  be  used  for  checking  calculations  made  by  other 
methods.  Used  in  connection  with  influence  lines  constructed  graph- 
ically, the  system  is  rapid  and  easy  of  appHcation.  It  is  especially 
applicable  for  any  system  of  loading  frequently  used,  such  as  Cooper's 
loadings,  or  standards  used  in  the  bridge  department  of  a  railroad  com- 
pany. Constructed  for  several  loadings  it  shows  very  plainly  the  relative 
influence  of  the  different  systems  on  the  various  parts  of  a  structure. 

Thus,  for  example,  it  is  noted  in  Fig.  47  that  even  for  a  500-foot 
span  the  equivalent  load  for  centre  is  considerably  less  than  for  points 
near  the  end.  This  is  due  to  the  fact  that  the  train  load  of  Cooper's 
standard  is  considerably  lighter  than  the  engine  load.  With  a  heavier 
train  load  the  several  lines  on  the  diagram  would  be  closer  together. 
Note  also  the  crossing  of  some  of  the  hnes,  at  span  lengths  from  150 
to  200  feet.  This  is  explained  by  the  fact  that  for  such  spans  the 
moments  near  the  centre  are  relatively  high,  the  heavy  driver  con- 
centrations of  the  second  engine  coming  near  the  centre  of  the  span. 
On  the  contrary,  for  spans  of  75  to  100  ft.  the  loads  near  the  centre 
are  light  and  the  centre  moments  are  relatively  small. 
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A  different  spacing  or  arrangement  of  loads  would  modify  the 
curves  very  materially;  and  if  a  system  of  equivalent  uniform  loads 
was  to  be  adopted  as  a  standard  the  curves  should  be  "  smoothed  out" 
somewhat,  as  more  likely  to  represent  actual  conditions.  However, 
a  set  of  such  diagrams,  constructed  for  some  of  the  heaviest  locomotives 
in  use,  would  enable  a  proper  standard  equivalent  loading  to  be  easily 
selected. 

176.  Application  to  a  Pratt  Truss. — Required  the  moments  and 
shears  in  the  Pratt  truss  of  Fig.  48, 

Moments. — M^.  For  moment  at  h  the  equivalent  load  is  that  for 
the  I /6th  (or  0.17)  point  in  a  150-ft.  span.     Interpolating  in  Fig.  47 


Figs.  48  and  49. 


this  is  found  to  be  3,240  lbs.  per  ft.  Then  by  eq.  (2),  Art.  78,  M  =  X 
pd^mm'=  yi  X  3,240  X  25^  X  I  X  5  =  5,060,000  ft. -lbs. 

M^.  Point  c  is  the  2/6th  (0.33)  point,  and  from  Fig.  47,  p  =  3,130. 
Hence  M^  =  K  X  3,130  X  625  X  (2  X  4)  =  7,820,000  ft.-lbs. 

M^.  For  the  centre  point  of  a  150-ft.  span,  p  ==  3,135;  and  M^  = 
K  X  3,135  X  625  y.  {z'>^  i)  =  8,805,000  ft.-lbs. 

Shears. — The  influence  lines  for  all  panels  are  shown  in  Fig.  49, 
together  with  the  values  of  the  ordinates  at  the  panel  points. 

Panel  a  b. — The  influence  Hne  is  a  h'  g'and  the  equivalent  load  is 
mat  for  moment  at  h  in  the  span  a  g'  which  is  abready  found  to  be 
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3,240  lbs.  per  ft.  Then  shear  in  a  b  =  3,240  X  area  ah'  g  =  3,240 
(K  X  5/6  X  150)  =  202,500  lbs. 

Panel  he. — The  equivalent  load  is  for  moment  at  c  in  the  beam 
N.^g'.  The  ratio  of  N^c:  N^g'=  1/6  and  A^^  ^'=  4/5  X  150  = 
120  ft.  Hence  the  proper  load  is  the  equivalent  load  at  the  i/6th 
point  in  a  120-ft.  span.  This  is  3,370  lbs.  per  foot;  whence,  shear  is 
be  =  3,370  X  area  A^ac'^'  =  3,370  X  (K  X  4/6  X  120)  =  134,80c 
lbs. 

Panel  c  rf. —A^3  ^'  =  90  ft.  Load  for  i/6th  point  in  a  90-ft 
span  =  3,490,   and   shear  =  3,490    (K  X  3/6  X  90)  =  78,500  lbs. 

Panel  de.—N^g'=  60  ft.,  p  =  3,750.  Shear  =  3,750  X  (K  X 
2/6  X  60)  =  37,500  lbs. 

Panel  g/.—A^5  g' =  30  ft.,  p  =  about  4,500  lbs.  Shear  =  4,5oo(K 
Xi/6  X  30)  =  11,200  lbs.  (The  diagram  has  not  been  extended  to 
include  spans  less  than  40  feet,  as  the  calculations  for  such  spans  are  of 
little  importance  except  for  plate  girders.  For  these  the  table  of  Art. 
170  gives  all  needed  information.) 

Comparing  these  results  with  those  obtained  in  Arts.  142  and  14J 
from  the  actual  concentrations,  we  have  the  following: 

Moments 


From  Concentrations 

Mb  5,058,000 
Mc  7>794,ooo 
M^      8,805,000 


From  Equivalent  Loads 

5,060,000 
7,820,000 
8,820,000 


Shears 


From  Concentrations 


a  b 
he 
c  d 
de 
ef 


202,300 

134,300 

78,600 

37,100 

10,500 


From  Equivalent  Loads 

202,500 
134,800 

78,500 

37,500 

11,200 
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177.  Application  to  a  Curved-Chord  Pratt  JVw^^.— Required  the 
stresses  in  E  D,  E  C,  and  H  K  oi  Fig.  50.  These  have  been  found  by 
the  concentrated  load  method  in  Art.  160. 

The  influence  Hnes  for  these  members  are  shown  in  the  figure. 


Fig.  50. 

They  are  conveniently  constructed  by  the  graphical  method  explained 
in  Art.  158.  The  dimensions  shown  in  the  figure  are  all  that  are 
needed  in  the  calculations. 

Member  ££>.— The  ratio  of  N  D'  io  N  B' =  17.5/167.5  =  0.105. 
Hence  the  equivalent  load  is  that  for  the  0.105  point  in  a  beam  of 
167.5  ft.  span.  Fig.  47  gives  this  at  3,220  lbs.  per  foot.  Hence  stress 
mE  D  =  3,220  X  area  N  G  B'  =  3,220  (  K  X  0.622  X  167.5)  = 
168,000  lbs. 

Member  E  C— In  a  similar  manner  we  find  p  =  3,270  and  stress  - 
3,270  (X  X  0.388  X  162.6)  =  103,200  lbs. 

Member  H  K.—Thc  value  of  />  =  3,540  and  stress  =  3,54c 
(K  X  0.464  X  72.4)  =  59^500  lbs. 
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The   stresses  obtained   in   Art.    160  were,   respectively,    168,100; 
£02,500;   and  58,700  lbs. 

178.  General  Applicability  of  the  Exact  Equivalent  Uniform  Load 
System.— The  equivalent  uniform  load  system  explained  in  the  pre- 
ceding articles  is  strictly  appHcable  to  all  cases  where  the  influence 
line  of  the  function,  or  that  part  of  the  influence  line  which  is  utilized, 
is  of  the  form  shown  in  Fig.  51;  that 
is  if  it  is  triangular  in  form.  The  sys- 
tem is,  therefore,  strictly  applicable  to  all 
members  but  one  of  the  Pettit  truss  (Fig. 
41),  and  to  all  single  intersection  trusses, 
excepting  the  moments  at  points  in  the 
unloaded  chord  of  a  Warren  or  similar  Fig.  51. 

truss.     For  such  cases  a  sufficiently  close 

approximation  to  the  proper  load  may  be  obtained  by  substituting^ 
for  the  true  influence  Hne,  two  straight  lines  drawn  so  as  to  give 
about  the  same  average  ordinates.  The  load  being  determined,  the 
stress  is  equal  to  this  load  multiplied  by  the  area  within  the  true  in- 
fluence line.  The  only  approximation  involved  in  this  method  is  in 
selecting  the  equivalent  load,  an  error  generally  quite  negligible. 

This  method  is  also  very  useful  in  the  analysis  of  more  complex 
structures,  such  as  swing  bridges,  arches,  and  cantilever  bridges.  In 
many  cases,  as  in  the  cantilever  bridge  and  the  three-hinged  arch,  the 
method  is  strictly  applicable;  in  other  cases  a  very  close  value  of  the 
equivalent  uniform  load  may  be  selected  by  a  consideration  of  the  form 
d£  the  influence  line.     Examples  of  its  use  are  given  in  Part  II. 


CHAPTER  VI 

LATERAL  TRUSSES,  TRESTLES  AND  TOWERS 

179.  The  lateral  pressure  upon  a  bridge  or  roof  truss  arising  from 
wind,  or  the  centrifugal  force  due  to  loads  moving  in  a  curve,  is  resisted 
by  means  of  horizontal  trusses  generally  called  ''lateral"  trusses,  placed 
between  the  chords  of  the  vertical  trusses.  The  chords  of  the  vertical 
trusses  thus  form  the  chords  of  the  lateral  trusses.  Roof  trusses  are 
usually  braced  laterally  in  pairs,  the  end  pair  taking  the  greater  part 
of  the  end  pressure,  the  others  being  merely  stiffened  against  buckling, 


Fig.  I. 

Mccording  to  the  judgment  of  the  engineer.  The  stresses  in  the  end 
lateral  system  are  computed  in  the  same  way  as  are  those  in  the  lateral 
systems  of  bridge  trusses,  which  will  be  discussed  in  detail. 

180.  Forms  of  Lateral  Trusses  for  Bridges.— The  type  of  trussing 
adopted  for  lateral  trusses  varies  with  the  size  and  type  of  the  main 
structure.  Fig.  i  illustrates  the  usual  lateral  system  of  a  through  Pratt 
truss.  The  upper  laterals  are  shown  in  Fig.  (6),  and  the  lower  laterals 
in  Fig.  (c).  The  wind  pressure,  or  other  external  load,  acting  upon 
the  upper  lateral  truss,  is  carried  by  that  truss  to  points  C  C  and  D  D' 

256 
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which  act  as  abutments.  The  loads  so  transferred  are  carried  by  the 
end  or  "portal"  bracing,  shown  in  Fig.  (d),  to  the  abutments  at  A  and 
A\  Loads  on  the  lower  lateral  system  are  carried  directly  to  the 
abutments  2I  A  A'  and  B  B'. 

In  the  through-bridge  the  end  bracing  is  incomplete,  an  arrange- 
ment which  requires  the  members  A'  C  and  ^  C  to  act  as  beams.  In 
the  deck  structure  the  end  bracing  consists  of  full  diagonal  bracing. 
The  diagonals  are  often  made  of  rods  designed  to  act  as  tension 
members  only,  but  in  the  best  modern  practice  they  are  usually  made 
of  forms  capable  of  resisting  compressive  stresses  (rigid  bracing). 
However,  unless  the  unsupported  lengths  of  the  diagonals  are  com- 
paratively short  they  should  be  assumed  to  act  in  tension  only.  Where 
they  are  sufficiently  well  supported  to  act  as  effective  compression 
members,  then  the  lateral  shear  may  be  assumed  to  be  carried  equally 
by  the  two  diagonals,  one-half  in  tension  and  one-half  in  compression. 
An  example  of  well-supported  diagonals  is  the  lower  lateral  system  of 
a  through-bridge  where  the  diagonals  are  attached  to  the  stringers  and 
to  each  other  at  the  several  points  of  intersection.  Their  design  is  fully 
considered  in  Part  III. 

In  the  upper  lateral  system  C  C ,  EE',  etc.,  are  compression 
members  and  are  called  ''lateral  struts."  Where  the  diagonals  act  as 
tension  members  only,  these  struts  act  as  the  verticals  of  the  Pratt  truss 
which  the  lateral  system  then  becomes.  In  the  lower  lateral  system 
the  floor  beams  act  as  the  lateral  struts.  In  the  case  of  a  deck-bridge 
the  conditions  are  reversed. 

The  type  of  lateral  truss  shown  in  Fig.  i  is  generally  used  for  all 
long-span  steel  bridges  of  whatever  form.  In  Howe  trusses  the  lateral 
system  is  generally  also  made  of  the  Howe  type;  that  is,  the  diagonals 
are  wooden  struts  and  the  perpendicular  members  are  rods. 

In  the  case  of  small  structures,  the  diagonal  length  is  not  great  and 
a  single  diagonal  system  of  bracing  of  the  Warren  type  is  often  used. 
This  is  the  type  generally  employed  for  the  laterals  of  girder  bridges, 
and,  frequently,  for  the  upper  laterals  of  short  through-bridges. 

181.  Lateral  Systems  Necessary  for  Complete  Bracing.— Consider- 
ing the  entire  bridge  as  a  framed  structure  in  space  it  will  be  found  that, 
in  addition  to  the  main  vertical  trusses,  lateral  trusses  placed  along  both 
top  and  bottom  chords,  together  with  the  portal  or  end  bracing,  make 
I.— 17 
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the  system  of  framework  complete  and  give  a  rigid  structure.  For 
sake  of  increased  lateral  stiffness,  however,  it  is  desirable  in  all  large 
bridges  to  place  additional  transverse  bracing  at  each  panel  point 
between  each  pair  of  vertical  posts.  This  bracing  in  through-bridges 
is  made  of  the  same  form  as  the  portal  bracing. 

Often  in  short-span,  deck-girder  bridges  only  one  lateral  truss 
system  is  used,  that  along  the  top  flange,  in  which  case  transverse  brac- 
ing is  depended  upon  to  support  and  stiffen  the  lower  flange.  The  end 
cross-bracing  then  carries  the  accumulated  load  to  the  abutments.  In 
pony  trusses  and  through-girder  bridges  the  lateral  pressure  at  the  top 
is  resisted  by  the  rigidity  of  the  vertical  posts  or  by  the  web  with  its 
stiffeners  and  gusset  plates. 

182.  The  Wind  Pressure. — The  wind  pressure  is  assumed  to  act  at 
right  angles  to  the  structure  and  to  be  concentrated  at  joints  by  the 
members  of  the  truss  and  floor  system  in  the  same  manner  as  the  loads 
on  the  vertical  trusses.  The  wind  loads  are  commonly  figured  on  the 
basis  of  about  50  lbs.  per  square  foot  on  the  unloaded  structure  and 
about  30  lbs.  per  square  foot  on  the  loaded  structure  and  its  load,  the 
exposed  area  of  the  bridge  being  taken  as  the  exposed  surface  of  all 
trusses  and  floor  as  seen  in  elevation.  The  wind  pressure  acting  upon 
the  live  load  is  considered  as  a  moving  load,  while  that  acting  upon  the 
bridge  is  generally  treated  as  a  fixed  load  although  sometimes  this  also 
s  considered  a  mo\ing  or  variable  load.  (For  a  discussion  of  the 
•imount  of  pressure  caused  by  wind,  see  Art.  68,  of  Chapter  III.) 

The  pressure  upon  the  upper  half  of  the  truss  is  assumed  to  be  taken 
by  the  upper  laterals,  and  that  upon  the  lower  half  by  the  lower  laterals. 
The  pressure  upon  the  load  is  assumed  to  be  all  taken  by  the  lateral 
system  belonging  to  the  loaded  chord;  but  as  this  pressure  is  appHed 
some  distance  above  the  plane  of  the  laterals,  its  overturning  effect  must 
also  be  considered.     This  effect  is  separately  discussed  in  Art.  190. 

In  addition  to  wind  pressure,  a  bridge  is  subjected  to  considerable 
lateral  forces  due  to  vibration  and  the  impact  of  moving  loads,  especially 
in  the  case  of  railway  bridges;  and  to  secure  desired  rigidity  it  is  usual 
to  specify,  for  all  but  the  longer  spans,  lateral  forces  considerably  in 
excess  of  those  which  would  be  obtained  by  the  use  of  the  unit  pressures 
above  mentioned.  Thus  Cooper  specifies  for  highway  bridges  a 
pressure  of  150  lbs.  per  linear  foot  for  the  laterals  of  the  unloaded  chord 
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and  300  lbs.  per  foot  for  those  of  the  loaded  chord,  150  lbs.  of  the  latter 
to  be  treated  as  a  moving  load;  for  spans  exceeding  300  feet,  add  to 
each,  10  lbs.  per  foot  for  each  additional  30  feet.  For  railway  bridges 
he  specifies  150  lbs.  for  the  bracing  of  the  unloaded  chord  and  600  lbs. 
for  the  loaded  chord,  450  lbs.  of  the  latter  to  be  treated  as  a  moving  load 
and  as  applied  at  a  distance  of  6  feet  above  base  of  rail.  For  the  un- 
loaded chord  the  same  increase  for  long  spans  is  provided  as  in  highway- 
bridges. 

The  specifications  of  the  Maintenance  of  Way  Association  require 
that  all  spans  shall  be  designed  for  a  lateral  force  on  the  loaded  chord 
of  200  lbs.  per  linear  foot  plus  10  per  cent,  of  the  specified  train  load 
on  one  track,  and  200  lbs.  per  linear  foot  on  the  unloaded  chord;  these 
forces  being  considered  as  moving. 

183.  Stresses  in  the  Lateral  Trusses  Due  to  Wind  Pressure.— With 
the  load  per  foot  known  the  stresses  are  readily  found  by  the  methods 
of  Chapter  IV.  The  loads  on  the  lateral  system  of  the  loaded  chord 
should  be  assumed  as  all  applied  on  the  windward  side;  those  on  the 
lateral  system  of  the  unloaded  chord  may  be  assumed  as  applied  equally 
on  the  two  sides,  although  to  assume  them  all  applied  on  the  windward 
side  is  sufficiently  accurate,  as  the  only  effect  would  be  to  increase  the 
stress  in  each  strut  by  one-half  panel  load,  a  matter  of  no  practical 
consequence. 

Where  the  diagonals  are  tension  members,  only  one  set  is  assumed 
to  act  for  a  given  direction  of  wind  pressure.  Counter-stresses  need 
not  be  calculated,  as  the  reversal  of  wind  pressure  gives  greater  stress 
in  the  web  members  concerned  than  any  partial  loading.  If  the 
diagonals  are  assumed  to  take  compression  as  well  as  tension,  then  the 
two  diagonals  of  a  panel  may  be  assumed  as  equally  stressed.  This 
gives  in  effect  a  double  Warren  system,  the  struts  in  this  case  serving 
merely  to  equalize  the  joint  loads  on  the  two  systems. 

The  chord  stresses  of  the  lateral  trusses  must  be  combined  with  the 
stresses  in  the  chords  of  the  vertical  trusses  due  to  dead  and  live  loads. 
The  chord  members  also  receive  some  stress  from  the  "overturning 
effect"  mentioned  in  Art.  182,  and  a  still  further  amount  from  the 
action  of  the  portal  bracing,  as  explained  later;  so  that  the  total  wind 
stresses  may  add  a  very  large  percentage  to  the  dead-  and  live-load 
stresses,  or  they  may  act  to  reverse  those  stresses. 


I 
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Where  the  diagonals  are  assumed  to  take  both  tension  and  com-^ 
pression  the  chord  stresses  are  found  by  taking  moments  at  a  section 
through  the  middle  of  the  panel.  Thus  in  Fig.  2  a  section,  q,  is  taken 
through  the  intersection  of  the  two  diagonals,  and  moments  taken  about 
O  to  o-et  the  stress  vS,.     In  this  equation  the  moments  of  52  and  S.^ 

balance  each  other,  as  the  two  stresses 
.Si    are  numerically  equal.     Hence  if  M^  = 
\y^-     !:ending    moment    at    O,    it     follows 
i"^'!^   that  S,  =  MJh.     Also  S,  =  S,. 

184.  Lateral    Trusses   for    Bridges 
^'^-  -•  ivith    Inclined   Chords. — In  this    case 

the  lateral  system  belonging  to  the  chord  which  is  incKned  does 
not  lie  in  one  plane,  but  in  several  planes.  The  exact  determination 
of  all  the  wind  stresses  is  a  matter  of  considerable  difficulty,  but  the 
stresses  in  the  lateral  members  themselves  will  be  correctly  determined 
by  considering  the  truss  flattened  out  into  one  plane  and  calculating 
the  stresses  as  for  the  ordinary  case.  The  panel  lengths  will  not  be 
equal,  but  will  be  the  same  as  the  actual  lengths  of  the  chord  segments. 
The  joint  loads,  however,  may  still  be  taken  as  equal  and  obtained  by 
multiplying  the  specified  wind  load  per  foot  by  the  horizontal  panel 
length.  The  chord  stresses  resulting  from  this  method  of  analysis 
will  be  somewhat  in  error,  and  there  will  also  be  certain  stresses  in  the 
web  members  of  the  vertical  truss  that  will  not  be  determined.  These 
err-jrs  and  omissions  are  of  no  practical  importance.  This  general 
problem  is  treated  in  Part  II. 

185.  Stresses  in  Portal  Bracing.— The  wind  pressure  against  the 
upper  chord  of  a  through-bridge  is  carried  by  the  upper  laterals  as  far 
as  the  end  joints  of  the  upper  chord.  From  these  it  must  be  transferred 
to  the  abutment  by  means  of  the  portal  bracing  in  the  plane  of  the  end 
posts.  Several  forms  of  portal  bracing  will  be  analyzed.  In  all  cases 
the  end  posts  themselves  constitute  an  essential  part  of  the  bracing. 

(a)  The  Plate-girder  Portal— Let  Fig.  3  represent  such  a  portal 
projected  on  a  plane  parallel  to  the  plane  of  the  end  posts.  Let  c  be 
the  actual  length  of  the  end  posts,  b  the  width  centre  to  centre  of  trusses, 
and  e  the  effective  depth  of  portal  beam.  The  load  brought  to  the 
portal  by  the  upper  laterals  may  be  considered  as  all  applied  at  the 
windward  side  C.     In  addition  to  this  load,  there  is  a  panel  wind  load 
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acting  on  the  joints  C  and  C,  but  which  for  simpHcity  will  be  assumed 

as  all  applied  at  C.     The  total  load  at  C  will  then  equal  the  shear  in  the 

end  panel  of  the  lateral  truss,  plus  one  panel  wind  load.     Call  this  total 

load  P.      The  only  other  external 

forces  acting  in  the  plane  of  the 

portal  are  the  reactions  at  A  and 

A'.     Let    these    be  represented  as 

shown.  The  end  posts  will  for  the 

present  be  assumed  as  hinged  at  A 

and  ^';  the  question  of  fixed  ends 

is  discussed  in  Art.  186. 

The  reactions,  being  four  in 
number,  cannot  be  exactly  deter- 
mined  by   statics.     It   is   custom- 


(a) 


V 


ary,  and  nearly  correct,  to  assume  H  =  H',  whence  we  readily  get 


H 


2 


and 


V=V'^P^^. 


(I) 


(2) 


When  we  come  to  consider  the  stresses  produced  in  the  portal  by 
these  external  forces  the  structure  should  be  thought  of  as  an  irregular 
continuous  beam.  A' C  C  A,  made  up  of  three  beams  rigidly  connected. 
The  nature  of  the  stresses  will  be  understood 
from  an  inspection  of  Fig.  4,  which  represents 
in  an  exaggerated  manner  the  distorted  structure. 
Each  of  the  end  posts  will  be  subjected  to 
certain  bending  moments  and  shears  besides 
the  direct  stress  V  or  V.  The  portal  girder 
will  likewise  have  moments,  shears,  and  direct 
stresses.  It  has  a  point  of  inflection  at  the 
centre. 

The  bending  moments  in  the  posts  will  be  a 


Fig.  4. 


maximum  at  D  and  D'  (Fig.  3),  and  at  those  points  will  be  equal  to 


M  =  H  Y.  {c  -  e)  =  —  {c  -  e). 


(3) 
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P 
The  shear  in  each  post  is  equal  \o  H  =  — ,  and  the  direct  stresses 

are  V  =  V  =  P  t-,  tension  in  .4  C  and  compression  in  A'  C.     The 

maximum  fibre  stress  will  occur  on  the  right  side  of  the  leeward  post 
at  D',  where  the  stress  due  to  bending  moment,  the  stress  due  to  F', 
and  that  due  to  dead  and  live  loads  on  the  main  truss  are  all  compressive. 
Each  post  must  then  be  designed  to  resist  this  stress.  The  shears  in 
the  posts  are  not  often  needed  in  designing,  but  it  is  important  to  know 
that  they  exist. 

To  find  the  stresses  in  the  girder  pass  a  section  at  a  distance  .v  from 
C  and  consider  the  structure  on  the  left.  Fig.  3  (a).  Let  F^  and  F^ 
be  the  flange  stresses  and  5  the  shear,  assuming  the  moment  carried 
entirely  by  the  flanges.  Then  with  moment  centre  at  the  upper  flange 
we  derive  the  value 

p{---x] 
H'c-V'x           \2       b     J  ,  . 

F2  =  =  .        ...     (4) 

e  e 

For  X  =  o,Fo  =  — ;     for  x  =  -,  Fn  =  o;     and  for  x  =  b,  Fo  = . 

2  e  2  2  e 

That  is  to  say,  the  lower  flange  stress  is  zero  at  the  centre  and  has  a 

P  c 
value  of  —  at  the  ends,  compression  at  the  leeward  end  and  tension 

at  the  windward.  Likewise  with  moment  centre  at  the  lower  flange 
we  derive 

p(---x) 

^  e  e  2'   '      ' 

This  stress  is  maximum  tensile  at  the  left  end  and  maximum  com- 
pressive at  the  right,  and  is  everywhere  equal  but  opposite  in  sign  to  the 

P 
lower  flange  stress,  plus  a  compression  of  — .     At  the  centre  it  is  equal 

to  a  compression  of  — . 

The  value  of  the  shear  is  at  all  points  equal  to 

S  ^V  =-p\ (6) 

o 
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The  variation  in  moment,  shear  and  direct  stress  in  the  various 
parts  of  the  portal  are  clearly  shown  by  the  shaded  areas  in  Fig.  5. 

Where  end  floor  beams  are  not  used,  a  strut  A  A'  must  be  inserted 
to  transfer  a  part  of  the  load  brought  to  A  over  to  A\     The  total  load 

P 
brought  to  A  from  the  upper  laterals  and  portal  is  equal  to  — .     From 

the  lower  laterals  it  receives  a  load  equal  to  the  shear  in  the  end  panel 
of  the  lower  laterals,  plus  the  load  apphed  directly  at  A;  call  this  load  P'. 
At  the  fixed  end  of  the  span  the  load  transmitted  by  the  strut  may 
be  assumed  to  be  that  necessary  to 
equalize    the   loads    at   A    and   A\ 


P' 
This  will  be  — , 
2 


At  the  expansion 

end  the  horizontal  resistance  at  A 
may  be  assumed  as  equal  to  the 
frictional  resistance  of  the  shoe  on 
the  roller.=^  although  provision  is 
always  made  against  lateral  move- 
ment.    The  stress  in  ^  ^'  will  then 

P       .  ,  •    r  • 

be  equal  ioP'  -\ mmus  this  fric- 
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tional  resistance.  The  latter  will 
be  determined  from  the  net  reaction 
at  A,  adding  together  the  reactions 

due  to  vertical  loads,  the  negative  reaction  V  cos  0  (see  Art.  188)  and 
that  due  to  the  overturning  effect  of  the  wind  against  the  train.  The 
most  unfavorable  case  will  probably  be  when  the  bridge  is  loaded  with 
a  train  of  minimum  weight  (about  1,200  lbs.  per  foot).  The  coefficient 
of  friction  may  be  taken  at  X. 

ih)  The  Lattice  Portal  (Fig.  6).— The  stresses  in  the  end  posts  will 
be  the  same  as  in  the  plate-girder  form. 

The  stresses  in  the  web  members  are  found  from  the  shear.  As  the 
shear  is  constant  throughout  the  girder  it  follows  that  the  stresses  in  the 
web  members  are  constant  and  that  therefore  the  shear  on  any  section  p 
is  equally  distributed  among  the  web  members  cut.  If  n  is  the  number 
cut  by  a  vertical  section  (number  of  systems  of  bracing) ,  then  the  vertical 
component  of  the  stress  in  any  web  member  is 
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^        n 


P_c 

b  n 


(7) 


Half  of  the  members  will  be  in  tension  and  half  in  compression,  but 
when  the  wind  is  from  the  opposite  direction  the  signs  of  the  stresses 
will  be  reversed. 

To  get  the  flange  stresses  pass  a  section  p  through  the  points  of 
intersection  of  the  web  members  (Fig.  a) .  Take  centre  of  moments  at  c. 
The  stresses  in  the  web  members  being  all  numerically  equal  and  half 
being  tensile  and  half  compressive,  the  sum  of  their  moments  about  any 
point  in  the  vertical  cd  is  zero.  We  therefore  derive  the  same  expres- 
sion for  F3  as  in  eq.  (4)  for  the  plate-girder  form.  Likewise  F^  is 
given  by  eq.  (5).  In  this  case,  however,  x  is  the  distance  to  any  section 
p  passing  exactly  through  the  points  of  intersection  of  the  web  mem- 
bers or  through  the  centre  of  the  panel  in  which  the  flange  stresses 
are  desired.  In  the  form  assumed  the  least  value  oi  x  is  yg  b  and 
the  greatest  value  yi  b.  The  maximum  flange  stresses  are  therefore 
somewhat  less  than  in  the  plate-girder  form,  although  for  a  portal  with 
four  or  more  panels  it  is  accurate  enough  to  assume  them  the  same. 
If  there  are  but  two  panels,  then  the  maximum  stresses  in  the  lower 

flange  will  be  one-half  of  those 
in  the    plate-girder   form,    and 
those  in  the  upper  flange  also 
~^"'  one-half,  plus  the  constant  K  P- 
Frequently  the  effective  depth 
of   the   plate    girder    or  lattice 
portal  is  increased  at  the  ends 
by  the  use  of  corner  brackets  at 
D  and  D',  consisting  either  of 
simple  knee-braces  or  of  brack- 
FiG.  6.  ets  with  soHd  web.     In  either 

case  the  bending  moments  in  the  posts  are  reduced  in  proportion  as 
the  unsupported  length  is  reduced.  The  maximum  stresses  in  the 
flanges  will  also  be  somewhat  reduced,  but  they  arc  difficult  to  calculate 
accurately,  and  the  best  practical  solution  is  to  assume  them  the  same 
as  without  the  knee-braces.  The  knee-braces  or  bracket-flanges 
should  then  be  made  of  about  the  same  size  as  the  main  flanges  and  be 
well  connected. 


A     n). 


(a) 
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(c)  The  Portal  with  Simple  Diagonal  Bracing  (Fig.  7) .  —The  stresses 
in  the  posts  are  the  same  as  in  the  previous  cases,  except  the  shears  above 
D  and  D'  as  noted  below.  If  the  diagonals  are  made  tension  members, 
then  C  C  and  D  D'  are  struts.  With  the  wind  acting  as  shown, 
member  C  D'  is  not  acting.     Then,  passing  section  p,  we  have : 

(8) 


Stress  irvD  D'  =  H'-  =  — 


"^       Stress  mC  C  ==  H 


Stress  mC  D  =  V 


c       Fe 

e        2e 

'-'  +p 

e           — 

Pc         P 

=  —  +  — .    .     . 

2  6'               2 

^^P'r. 

/ 

(9) 
(10) 


If  the  diagonals  are  made  to  act   as  compression  members  only 
then  CC  and  DD'  are  tension  members. 

{d)  The  Portal  with  Knee-Braces  (Fig.  8).— This  form  is  used  where 
lack  of  head-room  prevents  the  use  of  a  better 
one.  The  member  C  C  is  a  continuous 
beam  and  resists  moment,  shear,  and  direct 
stress.  The  knee-braces  are  subjected  to 
direct  stress  only,  being  two-force  pieces. 
A  section  cannot  be  passed  through  the  posts 
or  the  member  C  C  except  at  the  ends  of 
these  members  (assumed  as  hinged),  with- 
out involving  moment,  shear,  and  direct 
stress  among  the  unknowns.  To  avoid  the 
difficulty  pass  section  p  through  point  C 
where  there  is  no  bending  moment.  Then  replace  stress  \n  E  D  hy 
its  horizontal  and  vertical  components  applied  close  to  the  joint  D; 
we  then  have, 


Fig.  7. 


Hor.  comp.  tensile  stress  m  E  D  =  H  -, 


(II) 


7 


whence 

^^c     f      Pc     f 
TensioninEP==iI-.^y  =  -.^.    •      • 

The  compressive  stress  in  E'  D'  is  the  same. 

The  maximum  moments  in  the  posts  are  at  D  and  D'  and  are  the 
same  as  before,  also  the  shears  and  direct  stresses  below  these  points. 
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Compressive  stress  inC  D  =  vert.  comp.  inED  -  V 

Pc       Pc  f     s. 

= ■ — (12) 

2d        b 

/P  c\  .  h 

This  is  greater  than  the  compression  mA'  D'  f -^  j  if  (/  is  less  than  -. 

The    tension    in   CD'   is    also    given   by  eq.  (12).      The    shear   in 

The  shear  in  C  D'  is  the  same. 


CD  =^  H 


e 


H  =  H 


(;-4 


The  stresses  in  the  beam  C  C  remain  to  be  determined.     Tlie 

Tension 
Di.ect  StrZ  llllllll Compression 


P^ 


■  / 


--5- -> 


v' 


Fig.  8. 


bending  moment  is  zero  at  C  and  C,  as  the  ends  are  assumed  as  hinged. 
For  moment  at  E  we  have, 


M^ 


V'{b-d)-HU=Pc{'^-^). 


(13) 


The  moment  at  E'  is  the  same  in  amount  but  negative,  and  the  moment 
at  the  centre  is  zero.     For  the  direct  stresses  in  C  C  we   havr , 

P 


Compression  in  E  E'  =  P  —  H  = 


(14) 


Then  with  section  p  and  moment  centre  at  D  we  have,  as  in  eq.  (9), 
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Compression  in  £  C  = \-  P  = 1 ,     •     .    (15) 


/ 


and  similarly, 

P  c       P 
Tension  in  E' C  = (16) 

2  6  2 

The  shear  in  E  E'  =  V;    in  £  C  it  is  equal  to  Y'  -  vert.  comp.  in 

ED  =  V  -  H  -  =  P  It --?\ ;    in  C  E'  it  is  the  same  as  in  E  C. 

d  \b        2dJ 

The  variations  in  moment,  shear  and  direct  stress  are  fully  shown 
by  the  shaded  areas  of  the  figure. 

If  the  knee-braces  are  made  to  meet  at  the  centre  as  shown  in  Fig.  9, 
the  result  is  a  very  simple  and  effective  form  of  portal.  The  moment 
at  E  is  zero,  and  C  C  receives  no  bending  moment  or  shear.  Fre- 
quently the  members  shown  by  dotted  lines  are  inserted  for  appearance's 
sake  and  to  stiffen  the  members  D'  E  and  E  D,  but  they  receive  no 
definite  stress.     The  stresses  are  readily  obtained  from  the  preceding 

equations  by  making  d  =  -.    From  eq.  (11)  we  have 

P  c      f 
Tension  \n  E  D  =  —  .5- (17) 

e       yV 

The  direct  stresses  in  £  C  and  E  D'  are  given  by  eqs.  (15)  and  (16). 

186.  Portals  with  Fixed  End  Posts.— In  the  foregoing  discussion  the 
end  posts  have  been  treated  as  hinged  at  their  bases  A  and  A'.  Usually, 
however,  they  may  be  considered  as  fixed  by 
virtue  of  their  direct  stress,  due  to  the  verti- 
cal loads,  which  prevents  them  from  tipping 
on  the  pin  in  the  plane  of  the  portal.  This 
will  be  true  whenever  the  total  stress  in  the 
end  post,  multipHed  by  one-half  the  distance 
centre  to  centre  of  bearings  on  the  end  pin, 
equals  or  exceeds  the  greatest  bending 
moment  which  can  be  developed  at  ^  or  ^'  *.  ^ 
under  the  assumption  of  fixed  ends.  P^^^  ^ 

If  the  lower  ends  are  fixed  there  will  be 
points  of  inflection  /  and  P  (Fig.  10),  at  some  distance  x^  above  Ay 
which  may  be  assumed  the  same  for  each  post.      If  these  points  are 


A' 


268       LATERAL  TRUSSES,  TRESTLES  AND  TOWERS 

known  then  the  reactions,  H  and  V,  may  be  applied  at  /  and  /'  and 
the  analysis  proceeded  with  as  before.      The  distance  c'  is  to  be  sub- 
stituted for  c  in  all  the    preceding  equations. 
Tr     The   effect    of   this   modification   will    be    to 


D' 


a-o 


reduce   greatly  all  the  portal  stresses.      With 

a  well-braced  portal  the    point  of  inflection 

may    be    taken,    approximately,    as  midway 

between  the  lower  edge  of  the  portal  and  the 

base  of  the  post.     The  value  of  c'  is  then   K 

{c  —  e)  -[-  e  and    the  moments  at  D  and  D' 

will  be  one-half  of  the  values  given  by  eq.  (3). 

Fig.  10.  There  will  also  be  a  bending  moment  at  the 

c  —  e       P  (c  —  e) 

loot  of  each  post  equal  to  H  X =  ,    the   same   as   at 

24 

D  and  D'. 

If  the  maximum  resisting  moment  of  the  end  post,  calculated  as 

P  (c  —  e) 

above  explained,  is  less  than  — ^^ ,  then  the  end  is  not  fixed,  but 

4 

the  bending  moment  developed  there  will  be  equal  to  the  resisting 

moment.       Call  this  moment  M.     The  point  of  inflection  may  then 

p 
be  found  by  writing  —  x^  =  M,  where  x^   is    the  distance  of  this 

point  above  A.     Where  end  floor  beams  are  well  connected  to  the 
end  posts  the  latter  may  be  considered  as  fixed  in  all  cases. 

The  preceding  discussion  appHes  also  to  the  sway-bracing  of 
elevated  railroad  structures  where  the  columns  are  fixed  at  top  and 
bottom.  For  a  more  exact  solution,  where  the  upper  ends  of  the  posts 
are  not  rigidly  fixed,  see  Art.  199. 

187.  Summary  of  Portal  Stresses. — For  convenience  in  designing, 
the  maximum  stresses  in  the  various  forms  of  portals  discussed  are 
summarized  in  Fig.  11.  The  distance  c  is  to  be  taken  as  the  actual 
length  of  the  end  post  if  the  posts  are  assumed  as  hinged  at  the  base. 
If  they  are  assumed  as  fixed,  it  is  the  distance  to  the  point  of  inflection. 
The  stresses  in  the  posts  are  given  on  form  (a)  only. 

188.  Effect  of  Portal  Stresses  on  the  Vertical  Trusses. — The  wind 
stresses  have  now  been  followed  as  far  as  A  and  A',  the  reactions  H, 
H\  V,  and  V  ha\ing  been  determined.     These  forces  are  in  the  plane 
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of  the  portal.  Fig.  12  shows  a  side  view  of  the  joint  at  A  where  the 
end  post  is  incHned.  The  force  V  is  the  tension  in  ^  C  as  already 
found.     To  resist  this  force  requires  a  downward  reaction  R  equal  to 


(a) 


^  Pc_P. 


PC 

"2e  ■ 


PC 


Shear  =  P-^ 


~Mom.  =  -|^  (c— e)  -' 


a. 
+ 


'f 


.J. 


V  cos  0,  and  a  compressive 
stress  S  in  the  lower  chord  equal 
to  V  sin  e.  On  the  opposite  side 
of  the  truss  an  equal  upward 
reaction  exists  and  an  equal 
tension  5  in  the  lower  chord. 

Fig.  13  shows  the  lower 
chord  system  of  the  truss  and 
the  forces  S  acting  at  A  and 
A'.  If  the  truss  is  symmetricay 
there  will  be  equal  forces  S' 
acting  at  the  other  end.  This 
system  of  forces  causes  a  uni- 
form compression  in  the  chord 
A  B  and  a  uniform  tension  in 
the  chord  A'  B'  equal  to  S.  If 
the  portal  at  the  right  end  is 
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vertical  the  forces  S'  disappear  (Fig.  14),  and  the  forces  5  are  bal- 
anced by  lateral  reactions  R' ,  which  give  rise  to  small  stresses  in 
the  lower  lateral  system  and  a  stress  in  the  lower  chord 
varying  from  6"  at  the  left  end  to  zero  at  the  right. 

No  stresses  are  caused  in  the  upper  chord  by  the  portal 
truss,  as  the  forces  acting  at  C  and  C  which  have  already 
been  considered  are  in  complete  equilibrium. 

189.  Skew- Portals. — Fig.  15  is  a  plan  of  the  upper 
lateral  system  of  a  skew-bridge  with  vertical  end  posts,  and  Fig.  15  (a) 
is  the  vertical  projection  of  the  portal  upon  a  parallel  plane.  The 
lateral  force,  P,  applied  at  C,  is  resolved  into  the  components  P  sec  /3 
and  F  tan  ,5,  where  ^  =  angle  of  skew.  The  force  P  sec  ,5  replaces 
the  force  P  in  the  discussion  of  the  preceding  article,  and  P  tan  /?, 
together  with  a  similar  force  at 
the  right  end,  acts  upon  the 
main  truss,  producing  small 
additional  stresses. 

Fig.  16  represents  the  upper 
laterals  and  the  portal  of  a  skew- 
bridge  having  incUned  end  posts. 
The  lower  laterals  are  shown  by 


s  a'                                               b'  s; 

A                                                                            B 

Fig.  13. 

1"' 

^xxxxixx 
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Fig.  14. 

dotted  lines.  Fig.  (b)  shows  the  portal  projected  on  a  plane  parallel  to 
itself.  The  component  of  the  force  P  appUed  in  the  plane  of  the  portal 
is  P  sec  /?  as  before.  The  distance  c  =\  A  E^  +  h^  and  AE=AF  cos  ,3. 
In  the  analysis  of  portal  stresses  the  reactions  are  conveniently 
resolved  into  the  components  H  and  V,  in  which  V  is  parallel  to  the 
end  post.  The  moment  in  the  end  post  at  D  is  then  H  {c  —  c),  and 
the  direct  stress  is  V.     The  moments  in  the  portal  will  be  found 


PsecjS 
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Fig.  15. 


as  before;  the  shear  at  right  angles  to  the  flange  will  be  V  cos  6. 
The  stress  in  the  lower  chord  developed  at  A  will  be  F  sin  ^  4-  H 
§in  ^. 
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190.  The  Overturning  Effect  of  Wind  Pressure  on  Trains. — Fig.  17 
represents  the  forces  acting  at  a  panel  point.  The  panel  wind  load  on 
the  train  is  P.     The  resistance  to  this  force  is  supplied  by  the  lateral 


system  in  the  plane  A  A'  at  a  distance  h  below  the  centre  of  wind 

pressure.     The  reaction  H'  is  equal  to  P,  but  there  are  also  vertical 

h 
reactions  at  A  and  A',  each  equal  to  P  j-.     These  are  suppHed  by  the 

vertical  main  trusses;  that  is,  the  wind  pressure  produces  a  downward 

load  at  each  panel  point  of  the  leeward  truss  equal  to  P  j-,   and   an 

equal  upward  load  on  the  windward  truss.  The  stresses  due  to  these 
loads  must  be  calculated  and  combined  with 
the  other  wind  stresses.  Those  in  the  wind- 
ward truss  will  all  be  equal  to,  but  of  op- 
posite sign  from,  those  in  the  leeward  truss. 
The  stresses  in  the  web  members  are  small 
and  may  usually  be  neglected;  those  in  the 
lower  chords  should  be  determined. 
'  n  On  the  leeward  side  the  lower  chord 
stresses  are  therefore  increased  by  wind  pres- 
sure in  three  ways:  (a)  as  the  tension  chord  of 

the  lower  laterals,  (b)  a  tension  from  the  portal  equal  to  V  sin  6,  and 
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(c)  a  tension  from  the  vertical  truss  due  to  the  overturning  effect.  The 
total  wind  stress  thus  becomes  a  large  percentage  of  the  Uve-  and  dead- 
load  stresses.  On  the  windward  side  all  these  wind  stresses  are  com- 
pressive and  the  total  may  easily  exceed  the  tensile  stresses  from 
vertical  loads.  The  most  favorable  condition  for  this  reversal  is 
when  the  bridge  is  loaded  with  a  train  load  of  minimum  weight. 

191.  Transverse  or  Sway-Bracing.— Transverse  bracing  of  the  same 
form  as  portal  bracing  is  usually  placed  at  each  panel  point  of  a  deck- 
bridge  and  at  each  panel  point  of  a  through-bridge  when  the  height  is 
more  than  about  25  feet.  This  bracing  is  sometimes  designed  to  carry 
the  wind  pressure  from  one  chord  to  the  other  at  each  panel  point,  in 
which  case  but  one  lateral  system  is  needed.  The  stresses  are  com- 
puted in  the  same  way  as  in  portal  bracing,  the  external  lateral  force 
being  equal  to  the  wind  load  upon  one  panel.  The  resulting  vertical 
reactions  corresponding  to  V  and  V',  Art.  185,  act  as  loads,  upward  or 
downward,  upon  the  main  trusses.  The  portal  bracing  itself  is  now- 
subjected  to  the  same  loads  as  the  intermediate  sway-bracing. 

When  two  lateral  systems  are  used,  the  stresses  in  the  sway  bracing 
are  still  often  computed  on  the  sama  assumptions  as  the  above,  although 
if  the  lateral  systems  have  equal  lateral  deflections  these  stresses  are 
zero.  However,  with  wind  pressure  upon  the  unloaded  bridge,  the 
lateral  system  of  the  chord  supporting  the  floor  has,  in  the  case  of 
railway  bridges,  only  about  one-third  of  its  full  load,  while  the  other 
system  is  fully  loaded.  In  this  case  the  lateral  deflections  are  not  equal ; 
the  sway-bracing  will  be  distorted,  and  some  stress  will  be  thereby 
transmitted  to  the  stiffer  lateral  system.  The  assumption  that  one-half 
the  wind  pressure  upon  the  one  system  is  thus  transferred  is  on  the  safe 
side  when  the  portals  are  properly  designed,  even  with  the  most  rigid 
form  of  sway-bracing;  with  a  flexible  form,  as  simple  knee-braces,  very 
little  stress  can  come  upon  this  bracing  from  wind  pressure. 

The  chief  purpose  of  the  sway-bracing  is  to  stift'en  the  structure 
against  lateral  vibrations.  It  is  generally  constructed  of  minimum 
practicable  sections  and  made  as  deep  as  the  head-room  will  permit. 

Sometimes  transverse  bracing  is  designed  to  equalize  the  effect  of 
eccentric  loads,  such  as  a  load  on  one  track  of  a  double-track  structure, 
so  that  the  two  main  trusses  will  be  equally  deflected  and  hence  equally 
loaded.     Inasmuch  as  the  sway-bracing  depends  unon  the  upper  and 
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lower  lateral  trusses  for  its  support  in  resisting  such  unequal  deflections, 
and  as  the  lateral  trusses  arc  much  more  flexible  than  the  vertical 
trusses,  such  equaUzation  of  load  cannot  be  accompHshed  to  any 
appreciable  extent.  An  exact  analysis  of  this  problem  requires  a 
consideration  of  the  flexibiUty  of  all  the  different  trusses  and  wifl  not 
be  discussed  further  at  this  point.  This  problem  is  considered  with 
others  of  a  similar  nature  in  Part  II. 

192  End  Bracing  for  Deck-bridges.— Fig.  18  (a)  shows  the  bridge 
-g-upported  at  the  bottom  and  Fig.  {b)  at  the  top.  The  bracing  may  be 
placed  in  an  inclined  plane,  as  in  the  usual  truss-bridge,  or  may  be  m 


Fig 


a  vertical  plane,  as  in  the  ordinary  deck-plate  girder.  The  diagonals 
are  calculated  as  tension  members.  None  but  direct  stresses  exist,  aU 
of  which  are  readily  found  by  the  usual  methods. 

There  is  a  compression  produced  in  A'C,  in  both  types,  equal  to 

P  - .  If  the  bracing  is  placed  in  an  inclined  plane  the  effect  upon  the 
chord  stresses  due  to  the  direct  stresses  in  the  end  posts  is  determined 
as  in  Art.  188.  In  type  (a)  the  lateral  force  P  is  large,  as  it  results  from 
the  pressure  upon  the  loaded  chord.  The  stresses  in  the  end  bracmg 
and  in  the  chords  of  the  main  truss  are  considerable.  The  overturnmg 
effect  is  calculated  as  in  Art.  190,  the  overturning  moment  being 
calculated  with  reference  to  the  plane  of  the  upper  laterals. 

103.  Stresses  in  Bridges  on  Curves.-These  differ  from  the  stresses 
in  straight  bridges  from  two  causes:  first,  the  centrifugal  force  from 
rapidly  moving  trains;  and,  second,  the  curvature  of  the  track  whereby 
the  vertical  load  is  no  longer  applied  along  the  axis  of  the  bridge.  The 
effect  of  curvature  will  therefore  be  considered  in  two  parts. 
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194.  Amount  of  the  Centrifugal  Force. — The  centrifugal  force,  F, 
of  a  body  of  weight,  P,  moving  in  a  curve  of  radius  r,  is  equal  to 

F  =  -P, (18) 

in  which  g  =  acceleration  of  gravity  =  32.2  ft.  per  sec.  per  sec.  If  v 
and  g  be  expressed  in  mile  and  hour  units  and  the  curvature  expressed 
in  terms  of  the  degree  of  curve,  then  g  —  32.2  X  60^/5,280  =  79,100 

and  r  =  — ^i73^_  ^  1.085/Z).     Hence 
D  X  5,280 

v'^  D 

F  = P  =  .0000117  v^  D  P.    .     (19) 

79,100  X  1.085 

For  any  given  speed  and  curvature  we  may  write 

F  =  kP (20) 

in  which  j^  is  a  constant  and  F  and  P  are  in  like  units.  The  velocity  to 
be  assumed  in  eq.  (19)  depends  upon  the  degree  of  curvature;  it  is 
generally  taken  at  what  is  considered  to  be  the  maximum  safe  speed. 

In  the  1935  Specifications  of  the  American  Railway  Engineering 
Association,  the  centrifugal  force  is  based  on  a  speed  of  80  miles  per 
hour  for  curves  up  to  1°  20',  for  which  the  centrifugal  force  is  10%, 
or  )fe  =  o.io.  For  sharper  curves  the  speed  is  limited  to  that  value 
producing  a  centrifugal  force  of  10%.  According  to  these  specifica- 
tions the  speed  and  centrifugal  force  are  as  follows: 

D  V  k 

Miles  per  Hour 

0°-20'  80  0.025 

o'-4o'  80  o .  05 

1°  80  0.075 

2°  65  O.IO 

3°  53  010 

4°  46  0.10 

6°  38  0.10 

8°  S3  o-io 

195.  Stresses  due  to  Centrifugal  Force. — We  will  now  consider  the 
effect  of  this  centrifugal  force  upon  the  laterals,  the  main  trusses,  and 
the  floor  system. 

The  centrifugal  force  F  is  always  proportional  to  the  weight  P, 
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being  equal  to  k  P,  hence  the  horizontal  pressure  exerted  upon  a  bridge 
by  a  train  moving  in  a  curve  will  at  all  points  be  equal  to  the  vertical 
pressure  or  weight,  multiplied  by  the  constant  k.  If  the  moving  load 
consists  of  a  series  of  concentrated  loads,  then  the  horizontal  forces  will 
be  a  similar  series  of  concentrated  loads,  each  equal  to  k  times  the 
corresponding  vertical  load.  This  principle  can  be  used  to  advantage 
in  calculating  stresses. 

The  general  effect  of  centrifgual  force  is  exactly  the  same  as  that  of 
any  other  lateral  force,  such  as  wind  pressure,  acting  on  the  train;  it 
stresses  the  laterals  belonging  to  the  loaded  chord  and  it  causes  an 
overturning  effect,  as  shown  in  Art.  190.  The  line  of  action  of  the 
centrifugal  force  is  along  the  centre  of  gravity  of  the  load  and  is  usually 
taken  as  5  feet  above  the  base  of  rail. 

Fig.  19  represents  the  forces  acting  at  a  panel  point.  P  is  the 
vertical  load  and  F  is  the  centrifugal  force  applied  at  a  distance  h 
above  the  lower  laterals  as  in  Fig.  17.  The 
load  P  is  eccentrically  appHed  by  reason  of 
the  curved  track  and  its  incHnation.  In  the 
following  analysis  these  forces  will  be  assumed 
as  applied  at  the  centre  of  gravity  of  the  moving 
train  as  this  is  the   true  condition.      However, 

if  the  inclination  of  the  track  accords  with  the      ^j^; '—^ j^ 

speed,  the  resultant  of  F  and  P  will  pass  through  ^  ^ 

the  centre   of  the  track  and  hence  these  com-  f^g.  19. 

ponents  may  be  considered  as  apphed  at  that  point.  This  assump- 
tion is  often  made,  but  it  does  not  meet  the  case  of  a  stationary 
load,  where  F  =0,  and  is  not  sufficiently  general  in  its  application  to 
be  very  satisfactory. 

From  the  above  considerations  we  may  state  the  following  methods 
of  analysis: 

Lateral  Trw^^.— Calculate  the  stresses  as  for  a  vertical  truss,  for  a 
series  of  loads  each  equal  to  k  times  the  given  vertical  loads  for  both 
rails.  The  moments  and  shears  will  be  equal  to  2  ^  times  those  found 
in  the  usual  way  for  the  vertical  main  trusses. 

Vertical  Trusses.— From  Art.  190  the  joint  load  on  the  outer  truss 

h 
due  to  a  horizontal  force  F  is  equal  to  F  p  where  h  =  distance  of 
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line  of  application  of  the  centrifugal  force  above  the  plane  of  the  lower 
laterals,  h  =  distance  centre  to  centre  of  trusses,  and  F  =  horizontal 
joint  load  due  to  centrifugal  force.  But  F  =  k  times  the  corresponding 
vertical  load  P  on  one  floor  beam  (both  rails),  hence  the  joint  load  on 

the  outer  truss  due  to  centrifugal  force  =  ^  r  times  the   total  vertical 

load  on  the  floor  beam,  or  2  ^  -r  times  the  load  on  one  rail.     Then, 

since  all  joint  loads  bear  this  same  ratio  to  the  vertical  loads,  the  stresses 
in  all  the  members  of  the  outer  truss  due  to  centrifugal  force  may  be 
obtained  by  multiplying  the  live-load  stresses,  calculated  in  the  usual 

way,  by  the  constant  2k-r.     The  inner  truss  will  receive  stresses  of 

opposite  sign  from  those  in  the  outer  truss.  They  are  of  no  significance 
except  as  contributing  to  the  reversal  of  the  lower  chord  stress. 

Stringers.— 'imcQ  the  stringers  constitute  a  simple  bridge  of  a  span 
one  panel  in  length,  the  stresses  in  the  laterals  and  in  the  stringers  them- 
selves due  to  overturning  may  be  found  as  above  described.  A  lateral 
system  for  the  stringers  should  always  be  pro\dded  in  bridges  on  curves; 
but,  if  it  is  not,  each  stringer  may  be  assumed  to  carry  one-half  the 
lateral  moment  and  shear  due  to  the  centrifugal  force. 

Floor  Beams.— Th^SQ  will  be  stressed  by  reason  of  the  overturning 
effect.     The  half  of  the  beam  adjacent  to  the  outer  truss  will  receive 

stresses  equal  to  2  y^  -^  times  those  calculated  for  vertical  load. 

196.  Stresses  Due  to  Eccentricity.— The  most  convenient  method 
of  calculating  the  stresses  due  to  a  vertical  load  placed  on  a  curved 
track  is  to  calculate,  first,  the  stresses  for  a  centrally  applied  load  in  the 
usual  way  and  then  correct  these  stresses  for  eccentricity.  The  stresses 
due  to  centrifugal  force  require  no  correction  as  they  are  applied 
horizontally. 

In  Fig.  19  let  P  represent  the  total  load  on  any  floor  beam,  and  let  e 
be  the  average  eccentricity  for  this  load  ( =  average  eccentricity  for  a 
half-panel  each  side  of  this  joint).  This  eccentricity  refers  to  the 
centre  of  gra\dty  of  the  load,  and  in  determining  its  value  the  incUnation 
of  the  track  as  well  as  its  curvature  must  be  considered.  It  will  be 
assumed  as  positive  when  towards  the  outer  truss.     The  joint  loads 
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at  A'  and  A  due  to  P  will  be  —  +  P'^  and  -  -  P|  respectively. 
Only  the  portions  +  P^   and    -  P  ^  need  be  considered,  as  these 

are  the  amounts  by  which  the  loads  vary  from  those  produced  by  a 
central  load.  A  plus  sign  represents  a  downward  load  and  a  minus 
sign  an  upward  load,  but  as  e  may  be  plus  or  minus,  we  may  have  either 

kind  of  load  on  either  side. 

e  e 

To   calculate   the   exact   effect   of   these   loads,   P  ^  and   -  P  ^^ 

due  to  a  series  of  concentrated  loads,  would  be  very  difficult,  as  the  value 
of  e  is  different  for  different  panels  and  the  position  of  loads  for  maxi- 
mum effect  could  not  easily  be  determined.  However,  as  the  stresses 
under  consideration  are  small  and  in  the  nature  of  a  correction,  it  is  suffi- 
ciently accurate  to  substitute  an  equivalent  uniform  load  calculated 
as  explained  in  Art.  172.  The  one  equivalent  load  for  moments  at 
the  quarter  point  may  be  used  for  all  stresses.  Having  obtained  this 
uniform  load  and  determined  the  eccentricity  of  each  panel  point,  then 

the  load  on  each  joint  of  the  outer  truss  will  be  P  ^  and  on  the  mner 

truss  will  be  -P  f ,  where  P  is  the  panel  load  for  both  rails  for  the 
b 

equivalent  uniform  load.  For  chord  stresses,  assume  all  joints  Ic-ded; 
for  web  stresses  load  the  same  joints  as  usual  in  getting  maximum 
stresses,  irrespective  of  whether  the  loads  be  upwards  or  downwards. 
The  resulting  stresses  are  to  be  combined  with  those  found  by  consider- 
ing the  track  straight. 

For  the  stringers  the  eccentricity  may  be  taken  as  the  average  for 
the  panel  in  question.  This  being  constant  for  the  panel,  the  stresses 
in  the  outer  stringer  may  be  found  by  multiplying  those  due  to  the 

actual  wheel  loads,  centrally  appHed,  by  ^',  and  those  on  the  inner 

stringer  by  -  — .  For  the  floor  beams  the  value  of  P  should  be  taken 
as  the  maximum  floor-beam  load  due  to  the  actual  wheel  loads.  The 
end  reactions  to  be  considered  are  then  P  ^  and   -  P  ^.     The  maxi- 
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mum  bending  moments  must  be  determined  with  reference  to  the 
spacing  of  the  stringers,  which  may  vary  considerably  at  the  different 
joints.     The  stress  in  the  hip-vertical  is  ecj[ual  to  its  maximum  stress 


for  vertical  load,  multiplied  by 


b' 


If  it  is  not  desired  to  use  an  equivalent  uniform  load,  the  best 
method  to  employ  is  that  of  influence  lines,  getting  the  total  stress  from 
vertical  load  and  from  centrifugal  force  at  one  operation.  Suppose 
in  Fig.  20  {a)  the  line  .v  y  represents  the  horizontal  projection  of  the 


centre  of  gravity  of  the  train  (not  the  track  centre).  Let  e^,  e^,  e^,  etc., 
be  the  eccentricities  at  the  several  panel  points  (the  average  for  a  half 
panel  each  side).  Consider  the  bending  moment  ate',  Fig.  (b),  for 
example;  a'  k  g\  Fig.  {c),  is  the  influence  Hne  for  a  central  load.  To 
construct  the  influence  line  for  an  eccentric  load,  multiply  the  ordinate 

to  the  line  a'  k  g'  at  each  panel  point  by  the  value  of  f  X  +  r- j  X  2 

for  the  point  in  question.  Then  with  these  modified  values  construct 
the  broken  line  a'  b"  c"  d",  etc.,  which  will  be  the  true  influence  line 
for  the  total  moment  at  c  in  the  outer  truss  due  to  vertical  load.     For 

the  inner  truss  the  multiplier  is  (>^  "  r)  X  2.       The   effect  of  cen 
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trifugal  force  is  now  to  be  added  to  the  line  a"  h"  c",  etc.,  by  adding 
ordinates  at  each  point  equal  to  the  ordinates  to  a'  k  g',  multiplied  by 

the  constant  2  y^  r,  giving  the  final  influence  hne  a'  h'"  c'",  etc.      For 

the  inner  truss  the  centrifugal  force  is  omitted.  Calculations  are  then 
made  graphically  by  trial.  The  same  method  may  be  used  for  web 
stresses  and  for  stringers  and  floor  beams.  This  method  is  especially 
applicable  to  skew-bridges  on  curves,  a  form  of  structure  which  fre- 
quently occurs. 

Example. — Let  it  be  required  to  calculate  the  stresses  in  the  outer  truss  of  a  200-foot- 
span  bridge  located  on  a  6°  curve,  for  Cooper's  £-50  loading,  assuming  a  speed  of  40  miles 
per  hour.     Assume  a  panel  length  of  25  ft.,  a  height  of  32  ft.,  and  a  width  of  20  ft.  centre 


Fig.  21. 

to  centre  of  trusses.  Fig.  21  (a)  represents  half  of  the  outer  truss  and  Fig.  21  (&)  the  lowei 
laterals  and  line  of  the  centre  of  gravity  of  the  train.  Assume  the  net  eccentricities  to  be 
as  shown  in  the  figure. 

We  first  calculate  the  stresses  in  the  truss  as  in  the  ordinary  case,  by  the  usual  wheel- 

^oad  method. 

The  maximum  moments  and  shears  are  as  follows:  Moments:  at  b'  =  6,784;  at 
c'=  11,250;  at  ^'=14,010;  at  c' =  14,810.  Shears:  a' 6' =  271.4;  i'c'=  204.7; 
c'  d'  =  169.5;  <i'  «'  =  97-9;  ^'  /'  =  S^-'^-  ^^^  resulting  stresses  are  given  in  the  first  Unas 
of  the  tables  below. 

CHORD   STRESSES. 


Member. 

a'b' 

b'  (f 

d  d' 

d'  e' 

B'C 

CD' 

D'  E' 

+  21  2.0 
0 

+  212.0 
+     76.0 
+     21.4 
+      I4-I 

+  351-S 
+   126.0 
+     35-4 
+     34-0 

+  437-9 
+   i5'J-8 
4-     44-2 
+     40-8 

-  351-5 

-  35--^ 

-  34-0 

-  437-0 

-  44-2 

-  49-8 

—  462.8 

-  46.7 

-  SS-7 

From  overturning  effect 

From  eccentricity 

+     21.4 
-+-     14-1 

Total +  ^-t^-S 

+  323-5 

+  S4''-0 

+  688.7 

—  420.0 

-  S3I-0 

-  565-2 
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WEB   STRESSES. 


Member. 

a'  B' 

B'  c' 

C'd' 

D'  e' 

E'  d' 

B'b' 

C'c' 

D'  d' 

E'  e' 

Vertical     load,     straight 

-  344-4 

-  34-7 

-  22.8 

+  259.9 
4-     26.2 
+     31.2 

+  215.0 
+     21.7 
+     26.3 

+  1 24. 1 
+     12.5 
+     16.2 

+  71-5 
+     7.2 
4-     6.7 

+  94-5 
4-     9.5 
-      9-4 

-  169-5 

-  17.0 

-  20.7 

-  97.9 

-  9.8 

-  12.8 

—  56.4 

From  overturning!  effect . 
From  eccentricity 

-  5.7 

-  S.3 

Total                 

—    401. ( 

4-  317.3 

+  263.0 

4-  152-8 

+  85.4 

4-  94-6 

—  207.2 

—120.5 

—  67.4 

For  a  velocity  of  40  miles  per  hour  and  a  6°  curve  the  value  of  k  of  eq.  (18)  =  .00001 17  X 
4oX4oX6=.ii2.  For  the  lower  laterals  the  moments  and  shears  due  to  centrifugal 
force  will  be  equal  to  the  moments  and  shears  from  vertical  load,  multiplied  by  2  ^  (  =  .224) 
In  Fig.  21  {b)  the  diagonals  which  are  in  action  are  a  b',  b  c',  etc.  The  tension  in  d'  e' 
will  therefore  =  moment  at  d  divided  by  20,  that  in  c'  d'=  moment  at  c  -r-  20,  etc.     We 


have  then  stress  in  d'  e'  = 


14,010  X  .224 


=  156.8;  stress  in  c'  d'  = 


11,250  X   .224 


126.0, 


etc.     These  stresses  are  given  in  the  second  line  of  chord  stresses. 

For  the  overturning  effect  the  distance  of  base  of  rail  above  laterals  will  be  assumed  at 
4  feet,  making  the  distance  of  the  centre  of  gravity  above  the  laterals  about  9  feet,  which  is 
the  value  of  h  of  Fig.  19.    The  stresses  in  all  the  members  due  to  vertical  loads  must  then 

be  multiplied  by  2  X  .112  X—  =  .1008.      The  stress  in  a' b'  is  therefore  equal    to 

+  212.0  X  .1008  ==  +  21 .4,  etc.     The  results  are  given  in  the  tables. 

To  calculate  the  corrections  due  to  eccentricity  we  first  get  the  equivalent  uniform  load 
for  a  200-foot  span.  This  is  given  in  Fig.  47,  Chapter  V,  and  is  equal  to  3,000  lbs.  per  foot 
for  one  rail,  or  6,000  lbs.  for  both  rails.     The  panel  load  =  6  X  25  =  150.     Then  the 

+  •7 


loads  on  the  outer  truss  are  as  follows 
+  1.7 


at  &'  =  1 50  X   — •  =  —  7-  5 ;  at  c'  =  150 

■^  20  '  ■'  ^20 


+  5-25;   at  d'  =  150 


4-    12.75,   and   at  e' 


4-  2.0 

150 =4-15.      The   loads 

20  "~  ^20  -^ 

on  the  right  are  the  same.     Then  with  these  loads  applied  on  the  truss  at  the  several  joints 

the  chord  stresses  are  to  be  calculated.     The  reaction  =  18.0.     The  stresses  are  given  in 

the  table  with  correct  signs.     For  web  members  the  usual  joints  are  to  be  loaded.     The 

2  X  (-  i) 


stress  in  the  hip-vertical  =  94.5  X 


=  —  9.4,  that  is,  a  compressive  stress  of  9.4. 


This  is  the  only  member  for  which  stresses  of  opposite  sign  appear  in  the  table. 

If  the  inner  truss  be  analyzed,  the  stresses  from  the  laterals  would  be  compressive,  that 
in  a  &  being  76.0,  in  6  c  126.0,  etc.  The  stresses  from  overturning  and  from  eccentricity 
would  all  be  equal  to  but  of  opposite  sign  from  those  given  in  the  table.  The  maximum 
stresses  would  occur  for  a  zero  velocity,  in  which  case  only  eccentricity  would  be  considered. 
One  member  only,  the  hip-vertical,  would  have  a  stress  greater  than  the  corresponding 
member  of  the  outer  truss. 

197.  Stresses  Due  to  Tractive  Forces. — When  a  train  crosses  a 
bridge  with  brakes  set,  the  horizontal  force  exerted  upon  the  track  by 
the  braked  wheels  may  need  to  be  considered.  The  amount  of  the 
force  is  generally  taken  at  20%  of  the  vertical  load.     A  portion  of  this 
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Fig.  22. 


is  transmitted  through  the  track  to  the  road-bed  beyond  the  bridge, 
but  this  amount  is  uncertain  and  will  be  small  under  some  conditions, 
so  that  it  cannot  be  considered  in  the  calculations.  In  the  through- 
bridge,  and  in  the  deck-bridge  supported  at  the  level  of  the  top  chord, 

the  only  members  stressed  by  this 
tractive  force  are  the  floor  system 
and  the  lateral  truss  belonging  thereto, 
including  the  chord  members  of  the 
loaded  chord.  With  the  usual  lateral 
diagonals  (Fig.  22),  connected  to  the 
stringers  at  d  and  c,  the  tractive  force 
is  resisted  mainly  by  the  bending  resistance  of  the  floor  beams  a  a', 
h  h',  etc.,  the  load  on  each  being  that  for  one  panel  length.  The  addi- 
tion of  members  d  d'  and  c  c'  forms  a  truss  of  the  laterals  and  stringers 
v^hich  will  then  resist  the  tractive  force  by  direct  stresses  unimpor- 
tant in  amount.  The  chord  members  receive  a  tensile  stress  when 
the  train  approaches  from  the  anchored  end  and  a  compressive  stress 
when  it  approaches  from  the  expansion  end.  This  stress  increases 
uniformly  from  the  roller  to  the  fixed  end,  receiving  an  increment  at 
each  panel  point. 

In  deck  structures  the  tractive  forces  cause  some  modification  of 
the  vertical  reactions  and  hence  stresses  throughout  the  structure.     If 

h 
T  =  total  tractive  force  for  the  span  (Fig.  23),  theni^i  ^  ^  ~v     ^^^ 

horizontal  reaction,  R,  will  be  applied  at  the  fixed  end.  If,  for  example, 
T  =  20%  the  total  vertical  load  and  h  =  11'^,  then  R^  will  equal  about 
4  per  cent,  of  the  reaction  for  full  vertical  load.  This  indicates 
roughly   the    relative   impor-  t_ 

tance  of  these  stresses. 

198.     Elevated     Railroad     h 
Bents. — Transversely,  an  ele-        \n\  ^  "^  * 

vated  railroad  bent  is  similar  ^^"  ^^" 

to  the  plate-girder  portal  already  considered  in  Art.  185  {a).  The 
posts  are  usually  fixed  at  the  base,  giving  a  point  of  inflection 
midway  between  the  base  and  the  cross-girder.  In  a  longitudinal 
direction  several  posts  are  generally  rigidly  connected  by  the  longi- 
tudinal girders  or   trusses,  expansion  joints  being  introduced  abou/ 
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every  third  or  fourth  panel.  The  bracing  of  the  bents  longitudinally  is 
often  accomphshed  by  full  diagonal  bracing  between  a  pair  of  columns, 
thus  forming  a  tower  in  each  section  of  the  structure.  Where  this 
cannot  be  done  the  bending  resistance  of  the  columns  must  be  depended 
upon  to  resist  the  longitudinal  horizontal  forces  in  the  same  manner 
as  they  do  the  lateral  forces.  The  construction  thus  becomes  a  contin- 
uous girder,  fastened  to  vertical  columns,  which  may  be  either  free  or 
fixed  at  the  base. 

Fig.  24  represents  a  5-column  section  in  which  the  columns  are  of 
equal  length  and  cross-section.     T  =  total  tractive  force  acting  on  the 


AH. 


•1- 


|^<^0 


i\ 
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\% 


Fig.  24. 


Structure.  Let  ^  5  be  a  plane  through  the  points  of  inflecdon  of  the 
columns  (midway  between  girder  and  base  in  the  case  of  fixed  columns 
and  at  the  base  for  columns  hinged  at  the  base).  The  columns  being 
equally  flexible  the  horizontal  reaction  at  each  column  will  be  the  same 
and  equal  to  1/5  T.  The  vertical  reaction  will  not  be  important,  but 
may  be  found  by  taking  moments  of  T  about  the  centre  of  gravity  of 
the  five  columns  considered  as  one  structure.  With  equally  spaced 
columns  of  equal  cross-section  the  moment  centre  will  be  at  the  centre 
of  the  group.  The  vertical  reaction  at  each  column  will  be  propor- 
tional  to  its  distance  from  the  moment  centre  and  the  moment  of  this 
reaction  will  be  proportional  to  the  square  of  the  distance.  Thus 
V,  =  2  F„  Fj  =  2  V,  and  V,  =  V ,.     Hence 

If  the  columns  are  of  different  cross-sections  their  deflections  for  a 
given  load  will  be  inversely  proportional  to  their  moments  of  inertia 
about  an  axis  perpendicular  to  the  plane  of  bending.  Since  these 
deflections  must  be  equal  it  follows  that  the  resistance,  H,  at  the  base, 
will  be  directly  proportional  to  the  moment  of  inertia  of  the  column. 
Hence  the  total  force,  T,  will  be  divided  among  the  several  columns  in 


PORTAL    FRAMES;    POSTS    PARTIALLY    FIXED 


28.H 


proportion  to  their  moments  of  inertia.     For  a  more  general  treatment 

of  this  class  of  problems,  see  Part  II. 

199.  Portal  Frames  with  Posts  fixed  at  the  Base,  but  Upper  Ends 

not  fixed. — Let  Fig.  25  represent  a  portal,  or  a  bent  of  an  elevated 

railroad  or  of  a  steel-frame  building, 
having  the  posts  fixed  in  direction  at 
the  ground  and  having  a  single  system 
of  diagonal  bracing  as  shown.  The 
problem  is  to  find  the  point  of  inflec- 
tion Xq  from  the  base,  and  then  the 
values  of  the  reactions  H  and  V  upon 
the  columns.  These  reactions  will  be 
the  same  as  in  the  portals  of  Art.  185, 


'■>///M///M///M^ 


Fig.  25. 


when  the  point  of  inflection  is  treated  as  the  base  of  the  column.  It 
will  be  assumed  in  this  analysis  that  the  longitudinal  distortion  of  the 
members  of  the  truss  is  small  as  compared  to  the  bending  of  the 
posts,  so  that  the  former  will  be  neglected.  This  is,  in  most  cases, 
sufficiently  accurate  for  aU  practical  purposes.  A  more  general  treat- 
ment of  the  subject,  taking  into  account  all  distortions,  is  given  in  Part  II. 
Under  the  assumption  noted,  the  points  D  and  C  deflect  equally. 
Fig.  (a)  represents  the  column  A  C  separated  and  the  forces  indicated. 

d?  y 
From  the  general  differential  equation  of  the  elastic  line,  E I  -p-^  =  M, 

we  have  for  x  <  z. 


EI 


(P  y 


=  R{c-  x)  -Q{z-  x). 


(21) 


Integrating  eq.  (21)  between  the  hmits  o  and  z,  we  have 

EI^  =  R  f"  (c-x)dx-Q    r  {z-x)dx=R(cz--) -Q-,    (22) 
d  x         ^o  ^o  \  2  /  2 

which  \sE  I  times  the  angle  of  the  deflected  column  at  D. 
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For  X  >  z, 


El'^^=R{c  -  x), 
dxr 


from  which 


Ei'^-^  =  rIcx--\  +C,     .     .     .     .     (23) 
ax  \  2  / 

in  which  C  is  the  value  of  £  /  -7^  at  £>,  as  given  by  (22). 

ax 

Hence  for  x  >  z 

Elil^Ric-^^+Ricz-^-Qt      .      (.4) 
dx  \  2  )  \  2/  2 

Integrating  this  again  from  z  to  c,  we  obtain  the  deflection  at  C  as 
compared  to  that  at  D.  But  by  the  conditions  of  the  problem,  D  and 
C  deflect  equally,  and  hence  this  last  integral  is  zero,  or  from  (24). 

Ely  =  R£[cx-^)dx-Q£^-dx  = 

^  ((?       c£-       z\       ^  (^       z-  c\  .     . 

^  (3  -  T  +  6)  +  'S  (l  -  t)  =  °-  ■    •    ■   ^^5^ 

whence 

£  =  i^ , (.6) 

Q  2C~  +  2CZ  -  Z^ 

For  the  point  of  inflection  we  have  R  {c  —  x^)  =  Q  {z  -  x^)  or 

-  =  ^-:^^: (27) 

whence  from  (26)  and  (27) 

Z    (Z  +   2C\  f    Qs. 

Xo  =  -  ( — ) (28) 

2     V2  2  +  C/ 

This  gives  the  point  of  contraflexure  at  which  H  and  V  (as  in  Art.  185) 
are  to  be  applied.  The  remaining  analysis  is  exactly  the  same  as  there 
given,  using  here  c  —  Xq  in  place  of  c. 

The  requisite  strength  of  anchorage  may  be  computed  from  the 
bending  moment  at  the  base  of  the  column,  =  H  x^. 

This  problem  is  usually  solved  by  assuming  the  point  of  inflection 

14  z  from  the  base.     For  the  extreme  case  where  e  =  2  =  -,  eq.  (28) 
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gives  Xq  =  ^  2.  When  e  is  less  than  this,  the  point  of  inflection 
approaches  the  middle  point  between  A  and  D,  so  that  it  may  be 
said  this  point  lies  somewhere  between  X  2  and  ^/i  z  above  the  base 
for  all  cases  of  fixed  base.  But  this  base  is  never  perfectly  fixed  in 
direction,  and  any  flexibihty  here  would  lower  the  point  of  inflection. 
Neither  is  the  web  bracing  above  perfectly  rigid,  and  any  distortion 
here  would  raise  the  point  of  inflection,  so  that  these  assumptions  may 
be  considered  as  ofifsetting  each  other,  and  the  formulas  applied  rigidly 
as  above. 

200.  Framed  Bents  in  Buildings. — The  framed  bent  in  a  building, 
such  as  shown  in  Fig.  26,  is  in  the  nature  of  a  portal.     The  columns 


Ff— 


Fig.  26. 


may  be  fixed  or  free  at  their  bases.  In  the  former  case  the  points  of 
inflection,  /  and  /',  are  closely  determined  by  the  analysis  of  Art.  199. 
Knowing  these  points  the  analysis  for  wind  pressure  is  simple.  The 
horizontal  components  H  and  H'  are  assumed  equal.  The  stress  in 
£  D  is  found  at  once,  and  the  shear  and  compression  in  the  post  at  C. 
A  similar  analysis  on  the  left  gives  the  forces  acting  at  C  and  E'.  All 
the  external  forces  acting  on  the  roof  truss  are  then  known  and  its 
analysis  may  be  proceeded  with. 

Graphically,  the  analysis  of  the  roof-truss  stresses  can  be  proceeded 
with  most  readily  by  substituting  for  the  vertical  beam,  /  C,  a  truss, 
ICF,  the  length  D  F  being  any  arbitrary  length.  The  members  of 
this  truss  will  receive  direct  stress  only  and  the  analysis  by  means  of 
the  force  polygon  can  therefore  be  begun  at  /  and  carried  through 
in  the  same  manner  as  for  any  truss.     The  resulting  stresses  will  be 
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correct  for  all  members  except  the  posts;  these  are  best  analyzed 
directly  as  already  explained. 

Example.— Let  it  be  required  to  analyze  the  truss  shown  in  Fig. 
27  (a)  for  a  wind  pressure  of  30  lbs.  per  sq.  ft.  on  a  vertical  surface. 
The  pressure  normal  to  the  roof  is  22  lbs.  Spacing  of  trusses  =  15  ft. 
The  apex  loads  are  as  given  in  the  figure. 

Fig.    (b)    gives  the   analysis.      The  load-Hne  is  A  B-F-K.     The 
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horizontal  components  of  the  reactions,  H  and  H',  are  assumed  as 
equal  and  the  vertical  component,  V',  is  conveniently  found  analyti- 
caUy  by  taking  moments  about  /.  The  value  of  V  is  then  found 
by  closing  the  polygon  by  drawing  K  L  M  N  A.  Beginning 
at  /  the  stress  diagram  is  drawn  as  explained  by  several  examples 
in  Chapter  II. 

201.  Stresses   in   Trestle   To^trs.— Stresses   in   a   Single   Vertical 
Bent.— 'Fig.  28  represents  the  usual  form  of  verdcal  bent.     The  bracing 
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Fig 


consists  of  horizontal  members  A  B,C  D,  EF,  etc.,  capable  of  resisting 
either  tension  or  compression,  and  diagonal  braces  which  are  generally 
designed  for  tension  only.  Even  if  made  of  angles  or  other  shapes 
their  length  is  usually  so  great  as  to  make  them  in- 
effective as  compression  members.  They  will  there- 
fore be  assumed  to  act  in  tension  only.  The  posts 
A  E  and  B  F  are  assumed  to  have  the  same  inchna- 
tion  or  batter,  but  they  are  sometimes  made  of 
different  inclinations  in  the  case  of  trestles  on 
curves.  It  will  be  convenient  to  consider  separately 
the  stresses  due  to:  (a)  the  vertical  loads  and 
(b)  the  horizontal  forces  such  as  wind  load  and 
centrifugal  force. 

(a)    Stresses    Due  to   Vertical  Loads. — For  sym- 
metrical   loading,    the    loads 

brought  to  points  A  and  B,  due    to  live   and 

dead  weight  above  this  level,  are  equal,  and 

by  reason  of  symmetry  the  diagonal  bracing 

will    receive    no    stress    from   such   loading. 

Therefore,  stress  in  B  D  and  AC=  %  P  sec  d 

and   stress  m.  A  B  =  }4  P  tan  6.      Below  D 

the  additional  dead  load  applied  at  D  must 

be  considered,  and  so  on. 

If  the  loads  are  unsymmetrically  applied, 

as  in  the  case  of  a  double-track  structure,  or  a 

structure   on  a  curved  track,  the  loads  at  A 

and  B  will  not  be  equal.     If  the  load  at  B  is 

the  greater  then  the  diagonals  A  D,  C  F,  etc., 

will  be  brought  into  action;  the  other  diagonals 

will  be  relieved. 

In  Fig.  29.  e  is  the  eccentricity  of  the  load 

with  reference  to  the  centre  line,  and  O  is  the 

intersection  of  the  centre  line  of  the  posts  at  a 

distance  d  above  the  plane  A  B.     The  stresses 

in  the  various  members  may  readily  be  ob- 
tained graphically  by  determining  the  loads  at  A  and  B  and  construct 

ing  the  force  diagram  as  usual.     Analytically,  the  stresses  can  best 
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be  found   by   moment  equations.     With  the  notation  as  shown,  the 
stresses  are  as  follows: 

Section  q,  moment  centre  at  D, 

P(y2b,-e)     AC 


AC  = 
Moment  at  A , 

BD  =  P 
Moment  at  O, 

AD  =  P 
Section  r,  moment  at  O , 

CD  =  P 
Section  s,  moment  at  F , 

CE  =  P 


h  '    K 


b,  +  e      BD 


K        •   K 


e         AD 


d  +  h^'     bi 


e 


d  +  hi 


^  63  -  g     C  E 


&3        *     h^ 
Moment  at  C,  

DF  =^  P^     ' 


b.y        '     h 
CF  =  P 


h  "'2 

Moment  at  O, 

e 


CF 


d  +  hi  +  ^2  "    ^2 
etc.,  etc. 

This  method  applies  equally  well  to  bents  where  the  posts  have  unlike 
batters,  the  eccentricity  being  measured  from  the  intersection  point  O. 
{b)  Stresses  Due  to  Horizontal  Forces.— These  include  the  wind 
pressure  on  the  train  and  on  the  girder  resting  upon  the  bents,  the 
pressure  upon  the  tower  itself,  assumed  as  concentrated  at  the  joints, 
and  the  centrifugal  force  acting  at  the  centre  of  gravity  of  the  train. 
The  simplest  manner  to  treat  these  horizontal  forces  analytically  is  to 
consider  them  applied  at  the  proper  level  as  indicated  in  Fig.  29.  F  is 
the  centrifugal  force  acting  on  one  bent;  W^  =  wind  pressure  on  train; 
W2  =  wind  pressure  on  bridge  or  girder;  and  W^,  W^,  Wr„  etc.,  are 
the  wind  loads  on  the  tower  itself.  The  values  of  F,  W,  and  W^  are 
calculated  for  half  of  each  of  the  two  spans  supported  by  the  bent  in 
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question.     The  distances  c„  c^  and  c^  are  first  calculated.     Then  the 
stresses  are  found  as  before  by  simple  moment  equations.     For  ex 
ample,  with  section  q,  and  moment  at  D,  we  have 

17^  (J  +  /;  ^  _  ^;)  +  77  ( J  +  h,  -  0+I-F,(J  +  /^i-C3)  +WJi,         AC 
^  '^  = b,  ■     K  ' 

Graphically,  the  stresses  may  be  found  by  a  force  diagram,  first 
getting  the  forces  (vertical  and  horizontal) ,  acting  at  A  and  B,  equiva- 
lent   to    the    forces    W„  F  and   W^:     or,    more  Wj, 
simply,    by    getting    the    resultant    P   (Fig.    30),               o!__._*^Ll 
of  these     forces    and    considering   it    applied    at             /\^^        F" 
the    apex  of  an  extension,   A  O'  B,   of  the  bent.        ^/       '\  3) 
The    diagram    may    then  be  drawn  in  the    usual        /\~        \ 
manner.       The  stress  m  AB  will    depend    upon       /      \^  \ 
the    assumption    as    to    the   manner   of  resisting       /           \\ 

the   pressure  upon  the  train  and  girder.     To  as-    ct— -Ad 

sume  it  resisted  equally  at  the  two   points,  A  and      /  \^  ^ 

B,  is  sufficiently  accurate.     This  is  taken  account     ' 
of    in    the  analysis  by  making   A  O'    and    B  O'  ^^^-  ^°- 

equally  incHned;    the  resulting  stress  m  A  B  will  then  be  correct. 

In  the  case  of  a  double-track  structure  the  maximum  stress  in  the 
bracing  will  occur  when  the  track  to  the  windward  is  loaded  and  the 
wind  pressure  is  a  maximum. 

(c)  Stresses  Due  to  Traction.— In  a  high  trestle  the  stresses  due  to 
traction  may  be  very  considerable.  If  T  =  total  tractive  force  per 
tower,  the  horizontal  shears  at  all  sections  will  equal  T,  giving  the 
horizontal  components  in  the  bracing;  the  stresses  in  the  posts  will  be 
found  by  moments.  If  the  lengths  of  members  as  shown  in  the  vertical 
projection  of  the  tower  be  used  in  the  calculations,  then  the  resulting 
stresses  will  be  the  vertical  components  of  the  post  stresses. 

202.  Inclined  Bents.— li  the  bent  itself  is  inclined,  thus  forming  a 
tower  in  which  the  planes  of  all  sides  are  incHned,  it  may  conveniently 
be  analyzed  by  considering,  first,  its  projection  on  a  transverse  plane  as 
a  vertical  bent,  and  finding  its  stresses  as  described  in  the  preceding 
Article.  The  true  stresses  in  all  the  members  are  then  equal  to  the 
stresses  so  determined,  increased  by  the  ratio  of  the  true  lengths  of  the 
members  to  their  projected  lengths. 
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203.  Slresses  at  the  Pedestals. — If  the  resultant  of  the  stresses  in 
E  H  and  F  H,  Fig.  29,  is  a  tension,  then  anchorage  is  required  at  H. 
The  stress  inG  H  will  depend  upon  where  the  fixed  point  of  the  trestle 
tower  is  located.  If  at  G,  then  G  H  must  carry  all  the  lateral  force 
due  to  E  H  and  F  H,  less  the  frictional  resistance  at  H.  If  H  is  the 
fixed  point,  G  H  becomes  stressed  when  the  member  G  F  acts.  This 
member  must  also  be  sufficiently  strong  to  overcome  the  friction  at  the 
expansion  point  under  dead  load, 

204.  Symmetrical  Towers  Polygonal  in  Plan. — Towers  for  support- 
ing fixed  loads,  such  as  water  tanks,  are  generally  made  square  or  polyg- 


Fio.  31 

onai  in  plan.  Fig.  31  represents  such  a  tower  with  six  posts  and  the 
usual  diagonal  and  lateral  bracing.  The  diagonals  resist  tension  only. 
205.  Stresses  due  to  Vertical  Loads. — For  vertical  loads  the  diagonals 
are  not  stressed.  If  ^  =  angle  of  inclination  of  the  posts  at  any  bent 
and  P  =  total  vertical  load  per  post  above  any  given  story,  then  the 
stress  in  each  post  =  P  sec  6  and  the  horizontal  component  is  P  tan  6. 
At  the  top  of  the  tower  the  latter  component  must  be  resisted  by  the 
top  framework    or  other  structure;    and  if    the  posts  have  different 
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inclinations  in  successive  stories  the  lateral  struts  will  be  stressed  at 
each  level.  In  Fig.  (a)  S^  and  S^  are  the  stresses  in  two  successive 
posts  and  6  and  0'  their  angles  with  the  vertical.  The  necessary 
horizontal  reaction,  ^3,  in  the  plane  of  the  posts,  =  ^2  sin  0'  -  ^i  sin  S 
=  P  (tan  0'  -  tan  6) ;  and  in  Fig.  (b)  the  resulting  stresses  in  the 
struts  of  the  polygonal  frame  will  be  ^^  =  K  S3  sec  /?. 

206.  Stresses  due  to  Wind  Pressure.— The  stresses  due  to  wind 
pressure  maybe  found  as  follows:  Consider  the  lowest  story.  Imagine 
a  section  q  passed  through  the  posts  just  above  the  lower  struts,  but 
consider  the  diagonal  rods  still  attached  to  the  posts.  Fig.  (c)  repre- 
sents this  section.  Now  the  tower  as  a  whole  may  be  considered  as  a 
vertical  cantilever  beam  acted  upon  by  lateral  forces  W i,  W^,  etc. 
The  bending  moment  at  section  q  is  equal  to  the  sum  of  the  mo- 
ments of  all  of  these  forces  with  respect  to  the  plane  of  this  section, 
Call  this  M.  Determine  the  moment  of  inertia  of  the  posts  in  Fig. 
(c)  with  reference  to  a  gravity  line  A  B  Sit  right  angles  to  the  wind 
pressure;  for  this  purpose  each  post  area  maybe  called  unity.  If  a  = 
distance  of  any  post  from  A  B,  then  I  =  I  a\  The  vertical  compo- 
nent of  the  stress  in  any  post,  distant  a  from  A  B,  may  then  be  de- 
termined by  the  usual  formula  for  flexure  and  is 

S,  =  M^..      ......     (29) 

The  vertical  components  of  the  stresses  in  all  the  posts  are  thus  found. 

In  the  same  manner  get  the  vertical  components  of  the  stresses  at 
the  top  of  this  same  story,  assuming  a  section  r  taken  just  below  the 
lateral  struts  but  above  the  diagonals.  (This  might  also  be  taken 
above  the  struts  as  the  vertical  components  are  not  affected  by  these 
horizontal  struts.)  In  this  way  the  stress  at  each  end  of  each  post, 
beyond  the  point  of  attachment  of  the  diagonals,  may  be  determined. 

The  stresses  in  the  diagonals  must  now  be  found.  Fig.  (d)  repre- 
sents a  horizontal  plan  of  four  of  the  posts  together  with  the  bracing. 
The  stresses  5  at  each  end  are  known.  From  symmetry,  the  stress 
in  the  bracing  between  posts  i  and  2  is  the  same  as  that  between  i  and 
3,  wind  acting  as  shown;  and  it  is  also  evident  that  S^  is  greater  than 
S\.  These  conditions  require  the  diagonals  a  h'  and  a  c'  to  be  in 
action  and  to  have  equal  stresses.    From  equilibrium  at  a  we  then  have 
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V.  comp.  ah'  =  V.  comp.  a  c'  =  }4  iy.  comp.  S^  -  V.  comp.  S\).    (30) 

The  stress  in  a  h'  being  known  we  can  pass  to  the  post  b  b'  and  deter- 
mine the  stress  in  b  d'  by  writing  I  V  =  0  for  the  stresses  So,  S\,  a  b', 
and  b  d'\  and  so  on,  continuing  around  the  tower.  The  same  method 
applied  to  each  story  will  determine  the  stresses  in  all  the  diagonals. 
The  stresses  in  the  lateral  struts,  ab,  ac,  etc.,  are  then  readily  found 
by  the  equiUbrium  of  all  the  forces  at  a  joint,  projected  upon  a  hori- 
zontal plane. 

The  direction  of  wind  pressure  producing  maximum  stresses  will 
be  that  of  the  longer  axis  of  the  polygon,  for  the  moment  of  inertia  of 
the  section  is  the  same  about  all  axes,  and  hence  from  eq.  (29)  the  post 
stresses  will  be  a  maximum  when  the  distance  a  is  a  maximum. 


CHAPTER  VII 

DEFLECTION  OF  STRUCTURES  AND  STRESSES  IN 
REDUNDANT  MEMBERS 

Section  I.— Deflection  of  Structures 

207.  The   Displacement   of   any   Joint   of   a   Framed   Structure 
Resulting  from  any  Small  Change  in  Length  of  any  Member.— When 

for  any  reason  the  length  of  any  member  of  a  framed  structure  is 
changed,  as  by  stress  or  a  change  m  temperature,  there  will  result 
in  general  a  shght  shifting  in  position  of  all  parts  of  the  structure 
(excepting  those  held  rigidly  to  the  supports),  to  a  new  position 


°  Rollers 


correspondmg  to  the  new  length  of  the  affected  member.  If  the 
lengths  of  several  members  are  changed,  the  influence  on  the  shape 
of  the  truss  will  be  the  combined  effect  of  all  the  mdividual  changes. 
If  these  changes  in  length  are  sma'i,  it  wil.  be  sufficiently  exact  to 
assume  that  the  total  displacement  of  any  joint  can  be  calculated  by 
findmg  the  displacement  due  to  the  change  m  length  of  each  member 
separately  and  combining  the  results.  That  is  to  say,  the  effect  of 
the  change  m  any  one  member  is  practically  mdependent  of  the 
effects  produced  by  the  others. 

Let  A  B,  Fig.  i,  be  any  framed  structure  fixed  in  position  at  A, 
0  any  point^  and  CD  any  member.     Suppose  it  is  required  to  deter- 
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mine  the  movement  of  0  in  any  given  direction  O  Q,  due  to  any  small 
change  of  length  in  C  D,  and  also  the  total  movement  due  to  changes 
of  length  in  any  number  of  members. 

The  relation  between  a  change  of  length  in  C  D  and  the  resulting 
movement  of  joint  0  can  most  readily  be  determined  by  the  device 
of  applying  an  arbitrary  force  IF  at  0  and  acting  in  the  direction  of 
OQ.  This  force  will  cause  stresses  and  deformations  in  the  various 
members  of  the  structure  and  a  deflection  of  the  structure  in  the 
direction  of  OQ.  Each  member  stressed  will  contribute  toward  this 
deflection  and  among  other  members  C  D  will  be  slightly  elongated 
or  compressed  and  will  contribute  a  certain  increment  toward  this 
movement. 

Let  P  =  stress  in  C  D  due  to  load  W; 

X  =  deformation  oi  C  D  due  to  stress  P; 

5  =  movement  of  O  due  to  deformation  in  C  D. 

During  the  movement  of  joint  O  the  force  W  performs  work,  the 
amount  of  which  is  equal  to  the  average  force,  3^  W,  multiplied  by 
the  displacement  5,  or  work  =  3^  W  5.  This  work  is  applied  to  the 
member  C  D  m  causing  the  distortion  X.  It  can,  therefore,  also  be 
expressed  as  the  work  done  upon  the  member.  As  the  average  stress 
in  the  member  is  3^  P,  the  work  is  equal  to  Y^  P  ^-     Hence  we  have 

y2W  b  =  y2P\ 
or 

8       P  .  . 

X  =  W ^'^ 

In  eq.  (i)  W  is  any  arbitrary  load,  and  P  is  the  stress  in  the  given 
member  due  to  this  load.  The  ratio  P/W  is  constant  for  all  values  t  f 
W.  For  convenience,  therefore,  IF  may  be  made  unity.  Let  //  = 
stress  P  due  to  load  W  equal  to  unity.     We  then  have,  more  briefl}', 

-  =  u    and     8  =  \  u (2) 

X  ^  ^ 

The  term  u  of  eq.  (2)  may  be  called  the  displacement  factor  for 
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member  C  D,  for  on  multiplying  X,  the  deformation  of  member  C  Z)  by 
u,  we  get  6,  the  deflection  of  jouit  O  in  the  direction  OQ,  Fig.  i,  due 
to  the  deformation  of  C  D. 

For  small  changes  in  the  length  of  any  member,  as  C  Z),  the 
resulting  deflection  of  0  is  directly  proportional  to  these  changes  in 
length.     Then  let 

s  =  change  in  length  oi  C  D  due  to  any  given  cause; 

d  =  movement  of  O  in  the  direction  of  O  ^  due  to  the  change 

in  length  z; 
D  =  I,  d  =  total  movement  of  0  due  to  changes  in  length  of 

any  number  of  members. 

Then  the  ratio  of  the  deflection  d  to  the  change  of  length  s  must  be 
equal  to  the  ratio  of  the  deflection  5  to  the  change  of  length  X  dis- 
cussed above.    Hence 

^-  =  ^ (3) 


But 

from  eq.  (2).     Hence 


8 

-  =  w 

X 


-  =  u     and     d  =  zu (4; 

z 


For  changes  in  length  of  any  number  of  members,  eq.  (4)  becomes 

D  =  Xzu (5) 

It  is  well  to  repeat  that  in  eq.  (5)  2  is  any  given  change  of  length  in  a 
member  and  u  is  a  ratio  (the  displacement  factor)  which  is  numerically 
equal  to  the  stress  in  the  member  due  to  a  load  of  unity  applied  at  the 
joint  whose  movement  is  desired  and  acting  in  the  direction  of  this 
movement. 

If  the  direction  of  movement  of  joint  0  along  line  OQ,  Fig.  i,  is 
not  known  beforehand,  a  convenient  direction  for  the  unit  load  may 
be  assumed  and  the  true  movement  of  O  determmed  by  a  consideration 
of  the  signs  connecting  the  terms  s  and  u  of  eq.  (5).     Adopting  the 
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usual  convention  of  a  plus  sign  for  elongation  and  tensile  stress  and 
a  minus  sign  for  shortening  and  compressive  stress,  it  is  evident  that 
in  deriving  eq.  (i),  P  and  X  have  like  signs.  Hence,  regardless  of  the 
character  of  this  sign,  5  of  eq.  (i)  will  have  a  plus  sign,  indicatmg  a 
movement  of  0  ui  the  direction  assumed  for  the  arbitrary  load  W. 
If  the  signs  of  z  and  u  are  unlike,  it  is  evident  that  the  distortion  of  any 
member  due  to  the  arbitrary  load  of  one  pound,  and  the  distortion  s 
are  opposite  in  kind,  and  the  movement  of  0  due  to  the  distortion  z 
will  be  opposite  in  direction  to  that  indicated  by  the  unit  load.  This 
condition  is  shown  by  the  negative  sign  for  the  product  of  terms  with 
unlike  signs.  Hence,  if  S  2  «  has  a  positive  sign,  the  resultant  move- 
ment of  0  is  in  the  direction  assumed  for  the  unit  load;  if  the  sign  is 
negative,  the  movement  is  opposite  to  the  direction  of  the  unit  load. 

Smce  u  of  eq.  (5)  is  a  ratio,  the  units  in  which  the  deflection  of  O 
is  expressed  are  governed  by  the  term  s.  If  the  movement  of  0  in 
inches  is  desired,  then  z  must  be  expressed  in  inches. 

208.  Deflection  due  to  Stresses  in  the  Structure  from  Appliei 
Loads.— Suppose  the  changes  in  length  z  are  due  to  stresses  caused 
by  a  load  of  any  kind. 

Let  S  =  stress  in  any  member  due  to  given  load; 
A  =  cross-section  of  member; 
/  =  length  of  member; 
E  =  modulus  of  elasticity. 


Then 
and  hence 


z  = 


SI 
AE' 


D=  -^^u (6) 

A  E 


In  using  eq.  (6)  it  will  generally  be  found  convenient  to  express 
5  in  pounds  and  A  in  square  inches.  To  conform  to  these  units,  E 
must  be  expressed  in  pounds  per  square  inch.  The  length  /  shoukl 
be  expressed  in  the  units  in  which  the  deflection  is  desired,  that  is,  in 
feet  or  in  inches. 

Values  of  A,  eq.   (6),  the  sectional  areas  of  the  members,  arc 
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taken  as  the  gross  areas,  and  lengths  of  members  are  taken  as  the  dis- 
tances center  to  center  of  joints.  Due  to  the  presence  of  rivets  in 
riveted  tension  members,  the  gross  area  does  not  accurately  represent 
the  true  area  conditions  over  the  length  of  the  member.  However, 
the  reduction  of  area  due  to  rivet  holes  occurs  over  a  relatively  small 
portion  of  the  member  and  hence  a  weighted  average  of  gross  and 
net  areas  will  be  but  slightly  less  than  the  gross  area.  The  effective 
length  of  members  in  riveted  trusses  is  somewhat  less  than  the  dis- 
tance center  to  center  of  joints,  due  to  the  presence  of  large  gusset 
plates  at  the  joints.  This  tends  to  reduce  the  actual  elongation  of 
the  member.  Therefore,  substituting  gross  areas  and  total  lengths 
of  members  in  eq.  (6)  gives  results  which  are  probably  somewhat  in 
error.  However,  experience  has  shown  that  using  E  =  29,000,000 
lbs.  per  sq.  in.,  instead  of  the  value  of  30,000,000  lbs.  per  sq.  in., 
will  compensate  for  these  errors  and  the  computed  deflections  will 
agree  fairly  well  with  measured  deflections  in  the  actual  structure. 


6<@  25-0=150-0 
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Fig.  2. 


209.  Calculation  of  the  Deflection  of  a  Pratt  Truss  due  to  Applied 
Loads. — The  following  examples  illustrate  the  application  of  the 
general  methods  of  Arts.  207  and  208  for  the  determination  of  the 
deflection  of  a  structure. 


Example  i. — Let  it  be  required  to  determine  the  downward  deflection  of  joint  d, 
Fig.  2,  due  to  a  uniform  load  of  2,500  lbs.  per  ft.  per  truss.  The  calculations  are  given 
below  in  convenient  tabular  form.  Lengths  and  gross  cross-sections  of  members  are 
given  in  the  table.  The  value  of  E  is  taken  at  29,000,000  lbs.  per  sq.  in.  By  reason  of 
symmetry,  only  one-half  of  the  truss  is  considered,  the  total  deflection  being  twice  the 
result  so  obtained.  The  value  of  11  is  the  stress  in  a  member  due  to  a  one-pound  load  at  d 
and  assumed  as  acting  downward.  In  this  case,  the  signs  of  S  and  n  are  the  same  for  all 
members.  Hence  the  sign  oi  S  I  u/E  A  is  always  positive,  indicating  that  all  members 
contribute  to  the  downward  deflection  of  joint  d.  The  total  deflection  oi  d  =  2  X  0.430 
=  0.860  in.  downward. 
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1 
Length  (/) , 

Stress  (5) . 

Area  (A), 

SI 

u 

SI 

ber. 

Inches. 

Pounds. 

Sq.  In. 

E  A 

aB 
BC 
CD 

ab 
be 
cd 
Be 
Cd 

469 
300 
300 
300 
300 
300 
469 
469 

—  203,000 

—  208,500 
-234,500 
+  130,000 
+  130,000 
+  208,500 
+  122,000 
+   40,600 

31-8 
31.8 
31.8 
26.4 
26.4 
39-5 
18.7 
10. 0 

—  0.103 
-0.068 

—  0.076 
+0.051 
+0.051 
+0.055 
+0. 106 
+0.066 

—  0.651 
-0.833 
-1.250 
+  0.417 
+  0.417 
+  0.833 
+  0.651 
+  0.651 

+0.067 
+0.056 
+0.09S 
+0.021 
+  0.021 
+0.04S 
+0.069 
+0.043 

Bb 

Ce 
Dd 

360 
360 
360 

+   62,500 

-   31.250 
0 

17.6 

14.7 
II. 8 

+0.044 

—  0.026 

0 

-0.500 
0 

+0.013 
0 

+  0.430 


Example  2.-Determine  the  horizontal  movement  of  joint  d,  Fig.  2,  for  the  loading 
conditions  of  Example  i,  assuming  that  joint  a  stands  fast,  being  fixed  to  the  abutments, 
and  that  joint  g  rests  on  rollers  which  permit  a  movement  in  a  horizontal  direction  only 
In  this  case  the  one-pound  load  is  to  be  applied  horizontally  at  d.  Since  the  direction  of 
motion  is  unknown,  it  will  be  assumed  that  the  one-pound  load  acts  to  the  right  Fhe 
only  members  stressed  by  the  one-pound  load  will  be  a  ^  &  .,  and  .  d,  for  each  of  which 
„  =  +  I.  We  then  have,  brieOy,  using  values  of  S  l/E  A  as  given  m  the  table  of  Exam- 
ple I, 


Member. 

SI 
EA 

u 

0  b 
be 
cd 

+0.051 
+0.051 
+O.OSS 

+  1.0 
+  1.0 
+  1.0 

+  0.157 


The  horizontal  displacement  of  d,  due  to  the  given  load,  is  therefore  0157  in-     Since  the 
sign  of  the  result  is  positive,  the  movement  is  in  the  direction  assumed  for  the  one-pound 

load,  that  is,  to  the  right.  .    r  •  •  ^  ^   t7;„    , 

From  the  calculations  given  in  Examples  i  and  2,  the  movement  of  joint  d,  Fig.  2, 
due  to  the  given  loading,  is  0.860  in.  downward  and  0.157  m.  to  the  right. 

Example  3.-Determine  the  movement  of  joint  d,  Fig.  2,  due  to  joint  loads  of  62,500 
lbs  at  joints  d,  e,  and/.  Since  the  loading  is  unsymmetrical  about  the  truss  center, 
the  summation  5 //£^  must  include  all  members  of  the  truss.  Values  of  u,  however, 
are  the  same  as  for  Example  i.     All  calculations  are  given  in  tabular  form. 

Assuming  the  conditions  at  the  supports  to  be  the  same  as  in  Example  2,  it  can  readily 
be  seen  that  the  horizontal  movement  of  joint  d  is  to  the  right,  being  equal  to  the  sum 
of  S  l/E  A  values  for  members  a  b,  b  e,  and  .  d.  From  the  above  table  the  honzonta 
movement  of  joint  ^  =  0.0204  +  0.0204  +  0.0273  =  0.0618  in.  Total  movement  of 
joint  d  is  therefore  0.5908  in.  downward  and  0.0681  m.  to  the  right. 
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If  the  plane  of  the  roller  bed  is  not  horizontal,  as  shown  in  Fig.  3, 
the  values  of  S  and  u 
used  in  calculating  the 
deflection  of  any  joint 
must  be  determined  sub- 
ject to  the  conditions  at 
the  roller  support.  As- 
suming   that    frictionless 


Fig.  3. 


rollers  are  provided  at  the  free  end  of  the  truss,  the  reaction  at  this 
point  is  perpendicular  to  the  plane  of  the  roller  bed,  as  shown  in  Fig. 
3.     Values  of  S  and  w  are  to  be  calculated  subject  to  this  condition. 


Mem- 
ber. 

Length  (l). 
Inches. 

Stress  (5), 
Pounds. 

Area  (A), 
Sq.  In. 

SI 
EA 

u 

5/ 
£a" 

aB 

469 

-    81,300 

31-8 

—  0.0414 

-0.651 

+0.0270 

BC 

300 

—  104,100 

31 

8 

-0.0339 

-0.833 

+0.0282 

CD 

300 

-156,300 

31 

8 

—  0.0509 

-1.250 

+0.0636 

DE 

300 

-156,300 

31 

8 

—  0.0509 

-1.250 

+0.0636 

EF 

300 

-156,300 

31 

8 

—  0.0509 

-0.833 

+0.0424 

Fg 

469 

—  162,500 

31 

8 

—  0.0826 

-0.651 

+0.0538 

ah 

300 

+   52,000 

26 

4 

+0.0204 

+0.417 

+0.0085 

be 

300 

+   52,000 

26 

4 

+0.0204 

+0.417 

+0.0085 

cd 

300 

+  104,100 

39 

5 

+0.0273 

+0.833 

+  0.0228 

de 

300 

+  156,300 

39 

5 

+0.0410 

+0.833 

+  0.0342 

ef 

300 

+  104,100 

26 

4 

+0.0408 

+0.417 

+0.0171 

fg 

300 

+  104,100 

26 

4 

+0.0408 

+0.417 

+0.0171 

Be 

469 

+   81,300 

18 

7 

+0.0704 

+0.651 

+0.0458 

Cd 

469 

+   81,300 

10 

0 

+0.1320 

+0.651 

+0.0860 

dE 

469 

0 

10 

0 

0 

+0.651 

0 

eF 

469 

+   81,300 

18 

7 

+0.0704 

+0.651 

+0.0458 

Bb 

360 

0 

14 

7 

0 

0 

0 

Ce 

360 

—    62,500 

14 

7 

—  0.0528 

-0.500 

+0.0264 

Dd 

360 

0 

II 

8 

0 

0 

0 

Ee 

360 

0 

14 

7 

0 

—0.500 

0 

Ff 

360 

+   62,500 

14 

7 

+0.0528 

0 

0 

Hence,  joint  d  moves  downward  0.5908  in.  under  the  given  loading. 


S  =  +0.5908 


It  is  sometimes  desired  to  find  the  movement  of  two  joints  of  a 
truss  along  a  Ime  connecting  the  two  joints.  For  example,  the 
movement  of  joint  C,  Fig.  4,  may  be  desired  with  respect  to  joint  e, 
this  movement  to  be  measured  along  the  line  C  e,  connecting  the  two 
joints.  To  determine  this  movement,  place  one-pound  loads,  acting 
as  shown  in  Fig.  4.  Calculate  the  deformations  of  members  due  to 
the  applied  loading  and  the  values  of  u  due  to  the  one-pound  loads. 
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Hinge 


Rollers 


Tt  can  readily  be  seen  that  only  the  truss  members  between  C  and  e 
will  be  stressed  by  the  one-pound  loads.     The  members  stressed  are 

shown  by  heavy  lines  in 
Fig.  4.  Values  of  5  /  /  E  A 
need  be  determined  only 
for  these  members.  If 
the  sign  oi  Z  S  I  u  '  E  A 
is  positive,  joints  C  and 
e  move  away  from  each 
other;  if  the  sign  is  negative,  they  approach  each  other. 

Example  4.— Assume  a  truss  of  the  dimensions  shown  in  Fig.  2  under  the  loading 
conditions  of  Example  3,  and  determine  the  movement  of  joint  e  with  respect  to  joint  C, 
measured  along  the  line  C  e.  Values  of  S  l/E  A  may  be  taken  from  the  table  given  in 
Example  3;  values  of  u  are  to  be  calculated  for  the  conditions  shown  in  Fig.  4.  These 
values  are  given  in  the  following  table : 


SI 

SI 

Member. 

EA 

u 

ea"" 

CD 

—  0.0509 

+0.428 

—  0.0219 

DE 

—  0.0509 

+0.428 

—  0.0219 

de 

+0.0410 

+0.858 

+0.0352 

Dd 

0 

0 

0 

Be 

0 

+0.516 

0 

Cd 

+0.132 

+0.670 

+0.0884 

dE 

0 

—  0.670 

0 

S  =  +  0.0798 


sin 


Since  the  value  of  S  ^^-^-^  is  positive,  joints  C  and  e  move  away  from  each  other. 
E  A 

210.  Deflection    Due    to    Temperature    Changes.— Suppose    the 

changes  of  length  z  are  due  to  temperature  changes. 
Let  CO  =  coefficient  of  expansion ;    and 

/  =  change  of  temperature  in  any  member; 

then 

2  =  w  /  /,  and  hence 

D  -=  Z  oitlu (7) 

In  eq.  (7),  the  quantities  co  /  /  are  to  be  given  a  plus  sign  for  a  rise  in 
temperature  and  a  muius  sign  for  a  fall  in  temperature.  For  steel, 
the  value  of  co  is  generally  taken  as  0.0000065  per  degree  Fahrenheit. 

Example.— Suppose  the  temperature  of  the  lower  chord  of  the  truss  of  Fig.  2  becomes 
10°  F.  less  than  that  of  all  the  other  members.     Whal  will  be  the  resulting  deflection 
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of  joint  d  with  reference  to  its  position  for  uniform  temperature  conditions.     Assume 
that  the  truss  is  fixed  at  the  left  end. 

The  following  table  gives  all  calculations  for  the  vertical  and  horizontal  displacement 
of  joint  d.  For  all  members  involved,  co  =  0.0000065;  /  =  —  10°,  and  I  =  300  in. 
Hence,  utl  =  —  0.0000065  X  10  X  300  =  —  0.0195.  Values  of  u  are  taken  from  the 
preceding  article.     Due  to  conditions  of  symmetry,  only  one-half  of  the  truss  need  be 


Member. 

o,tl 

Vertical  Displacement. 

Horizontal  Displacement. 

u 

u  1 1  u 

u 

atlu 

ab 
be 
cd 

—0.019s 
—0.0195 
—  0.019s 

+0.417 
+0.417 
+0.833 

—  0.00813 

—  0.00813 

—  0.01625 

+  1.0 
+  1.0 
+  1.0 

—  0.019s 
-O.OI9S 

—  0.019s 

2  =  -  0.03251  2  =  -  0.0585 

considered  in  determining  the  vertical  displacement  of  joint  d.     The  displacement  of  joint 
d  is  therefore  2  X  0.325  =  0.0650  in.  upward,  and  0.0585  in.  to  the  left. 

211.  Deflection  Due  to  Looseness  of  Joints  or  Errors  in  Lengths 
of  Members. — If  the  effective  length  of  any  member  when  put  in  place 
is  different  from  the  calculated  length,  due  to  play  in  pin  holes,  errors 
in  length  of  member,  or  other  cause,  the  resulting  displacement  of 
any  joint  of  a  structure  may  be  obtained  from  eq.  (5)  by  substituting 
for  the  various  values  of  z  the  actual  variations  in  length  of  the  several 
members.  To  conform  to  the  sign  notation  explained  in  Art.  207, 
2  carries  a  plus  sign  v^hen  the  length  of  the  member  is  increased  by 
any  of  the  above-mentioned  errors,  and  it  carries  a  minus  sign  when 
the  length  is  decreased. 

One  of  the  most  important  causes  of  deflection  of  this  nature  is 
looseness  of  pins  in  the  pin 
holes  in  a  pin-connected  struc-  -^k" 
lure.  Specifications  generally 
allow  pin  holes  to  be  bored 
1/50  in.  larger  than  the  pin 
diameter  for  pins  smaller  than 
5  in.,  and  1/32  in.  for  pins 
larger  than  5  in.  in  diameter. 
When  the  pins  are  driven  in  a 
structure  under  erection  and 
supported  by  false  work,  the 


c.  to  c.  Pin3=i 


L «:  ^J=i?'^l=  (_tA J 

Fig.  s. 


pins  and  pin  holes  in  a  tension  eye-bar  are  probably  concentric,  as 
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shown  in  Fig.  sa.  As  soon  as  the  false  work  is  removed,  the  pins 
and  eye-bars  come  to  a  bearing  as  shown  in  Fig.  56.  Hence  the  length 
of  the  member  for  the  case  shown  in  Fig.  5  is  increased  by  1/32  in. 
For  a  riveted  compression  member  with  pins  at  both  ends,  a  corre- 
sponding decrease  in  length  of  member  results.  Wlien  a  member 
has  a  pin  at  one  end  only,  the  change  m  length  is  one-half  that 
mentioned  above.  Deflection  of  this  nature  adds  to  the  deflection 
from  other  causes,  and  should  be  estimated  if  the  true  deflection  of 
the  structure  is  desired. 

Variations  in  lengths  of  members  due  to  fabrication  errors  are 
limited  by  specifications  to  i  32  m.  Since  these  errors  in  length 
may  be  either  positive  or  negative,  it  is  impossible  to  estimate  before- 
hand the  probable  deflection  due  to  this  cause.  Actual  measurements 
made  on  the  members  as  fabricated  must  be  available  before  the 
resulting  deflection  may  be  determined. 

Example.— Determine  the  deflection  of  joint  d,  Fig.  2,  assuming  that  all  web  members 
are  pin-connected  to  the  chord  members;  that  the  top  chord  is  a  continuous  riveted 
member,  pin-connected  at  B  and  F;  that  lower  chord  members  o  6  c  and  e/g  are  riveted 
tension  members  pin-connected  at  a,  c,  e  and  g;  and  that  members  c  d  and  d  e  are  pin- 
connected  eye-bars.     Assume  that  pin  holes  are  1/32  in.  (0.0313  in.)  larger  than  the  pins. 

All  calculations  are  given  in  the  following  table.  In  determining  the  sign  of  the  term 
z,  assume  that  the  character  of  the  deformation  of  the  members  is  the  same  as  for  dead  load. 
The  deflection  of  (/  is  2  X  0.1289  =  0.2578  in.  downward  and  0.0625  in.  to  the  right. 


z 

Vertical  Deflection. 

Horizontal  Deflection. 

Member. 

M 

M  Z 

u 

«  2 

aB 

-0.0313 

-0.651 

+  0.0204 

0 

BC 

—  0.0156 

-0.833 

+  0.0130 

0 

CD 

0 

-1.250 

0 

0 

ab 

-(-0.0156 

+0.417 

+  0.0065 

+  1.0 

+0.0156 

be 

-[-0.0156 

+0.417 

+  0.0065 

+  1.0 

-i-0.0156 

cd 

■t-0.0313 

+0.833 

+  0.0261 

+  1.0 

+0.0313 

Be 

-t-0.0313 

+0.651 

-I-O.O204 

0 

Cd 

+0.0313 

+0.651 

+  0.0204 

0 

Bb 

+0.0156 

0 

0 

0 

Ce 

-0.0313 

-0.500 

+  0.0156 

0 

Dd 

-0.0313 

0 

0 

0 

S  =  +  0.1289 

S  =  +  0.0625 

In  general,  the  deflection  of  a  pin-connected  structure  due  to  play 
in  the  pin  holes  will  be  found  to  be  relatively  large  as  compared  to 
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the  dead-load  deflection.  Estimating  the  dead  weight  of  the  structure 
under  consideration  as  1,000  lbs.  per  ft.  per  truss,  the  dead-load 
deflection  is  0.860  X  1,000/2,500  =  0.344  in.  Hence  the  deflection 
due  to  play  in  the  pin  holes  is  75  per  cent  of  the  deflection  due  to  dead 
load.  This  comparison  shows  that  non-elastic  deflection  in  pin-con- 
nected structures  must  be  taken  into  account  in  determining  the  total 
deflection. 

212.  Deflection  Formula  for  a  Pratt  Truss. — For  approximate  val- 
ues of  the  deflection  of  any  style  of 
truss  we  may  obtain  a  formula  which 
is    readily    evaluated,    provided    we 
may  assume  some  average  values  for       _ 
the   intensities   of    the    tensile    and  ^^^^^^"^ 
compressive  stresses.       Thus,    for  a 
Pratt  truss,  single  intersection,  of  an  P      ^ 

even  number  of  panels  (Fig.  6) 

let  pt  =  average  unit  stress  of  tension  members; 
pc  =  average  unit  stress  of  compression  members; 
E  =  modulusof  elasticity  for  all  members; 
//  =  height  of  truss  in  inches; 
d  =  panel  length  in  inches; 
n  =  number  of  panels  in  bridge. 

The  values  of  u  for  each  member  are  given  in  Fig.  6  in  terms  of  the 
dimensions  of  the  truss.     We  have  then,  from  eq.  (6), 

For  the  Upper  Chord,     S  -— -  -u  =     °    ,  (w  -f  4)  (w  —  2) ; 


lib. 


For  the  Lower  Chord, 


_.„  =  J^  [„(„-,) +8]; 


For  the  Web  Tension 

^^^    u          ^' 

Members, 

"  EA           2  Eh 

For  the  End  Posts, 

EA           2Eh 

(n  -  2)  (^2  +  ^2) . 


(h^  +  d^); 


For  the  Verticals, 


^  SI  pch\  . 

'^EA-'^^TEh^''-'^^' 


(8) 
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Whence  for  the  whole  truss  the  total  deflection  of  the  middle  point 
for  a  full  load  is 


J)  ^Pt  +  P^ 


2  Eh 


{n  +  2)  —  +  (m  -  2)  k' 
4 


(9) 


It  will  be  noticed  that  in  this  case  there  is  nothing  to  sum  but  u  for 
each  member,  as  grouped  above  m  eqs.  (8),  p,  I,  and  E  being  constant 
for  all  members  of  a  group.  Also  for  such  members  as  give  a  value 
of  w  =  o,  as  for  the  middle  vertical  and  the  end  hanger,  they  are  of 
course  omitted,  or  rather  count  for  nothing  in  the  summation.  This 
means  that  these  two  members  do  not  contribute  to  the  deflection 
of  the  middle  point. 

Applying  this  formula  to  Example  i  of  Art.  209,  we  may  assume 
pt  and  pc  =  5,500  lbs.  per  sq.  in.,  approximately.  Substituting  in 
eq.  (9)  we  derive  the  value  D  =  0.84  in. 

Since  the  maximum  stresses  m  web  members  do  not  occur  for  full 
load,  the  value  of  unit  stress  to  be  assumed  for  these  members  for  a 
fully  loaded  structure  will  be  less  than  their  working  value. 

213.  Relative  Deflection  from  Web  and  Chord  Stresses. — By 
adding  the  deflection  increments  due  to  web  members  and  those 
due  to  chord  members,  we  may  obtain. 


For  Chords, 

2  J^  •«  =  ^{[n  ill  -  2)  +  8]  /.,  +  («  +  4)  in  -  2) p.] ; 
EA  SEh 


For  Web, 


^^  ■u  =  -^{(n  -  2)  {IP  +  d^)  pi  +  [in  -  2)  jr-  +  2  d^-]  pl 


y   (10) 


EA  2Eli 

If  we  assume  that  the  average  stress  in  compression  members  is  0.7 
that  in  the  tension  members,  or  pc  =  0.7  /?i,  we  may  write. 


For  Chords,  S  -—  -w  =  r^  (1.7  n-  -0.6  n  +  2.4); 
E  A  Q  E  h 

1  or  Web         2  #4-«  =  -In- 1(^-7  «  "  3-4)  Ir  +  («  -  0.6)  d^ 
EA  2  Ell 


(II) 
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Whence 

(6.8  n  -  13.6)  {-A  +  4  «  -  2.4 
Deflection  from  Web     ^ W __^        (-^2) 

Deflection  from  Chords  1.7  n^  -  0.6  n  +  2.4 

This  ratio  increases  as  \  increases,  and  decreases  as  n,  the  number 

a 

of  panels,  or  length  of  bridge,  increases. 

For  a  Pratt  truss  bridge  of  200  feet  span,  of  ten  panels,  and  a 
height  of  30  feet,  this  fraction  becomes  80,  83  or  96.4  per  cent.  For 
a  truss  of  eight  panels  and  same  span  and  height,  the  ratio  is  115 
per  cent.  That  is  to  say,  for  such  span  lengths  and  for  the  assumptions 
made,  the  deflection  from  web  distortion  is  about  equal  to  that  from 
chord  distortion. 

This  is  quite  contrary  to  the  conditions  in  a  solid  beam  where  the 
shearing  (or  web)  distortions  are  small  as  compared  to  the  moment 
(or  flange)  distortions.  This  is  due  primarily  to  the  fact  that  in  the 
truss  there  is  no  surplus  material  in  the  web  as  is  generaUy  the  case 

in  the  beam. 

A  common  method  of  calculating  the  deflection  of  trusses,  and  one 
formerly  much  used,  is  to  consider  them  as  beams  and  apply  the  for- 
mula for  the  deflection  of  a  beam,  using  a  moment  of  mertia  of  the 
truss  as  determined  from  the  chord  members.  Obviously,  in  view  of 
the  foregoing  examples,  the  results  thus  obtained  are  quite  inaccurate 
and  much  too  small,  except  in  the  case  of  trusses  in  which  the  number 
of  panels  is  large  and  the  height  relatively  small. 

214.  Height  of  Truss  for  Maximum  Stiffness  and  Economy.— We 
may  differentiate  eq.  (9)  for  h  variable  and  find 

dD^  ^  pc  +  pi\_  (n  +  2)nd^  _^  ^^^  _  ^J 
dh  2E    I  Ah^  J 

=  Pc  +  Pt  [(^  _  2)  4  It"  -  {n  4-  2)  n  d%       .     (13) 
S  E  h"^ 

Placing  this  quantity  equal  to  zero,  and  solving  for  h,  we  find  the 
height  of  truss  which  will  give  the  mimmum  deflection  to  be 

w  +  2  nd^ 


h^  - 


n  —  2 


3o6 
or 
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h 


=  i  h  + 

2  \W   — 


(14) 


From  eq.  (14)  we  find  that  for  a  minimum  deflection,  or  for  a 
maximum  stiffness,  for  given  working-unit  stresses,  the  height  of  this 
stiff  est  truss  has  the  following  values: 

TABLE  OF  HEIGHT  OF  PRATT  TRUSSES  OF  MAXIMUM  STIFFNESS. 


No.  of  panels 

3 

4 

5 

6 

8 

10 

12 

14 

16 

18 

20 

Height  of  truss 
Length  of  panel 
Length  of  truss 
Height  of  truss 

1.94 
i-SS 

1-73 
2.31 

1. 71 
2.92 

1-73 
3-47 

1.82 
4.40 

1.94 
S.i6 

2.05 
5-85 

2.16 
6.47 

2.27 
7.06 

2.37 
7.60 

2.42 
8.26 

It  can  also  be  shown  in  a  general  way  that  the  stiffest  truss  con- 
tains the  least  material  for  given  working  stresses.  For,  considering 
the  truss  fully  loaded  and  all  members  stressed  to  a  value  p  per  square 
inch  (this  will  be  only  approximately  true),  the  total  work  of  distortion 
in  the  members  will  be 

The  external  work  will  be 

where  W  =  joint  load  and  D  =  deflection  of  a  loaded  joint. 


Therefore,  S  Z)  = 


E 


W 


For  greatest  stiffness  2  Z)  is  a  minunum, 

A  I 
but  this  requires  a  minimum  value  of  2  p^  — ,  or  since  p  and  E  are 

constants,  a  minimum  value  of  S  ^4  /,  which  is  the  volume  of  the  truss. 
Hence,  the  truss  of  minimum  volume  is  also  the  stiffest  truss. 

It  would  appear,  therefore,  that  maximum  economy  would  require 
proportions  about  as  given  in  the  table.  In  practice,  the  heights 
adopted  are  somewhat  less  than  those  given,  especially  for  the  smaller 


DEFLECTION  OF   STRUCTURES  307 

number  of  panels,  and  this  is  as  it  should  be.  In  the  analysis,  a  fixed 
value  of  working  stress  was  assumed.  In  fact,  however,  the  working 
stresses  for  compression  members  decreases  with  increased  length  or 
decreased  cross-section.  Inasmuch  as  an  increase  in  height  increases 
the  ratio  of  length  to  cross-section  for  all  compression  members  and 
so  reduces  their  working  stresses,  true  economy  of  metal  calls  for  a 
less  height  than  the  calculated  values. 

215.  Angular  Rotation  of  Members  of  Framed  Structures.— The 
angular     rotation    of     any 

member  of  a  truss  due  to  /   ^^^ 

the  distortion  of  the  truss  ^"^$;,  / 

members    is   equal    to    the  y^ fy^ 

total    displacement    of   the        /  \       J/^/ 
ends  of  the  member,  meas-    /  \^' '    <''' 


ured  perpendicular   to   the   |  ^  / 


axis  of  the  member,  divided    I  '^'^      "^^  * 

by  the  length  of  the  mem-  Fig.  7. 

ber.    In  Fig.  7  let  Da  and 

LLb  represent  the  displacement  at  right  angles   to  member  A  B  oi 

joints  A  and  B   due  any   cause.     Then  the  angular  movement  of 

member  A  B,  expressed  in  radians,  is 


To  determine  Da  and  Db,  place  unit  loads  at  A  and  B,  as  shown  in 
Fig.  7,  and  calculate  values  of  u.  Lettingj^^andw^denote  values  of 
u  for  unit  loads  at  A  and  B,  respectively,  we  have  from  eqs.  (6)  and  (15) 

^  SI         ,    SI 

a  =  -J , 

which  may  be  written, 

^^^Sl/u^  +  «s\ (16) 

A  E\       I      I 

From  Fig.  7  it  can  be  seen  that  the  action  of  the  unit  loads  at  A  and  B 
is  equal  to  that  of  a  couple  whose  moment  is  /.     Hence,  values  of 


3o8 
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"-  +  "^  may  be  determined  by  applying  loads  of  i//  at  A  and  B 

instead  of  the  unit  loads.  Figure  8  shows  the  revised  loading,  which 
is  equal  to  a  couple  of  moment  unity.  Letj^^4€nQtejvalues_ofj^^ 
unit  couple.     Eq.  (i6)  may  then  be  written, 


(17) 


Positive  values  of  a  in  eq.  (17)  indicate  that  the  rotation  of  member 
"A  5  is  in  the  direction  assumed  for  the  unit  couple. 


Fig. 


Fig.  9. 


Example  i  .—Determine  the  angular  rotation  of  member  C  d  oi  the  truss  shown 
in  Fig.  2  for  the  loading  conditions  given  in  Example  i  of  Art.  209.  The  unit  couple  is 
shown  in  position  in  Fig.  9.     All  calculations  are  given  in  the  following  table. 


Mem- 
ber. 

SI 
A  E 

u 

SI 

Mem- 
ber. 

SI 
A  E 

u 

SI 

ae" 

aB 

—  0. 103 

—  0.000723 

gF 

—  0.103 

+0.000723 

BC 

-0.068 

—  0.000926 

FE 

-0.068 

+0.000926 

CD 

—  0.076 

+0.001389 

—0.000105 

ED 

—  0.076 

+0.001389 

—0.000105 

ah 

+  0.051 

+0.000463 

P 

+0.051 

—  0.000463 

—  0.000463 

he 

+0.051 

+0.000463 

fe 

+0.051 

cd 

+0-05S 

+0.000926 

ed 

+0.055 

—0.000926 

Be 

+0. 106 

+0.000723 

Fe 

+0.106 

—0.000723 

—  0.000048 

Cd 

+0.066 

—  0.00104 

—0. 000069 

Ed 

+0.066 

—  0.000723 

Bh 

+0.044 

0 

Ff 

+0.044 

0 

+0.000556 

Co 

—  0.026 

—  0.000556 

Ec 

—  0.026 

Dd 

0 

0.000327 


On  examining  the  above  table  it  wiU  be  noted  that  for  all  members,  except  those  m  the 

triangles  formed  by  CD  Ed,  values  of  zu  are  equal  in  amount  but  opposite  m  sign 

for  members  s>Tnmctrically  located  with  respect  to  the  center  of  the  truss.     Hence  for 

.  these  pairs  of  members  2  z  u  =  o.     To  simplify  the  table,  these  products  are  not  given. 
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The  angular  rotation  oi  C  d  is  found  to  be  0.000327  radian  in  a  clockwise  direction. 
Reduced  to  the  usual  units,  the  rotation  is  0.000327  X  57-3  =  0.0187°  =  i'  -  8.04" 
of  arc. 

The  change  in  the  angle  between  any  two  members  of  a  truss  may 
be  found  by  adding  the  angular  rotations  for  these  members  as  deter- 
mined from  eq.  (17).  If  the  change  in  angle  C  A  B  oi  Fig.  10  is 
desired,  place  unit  couples  on  members  A  C  and  A  B  acting  as  shown 
in  Fig.  10.  These  couples  consist  of  forces  i/h,  at  joints  C  and  A 
of  member  A  C  and  forces  i/k  at  joints  A  and  B  of  member  A  B, 
where  h  and  h  are,  respectively,  the  lengths  of  members  A  C  and 

AB. 

As  shown  in  Fig.  10,  the  unit  couples  act  in  opposite  directions. 
Hence  the  reactions  n  and  ^2  are  equal  to  zero  and  only  the  members 


Fig.  10. 


in  triangle  CAB  have  values  of  u.     If  these  values  of  u  be  denoted 
by  W2,  and  ii  da  denote  the  change  in  angle  C  A  B,we  have, 


da  =   Z  --=,  U2, 

A  E 


(18) 


A  positive  value  of  J  a 'in  eq.  (18)  indicates  an  increase  in  angle  C  A  B. 

Values  oi  da  may  be  determined  by  substituting  numerical 
quantities  in  eq.  (18),  or  a  general  formula  may  be  derived  in  which 
da  is  expressed  in  terms  of  the  fiber  stresses  in  the  members  and 
functions  of  the  angles  of  the  triangle. 

Let  si,  52,  and  S3  represent  the  fiber  stresses  in  the  several  members. 
Assume  that  these  fiber  stresses  are  tensile.  Values  of  W2  are  to  be 
determined  for  the  loading  shown  in  Fig.  10.  AU  values  are  given 
in  the  following  table: 


3IO 


DEFLECTION   OF   STRUCTURES 


Fiber  Stress. 

.s  / 

5Z 

Member. 

Length. 

(1) 

£A 

"2 

£a"^ 

I 

h 

+51 

,   5i/i 

— ^  cot  7 

-;gCOtv 

2 

h 

+  52 

,52/2 

-^cot/3 

-|co.. 

3 

h 

+  53 

^  £ 

+  7  CSC  ^ 

'2 

+-/s-^ 

Hence  from  eq.  (18) 


h 


(f  a  =  —  I  +  53  r  CSC  /3  —  52  cot  (3  —  5i  cot  7  ) . 
E\  h  J 

\'\        sin  a 
To  simplify  eq.  (19),  note  from  the  law  of  sines,  -  =  — — ;  then, 

I2       sin  7 


(19) 


h        o  sin  a 

53  -  CSC  /3  =  53  ^ T—. 

I2  sin  7  sin  /3 


sin  (7  +  iS)  ^^01       4-    \ 

=  ^3  —. .     7    =  -^3  (cot  /3  +  cot  7). 


sin  7  sin  j3 
Eq.  (19)  readily  reduces  to  the  form, 

da  =  ~  [(s3  -  S2)  cot  /3  +-  (53  —  5i)  cot  7]. 
E 


(20) 


In  Part  II,  similar  equations  derived  by  another  method  are  given 
in  the  chapter  on  Secondary  Stresses. 

Example  2. — Determine  the  change  in  the  angle  between  members  C  d  and  D  d  oi  the 
truss  of  Fig.  2  due  to  the  loading  conditions  given  in 
E.xample  3  of  Art.  209. 

Figure  11  shows  the  unit  couples  in  position.  Tl^e 
arbitrary  loads  are  as  follows:  On  member  C  d,—  1/469 
=  0.00213  lb.;  on  member  Dd,  —  1/360  =  0.00278  lb. 
Assume  the  forces  to  act  as  shown  in  Fig.  1 1 .  Only  the 
members  of  the  triangle  C  D  d  are  stressed  by  these  loads. 
All  calculations  are  given  in  the  following  table,  which 
Fig.  II.  is  based   on  eq.   (5).     Values   of   z  are  taken   from    the 

table  given   in   Example    3    of    .\rt.  209.     Angle    C  d  D 
is     decreased    0.000377    radian. 


Member. 

z 

"2 

3«2 

CD 

Cd 
Dd 

-0.0509 
+0.132 

0 

+  0.00278 

—  0.00178 

0 

—  0.000142 

—  0.000235 

0 

—  0.000377 
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The  change  in  angle  C  d  D  may  also  be  determined  from  eq.  (20). 

Let  <  C  d  D  =  a;  <  d  D  C  =  0;  <  D  C  d  —  y.  From  the  dimensions  shown  in 
Fig.  2,  cot  7  =  0,  and  cot  /3  =  0.833,  and  from  the  table  on  page  299,  fiber  stress  mC  d  = 
Si  =  -\-  81,300/10  =  +  8,130;  fiber  stress  m  D  d  =  s^  =  o\  fiber  stress  m  C  D  =  S3  = 
—  156,300/31.8  =  —  4,920.     Then    from    eq.    (20), 

(-4,920  -  8,130)0.833  +  (-4,920  +  0)0 

da  = =  —  0.000375. 

29,000,000 

>  y     C 


This  checks  the  value  given  above.  j<JiC'^  ^^   f\A^ 

216.  The  Deflection  Expressed  as  a  Function  of  the  Work  of 
Distortion. — The  work  of  distortion  of  a  member  under  stress  5 
is  equal  to  the  distortion  S  l/E  A,  multiplied  by  one-half  of  the  stress 
S;or,\iK  =  work,  we  have  for  any  member 

^  =  ^ (-> 

\        Differentiating  this  with  respect  to  an  arbitrary  load  W,  applied  as 
heretofore  explained,  we  have 

dK  _  SI     dS 
dW      EA'dW' 

and  for  all  members  we  may  write 

dK       ^Sl    dS  .    . 

=  2 (22) 

dW  EA  dW  ^    ^ 

This  expression  is  the  same  as  eq.  (6),  jj^,  the  ratio  of  increment  of 

stress  to  increment  of  load,  being  equal  to  u.  Hence  the  principle  that 
The  deflection  of  a  framed  structure,  due  to  any  given  system  of  loads ^ 
is  equal  to  the  differential  coefficient  of  the  internal  work  of  distortion, 
taken  with  respect  to  a  force  applied  at  the  point  where  the  movement  is 
desired. 

217.  Deflection  of  Structures  Containing  Members  Subjected  to 
Bending  Moments. — The  analysis  of  Arts.  207-208  relates  only  to 
members  subjected  to  direct  stress.  If  some  or  all  of  the  members 
act  as  beams,  the  expression  for  deflection  takes  a  dififerent  form, 
although  the  general  principle  is  the  same. 
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Suppose  one  of  the  members  of  the  structure  of  Fig.  i  acts  as  a 
beam  whose  moments  and  deflections  contribute  to  the  movement 
of  point  0.  In  this  case  we  will  proceed  at  once  to  get  the  internal 
Vdxi,  work  of  distortion  due  to  these  moments  and  differen- 

tiate this  with  respect  to  the  arbitrary  load  IF,  appHed 


V     i *1 

jL'       U  as  before. 

/   "— '  Let  M  =  bending  moment  in  the  beam  at  any  section 

^  due  to  the  given  loads,  and  consider  an  element  d  x  oi 

^^^-  '2-  the  beam  at  this  section  (Fig.  12).     The  stress /on  a 

M  y 
fiber  of  cross-section  d  a,  distant  y  from  the  neutral  axis,  =  —j-  d  a, 

ii/f  'V  d  X  •      " 

and  its  elongation  =  —=^  •  -=r  •     The  work  of  distortion  is 
IE 

iMydaMydx       i  M^  d  x    „  , 
tL t- = 'V  d  a. 

2       /  EI  2    EP    ' 

Integrating  this  across  the  section  A  B,  we  have,  for  the  total  work  on 
the  element  d  x, 

K^-^^dxry'da  =  -^dx.     .      .      .     (23) 
2  EP      J  A       .ZsJ     ■ 

Differentiating  this  with  respect  to  load  W  applied  at  0,  we  have 

dK      Mdx  dM 


dW        EI     dW 


(24) 


This  is  the  deflection  of  the  point  O,  due  to  the  moment  M  in  the 
element  d  x.  The  total  effect  of  the  bending  moments  throughout 
the  member  m  question  is  obtained  by  mtegrating  eq.  (24)  over  the 
length  of  the  member.  Representing  the  total  deflection  due  to  the 
bendmg  in  this  one  member  by  d,   as  in  eq.    (4),  we   then  have 

(/  =  length  of  member) 

,       PMdx  dM  /A 

^-X-ET'dW ^''^ 

lid  If  is  TTiar^P  nm'|^y.  then  d  M  Js  the  moment  at  any  point  in  the 
beam  due  to  a  load  unity  placed  at  0.  Call  this  moment  w,  corre- 
sponding tow  of  eq.  (4).     Then 

PMdx  /  ^N 

Jo    EI 
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For  any  number  of  members  acting  as  beams 

m.    . 


"])'  (/^  -,--'^    '"^    ^5^"* 


3^5 


(27) 


The  complete  expression  for  the  deflection  of  a  structure  com- 
posed partly  of  members  subjected  to  direct  stress  only  and  partly  of 
members  subjected  to  bending  moments  is  therefore 


E  A 


^  nU  d: 


•m. 


(28) 


D     Z2I2A2  C 


lateral  deflection  of  A  with  respect  to  B  due  to  the 
forces  P. 

Members  A  C  and  B  D  are  beams,  while  C  D  is 
both  a  beam  and  a  strut.  Lengths,  areas,  and 
moments  of  inertia  are  as  shown. 

Place  a  one-pound  load  at  A  acting  in  the  direc- 
tion of  yl  B.  For  members  B  D  and  A  C,  origin  at 
B  and  A,  respectively, 

M  =  P  X    and    m  =  x. 


IMi 


From  eq.   (2? 


lib. 


ZjIiA, 


lib. 


r^Mdx        p    r^  _      Ph' 

I      •  m  =  I      x^  ax  =     _  ,  . 

Jo      EI  Eh  Jo  zEh 


B 


Fig.  13. 


For  member  CZ>  as  a  beam,  M  =  P  h,  and  m  =  h.     Hence 


(Hidx  Ph^h 

I     •  m  =  . 

Jo     EI  Eh 


For  member  C  jD  as  a  strut,  S  =  P,  and  ti  =  i.     Hence 


'EA 


PI2 
EA- 


Adding  the  several  terms  we  have 


D  =  2 


Ph^       PhHj       Ph 
2EI1        Eh        EA2 


Suppose  P  =  4,000  lbs.,  h  =  30  ft.,  h  =  16  ft.,  h  =  2,000  in.S  h  =  3,000  in.S  A2  =  15 
in.2,  and  E  =  29,000,000.  We  have  D  =  2  X  0.79  +  0.86  +  o.ooi  =  2.44  in.  The 
term  o.ooi  takes  account  of  the  effect  of  the  direct  compression  in  C  D.  It  is  very  small 
compared  to  the  effect  of  bending. 

218.  Deflection  and  Slope  of  Simple  Beams.— The  deflection  of 
simple  beams  subjected  to  any  given  loading  may  be  determined  by 
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means  of  eq.  (26).  In  this  case  M  =  moment  due  to  the  applied 
loads,  and  w  =  a  ratio  which  is  equal  to  the  moment  due  to  a  one- 
pound  load  applied  at  the  point  whose  deflection  is  desired  and  acting 
in  the  direction  of  the  desired  deflection.  The  following  examples 
illustrate  the  application  of  the  general  method : 

Example  i. — Determine  the  deflection  at  the  center  of  a  simple  beam  of  span  I  sup- 
porting a  uniform  load  of  w  lb.  per  ft. 

Figure  14  shows  the  given  beam  and  the  moment  diagrams  for  M  and  m.     From 
eq.   (26) 

I 

ElJo      4  EIJL    4 

.' Di 


1000  lb. 


.W  lb.  per  ft. 


B 


lib. 


|J_=20%2401 ^ 

4--- f--- >i 


I       M  Diagram 

k 1 — ^-~ir ^ 


M=750X. 


B 


'  iyi=250  (240fX) 


?n=V2  (l-x) 


m  Diagram 

Fig.  14. 


m  Diagram 
Fig.  15. 


Since  the  M  and  m  diagrams  are  symmetrical  about  the  center  of  the  beam,  the  abo^•e 
expression  may  also  be  written  in  the  form 


I 


In  either  case  we  have 


d  = 


EI  Jo 


2  w  x^ 


{I  —  x)  d  X. 


384  E  I' 


Example  2. — Determine  the  deflection  at  the  center  of  a  srniple  beam  of  20  ft.  span 
due  to  a  load  of  1,000  lbs.  placed  at  the  quarter  point.  Assume  E  =  29,000,000  and 
/  =  100  in.* 

Figure  15  shows  the  M  and  m  diagrams.  In  substituting  in  eq.  (26)  there  must  be  a 
term  for  each  variation  in  the  form  of  the  product  M  m.     As  shown  by  the  moment 
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diagrams  of  Fig.  15,  the  product  M  m  must  be  made  up  separately  for  the  sections  A  D, 
DC,  and  C  B. 

d  =  I   m  =  ---\    I       (750A;)  -dx-\-  I         250(240  —  x)-dx 

J     EI  EI\Jq  2  Jm  2 

,     P^°2So                           "1        27,ooo,c 
+  I        (240  -  xY  dx\=  

^120       2  J 


1,000  +  99,000,000  +  72,000,000 


29,000,000  X  100 

The    slope  of    the   tangent  to    the   elastic  -Jcl,j<- 

curve  of  a  beam  may  be  determined  by  _  n^  d|  |a 
calculating  the  angle  between  a  right  line 
{a  b,  Fig.  16)  drawn  on  the  unstrained 
beam  and  the  position  of  this  same  line  ^ 
{dc,  Fig.  16)  after  the  beam  has  been 
strained.  Let  di  and  J2  respectively  de- 
note the  movement  of  points  a  and  b. 
Then  ^^°-  '^^ 

di  4-4 


0.0683  in. 


^^P'^- 


h 


(29) 


in  which  a  =  angular  change,  or  slope  of  the  elastic  curve,  and 
h  =  depth  of  the  beam  section.  Values  of  di  and  J2  may  be  obtained 
by  placing  one-pound  loads  at  a  and  c,  directed  as  shown  in  Fig. 
16.  On  substitutmg  in  eq.  (26),  the  desired  value  of  a  is  readily 
obtained   from   eq.    (29).      Instead   of    using   one-pound  loads,   we 

may  use   loads  of   i/h  at  a  and  c. 
^unit  Couple      ^^,ib.perft. Thcsc  loads  are  equivalent  to  a  unit 

"H  unit  couple  be  denoted  by  wi. 
we  have 


Then 


H 


'^M  dx 


-nix. 


(30) 


Example  3. — Determine  the  slope  of  the 
tangent  to  the  elastic  curve  at  the  left  end  of  a 
uniformly  loaded  simple  beam. 

Figure  17  shows  the  M  and  m\  diagrams. 
From  eq.  (30) 


ElJo    2  \     I     / 


3i6 


DEFLECTION   OF   STRUCTURES 


1000  lb 


Unit  Couple 


from  which 


a=  + 


24£/' 


Ex.\MPLE  4.  —  Determine  the  point  of 
maximum  deflection  in  the  beam  shown  in 
Fig.  15.      (Load  at  quarter-point.) 

The  elastic  cur\'e  is  horizontal  (zero  slope) 
at  the  point  of  maximum  deflection.  To  de- 
termine   the    point    of   maximum    deflection, 

J ™  =^240f£     place  a  unit  couple  at  a  distance  .ro  from  the 

.p^_^i/J^  end  of  the  beam  and  determine  a  from  eq. 
'  (30).  On  placing  this  value  of  a.  equal  to 
the  zero  and  solving  for  Xo,  the  position  of  the 
point  of  maximum  deflection  is  readily  de- 
termined. Figure  18  shows  the  .1/  and  nii 
diagrams. 


EI  \_     Jo      240  ^60    240  Jn 


-'"  250 

■ (240  —  x^d  X 

10      240 


=  o, 


whence 
from  which 


Xq^  —  480  Xo  +  39,600  =  o, 
.To  =  106  in. 


219.  Graphical  Method  of  Determining  the  Displacement  of  the 
Joints  of  a  Framed -Structure  (Williot-Mohr  Diagrams).— When  the 
deformations  of  the  in- 
dividual members  have 
been  computed,  the 
relative  movement  of  all 
of  the  joints  of  the 
structure  may  be  deter- 
mined by  graphical 
methods.  Consider  the 
truss  of  Fig.  19  and 
suppose  the  members  of 
the  truss  to  be  elon- 
gated or  compressed  as 


Hinge 


Rollers 


Fig.  19. 


hidicated  by  the  plus  and  minus  signs.  Required  the  new  position 
of  the  several  joints,  it  being  assumed  that  joint  A  stands  fast  and 
that  member  A  B  does  not  change  its  direction. 

To  find  the  new  position  of  joint  C  of  triangle  ABC,  plot  from 
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joint  B  a  distance  B-B'  representing  the  elongation  of  member  A  B. 
Then  A  B'  represents  the  deformed  length  of  A  B.  Draw  B'  2 
parallel  to  5  C  and  equal  to  it.  Now  plot  2-3,  the  elongation  of 
member  B  C,  and  B'  3  represents  the  deformed  length  oi  B  C.  From 
joint  C  plot  C-i,  the  compression  of  member  A  C,  and  A  1  represents 
the  deformed  length  of  member  A  C.  To  locate  the  new  positions 
of  joint  C,  strike  arcs  with  A  and  B'  as  centers  and  A  i  and  B'  3 
as  radii,  thus  locating  C\  As  explained  later  these  arcs  may  be 
drawn  as  straight  lines  perpendicular  to  the  radii.  Proceeding  in  a 
similar  manner  for  triangle  C  B  D,  the  deformed  length  of  C  Z)  is 
represented  by  C  5,  and  B'  7  represents  the  deformed  length  of  B  D. 
With  B'  and  C  as  centers,  point  D' ,  the  new  position  of  joint  D  is 
readily  located.  The  construction  may  be  extended  to  include 
triangle  B  D  E. 

If  the  same  scale  is  used  in  laying  out  the  truss  members  and  their 
elongations,  Fig.  19  will  give  the  exact  position  in  space  of  all  joints 
of  the  deformed  truss,  subject  to  the  assumed  initial  conditions. 
While  the  above  method  is  theoretically  correct,  it  cannot  be  used  in 
practice  in  the  form  given  in  Fig.  19  because,  for  accurate  results,  the 
size  of  the  layout  required  is  so  large  as  to  make  its  construction 
impracticable.  This  is  due  to  the  fact  that  the  deformations  of  the 
members  are  in  general  very  small  compared  to  their  lengths.  For 
example,  from  the  table  of  Example  i,  Art.  209,  the  deformation  of 
member  a  B  is  about  i/46ooth  part  of  the  length  of  the  member. 
Similar  relations  hold  for  other  members. 

Since  the  deformations  of  the  members  are  very  small  compared  to 
their  lengths,  the  angular  movements  of  the  members  are  also  very 
small,  and  therefore  arcs  i  C  and  3  C,  Fig.  19,  are  very  short.  Hence, 
these  arcs  may  be  represented  by  lines  at  right  angles  to  members 
A  C  and  B  C,  respectively.  If  this  approximate  construction  is  used, 
points  C  and  D'  of  Fig.  19  may  be  located  without  reference  to  the 
centers  at  A,  B' ,  and  C.  Thus  for  point  C,  perpendiculars  iC 
and  3  C  from  members  A  C  and  B'  2  produced  to  an  intersection 
give  the  position  of  point  C.  In  order  to  secure  greater  accuracy, 
the  deformations  may  be  plotted  to  a  much  larger  scale  than  used 
for  the  lengths  of  the  truss  members.  Then  to  the  scale  used  for 
the  deformations,  C  C  and  D  D'  give  the  movements,  or  deflections, 
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of  joints  C  and  D,  respectively,  assuming  point  A  to  stand  fast  and 
member  A  B  not  to  change  its  direction. 

The  motion  of  the  several  joints  may  be  determined  by  means  of 
a  diagram  entirely  separated  from  the  truss,  using  only  the  deforma- 
tions of  the  several  members.  A  diagram  of  this  type,  which  is 
known  as  a  WiUiot  Diagram,  will  now  be  constructed  for  the  conditions 
shown  in  Fig.  19. 

In  Fig.  20  let  point  A'  represent  the  position  of  the  fixed  joint  A 
of  the  truss  of  Fig.  19.  Point  A',  Fig.  20,  is  known  as  the  reference 
point  of  the  Williot  Diagram.  To  start  the  diagram  begm  with  the 
member  whose  direction  is  assumed  as  fixed.  This  is  known  as  the 
reference  member.     For  the  truss  under  consideration,  A  B  h  the 

reference  member.  From  point  A'  plot 
the  deformation  oi  A  B  parallel  to  the 
member  and  in  the  direction  which  indi- 
cates the  relative  motion  of  B  with  respect 
to  the  reference  joint  A.  Since  the  de- 
formation of  ^  5  is  an  elongation,  joint  B 
moves  to  the  right  with  respect  to  joint  A. 
Hence  the  deformation  is  plotted  to  the 
right  of  A\  as  shown  by  A'  B'  of  Fig. 
20.  Next  consider  the  movement  of  joint 
C  due  to  the  compression  of  member  A  C. 
Since  the  member  is  shortened,  joint  C 
moves  toward  joint  A  along  the  line  of 
^  -  H-  member  A  C,  that  is,  downward  and  to 
't  /f  ^^^  ^^^^  ^'^^  respect  to  the  reference 
joint  A  J  Hence  ^'  i  of  Fig.  20  represents  the  relative  motion  of  C 
with  respect  to  the  reference  point  A'  due  to  the  deformation  of 
member  A  C.  Since  member  5  C  is  elongated,  joint  C  moves  upward 
and  to  the  left  with  respect  to  joint  B.  Hence  m  Fig.  20,  5' 3, 
plotted  parallel  to  B  C  and  upward  and  to  the  left  of  B'  represents 
the  relative  motion  of  joint  C  due  to  the  elongation  of  member  B  C. 
On  drawing  i  C  and  3  C  perpendicular  to  ^'  i  and  B'  3  (perpendicular 
to  members  A  C  and  5  C  of  Fig.  19),  we  locate  C,  which  represents 
the  relative  motion  of  joint  C  with  respect  to  the  reference  point  A'. 
Since  joints  A  and  C  of  the  truss  are  a  fixed  distance  apart,  A' C 
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represents  also  the  relative  motion  of  joint  C  with  respect  to  its 
position  in  the  undeformed  truss,  that  is,  the  deflection  of  joint  C, 
subject  to  the  assumed  initial  conditions. 

On  comparing  the  figures  C'-i-C-i-t,  of  Fig,  19  and  C  i-A'-B'-t, 
of  Fig.  20,  it  can  readily  be  seen  that  they  are  identical,  for  C-2  of 
Fig.  19  is  equal  to  B-B' ,  the  elongation  of  A  B,  and  A'  B'  oi  Fig.  20 
also  represents  the  elongation  oi  A  B. 

To  extend  the  Williot  Diagram  to  include  triangle  BCD,  we 
note  from  Fig.  19  that  B  D  is  elongated,  joint  D  moving  upward  and 
to  the  right  with  respect  to  joint  B,  and  C  D  is  compressed,  joint  D 
moving  to  the  left  with  respect  to  joint  C.  To  indicate  these  deforma- 
tions in  Fig.  20,  plot  5'  7  equal  to  the  elongation  of  5  Z)  in  a  direction 
parallel  to  B  D  and  upward  and  to  the  right  with  respect  to  B',  and 
plot  C  5  equal  to  the  compression  of  C  Z)  in  a  direction  parallel  to 
C  D  and  to  the  left  of  C.  The  position  of  D'  is  located  by  drawing 
the  perpendiculars  j-D'  and  5-Z)'.  Then  the  distance  A'  D'  repre- 
sents the  motion,  or  deflection,  of  joint  D  due  to  the  deformation 
of  the  truss,  subject  to  the  assumed  initial  conditions. 

On  examining  Fig.  19  it  can  readily  be  seen  that  the  distances 
C-2  at  joint  C  and  D-6  at  joint  D  are  equal.  As  shown  above, 
C'-2  of  Fig.  19  and  C  B'  of  Fig.  20  are  identical.  Therefore,  figures 
D-s-C-B-j-D'  of  Fig.  20  and  D'  5-4-6-7-Z)'  of  Fig.  19  are  also 
identical.  Hence,  Figs.  19  and  20  give  exactly  the  same  information. 
Figure  20,  however,  has  the  advantage  of  being  more  compact  and 
requires  less  work  in  its  v    , 

construction.  Theneces-  c^  — "" — 'Ap 

sary  construction  for  the  ^^y^\\  V^^\ 

location  of  £' is  shown  ,/  X  //  \\     /, 

^  ^^s-  20.  /        ^  jv  /-  -  -^-:=^'-'^^r7i  1e 

The  Williot  Diagram   V  '"""'" fa      bB'^"^" eXI^     "^ 

of    Fig.    20    gives    the     |  ^  J 

amounts  and  directions     "^  1 

of  the  actual  movements 

in  space  of  the  joints  of  the  structure  shown  in  Fig.  19,  subject 
to  the  initial  assumption  that  joint  A  stands  fast  and  member 
A  B  does  not  change  direction.  On  Fig.  21  the  arrows  show 
the   direction   of   motion   of    each   joint,   as   given    by   the   Williot 
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Diagram  of  Fig.  20,  and  the  distances  E  E' ,  D  D' ,  etc.  (to  a  different 
scale),  show  the  actual  movement  of  the  joints.  On  connecting  these 
points  we  have  the  outline  of  the  deformed  truss,  as  shown  by  the 
dotted  lines  of  Fig.  21.  From  Fig.  21  it  will  be  noted  that  joint  E 
moves  upward  and  to  the  right  to  point  E';  but  on  referring  to  Fig.  19 
it  is  seen  that  joint  A  is  fastened  to  the  abutments  by  a  hinge  and 
that  joint  E  is  supported  by  rollers  which  permit  only  a  horizontal 
movement  of  joint  E.  Therefore,  it  is  evident  that  the  assumed 
condition  that  member  A  B  does  not  change  direction  is  incorrect. 
To  place  the  several  joints  in  their  true  positions  in  space  the  deformed 
truss  must  be  rotated  about  joint  A  until  joint  £'  takes  a  position  at 
£",  on  a  horizontal  line  through  E.  If  the  plane  of  the  roller  bed  is 
not  horizontal,  then  E  E"  is  drawn  parallel  to  the  plane  of  the  roller 

bed.     After   this    rotation 

_^ll^  has   taken   place,  the   de- 

dI'   _:k  formed     truss    takes     the 

~^^  position     shown     by    the 

dotted  lines  in  Fig.  22.     If 

the  movements  of  the  joints 

and  the  truss  diagram  are 

plotted  to  the  same  scale, 

then  the  true  displacement 

of  any  joint  may  be  determined  by  direct  measurement  from  Fig. 

22.     Thus  joint  D  moves  to   D' ,  moving  downward  a  distance  Dv 

and  to  the  right  a  distance  Dh- 

The  direct  measurement  method  of  determining  deflection,  as 
already  suggested,  is  impracticable,  because  of  the  relatively  small 
joint  movements  as  compared  to  the  lengths  of  members.  However, 
a  direct  measurement  of  the  true  movement  of  each  joint  may  be 
determined  from  the  Williot  Diagram  of  Fig.  20  if  the  positions  of  the 
joints  of  the  rotated  deformed  truss,  as  shown  by  B\  E' ,  etc.,  of 
Fig.  22,  be  located  in  Fig.  20.  In  locating  these  joints  in  Fig.  20  it 
will  be  found  that  the  construction  is  greatly  simplified  if  it  be  assumed 
that  the  undeformed  truss  {A  B  E  D  C  oi  Fig.  21)  be  rotated  about 
A  until  E  moves  through  a  vertical  distance  Ev  It  can  readily  be 
seen  that  the  joints  of  the  deformed  and  the  undeformed  trusses  then 
assume  the  same  relative  positions  in  space  as  shown  in  Fig.   22. 


Fig.  22. 
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Note  that  this  substitute  rotation  may  be  used  when  the  angular 
rotation  is  very  small,  as  in  the  case  under  consideration. 

The  Rotation  Diagram. — Methods  for  locating  the  joints  of  a  truss 
due  to  a  rotation  of  the 
structure  have  been  devised 
by  Prof.  Mohr.  Suppose 
joint  E  of  the  truss  (Fig. 
23)  is  to  be  rotated  about 
^  as  a  center  so  that  E  is 
raised  a  vertical  distance 
Ev  to  point  El.  The  angu- 
lar rotation  of  the  truss  is 


then 


=  T  ^^^" 


angle 


Fig.  23. 


'K 


4b 


\^ 


E 


A 
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being  very  small).    All  other  joints  of  the  truss  are  subjected  to  the 
same  rotation. 

The  relative  movement  of  the  several  joints  may  be  determined  by 
graphical  methods  similar  to  those  used  in  the  construction  of  the 
Williot  Diagram.    Let  A  (Fig.  24)  be  the  reference  point  for  the  Mohr 

Rotation  Diagram.  Since  the 
rotation  angle  is  very  small, 
the  motion  of  E  may  be  as- 
sumed as  at  right  angles  to 
A  E  oi  Fig.  23.  Hence,  in 
Fig.  24  plot  A  E  equal  to 
Ev,  the  vertical  movement 
of  E.  Joint  B  also  moves 
,  vertically,  but  since  A  B  oi 
Fig.  23  is  one-half  of  A  E, 
the  vertical  motion  of  B  is  one-half  that  of  E.  In  Fig.  24, 
plot  AB  =  ^A  E.  The  motion  of  joint  D  (Fig.  23)  is  at  right 
angles  to  the  radius  A  D.  The  line  A  D  oi  Fig.  24  shows  the  direction 
of  motion  of  joint  D.  Since  D  and  E  move  through  the  same  angle, 
the  distance  D  D'  of  Fig.  23  bears  the  same  relation  to  £  as  yl  D  does 

to  A  £,  that  is,  D  D'  =  Ey—j-.     In  Fig.  2^  A  D  shows  the  move- 

ment  of  joint  D  in  amount  and  direction.     Joint  C  moves  at  right 
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angles  to  A  C,  and  in  Fig.  24  A  C  shows  this  movement  in  amount 
and  direction.  Since  by  construction  the  lengths  of  the  corresponding 
lines  in  Figs.  23  and  24  are  proportional,  it  is  evident  that  on  connect- 
ing the  several  points  shown  in  Fig.  24  by  straight  lines  there  will 
result  a  figure  similar  to  that  of  the  truss  of  Fig.  23,  but  with  all  lines 
at  right  angles,  as  shown  in  Fig.  25.  Hence,  the  rotation  diagram 
may  be  constructed  directly  by  laying  off  Ev,  the  vertical  movement 
of  joint  E,  as  shown  by  A  E,  Fig.  25,  and  construct  thereon  a  small 
scale  figure  of  the  truss  as  shown.  If  the  movement  of  E  is  downward, 
lay  off  ^  £  below  A  and  draw  the  figure  of  the  truss  to  the  right  of 
A  E,  as  shown  in  Fig.  26. 

Figure  27  shows  the  Williot  Diagram  of  Fig.  20  with  the  Mohr 

Rotation  Diagram  of 
Fig.    25   added.       To 
construct  the  rotation 
diagram,  erect  a  per- 
pendicular at  A'  and 
produce    this    hne   to 
an   intersection  at  E 
with  a  horizontal  line 
through  E'.    The  line   A'  E  repre- 
sents the  vertical   distance    through 
which  joint   E  of   the    undeformed 
truss  is  to  be  rotated.     Hence,  the 
rotation  diagram  may  be  constructed 
by  drawing   a   figure    of   the   truss, 
using   A'  E  as  a  base.     Points  A\ 
B,  E,  D,  and  C  show  the  resulting 
Mohr  Rotation  Diagram. 

To  determine  the  movement  of 
any  joint  from  Fig.  27,  measure  the 
distance  from  the  position  of  that 
joint  in  the  Mohr  Rotation  Diagram 
to  the  position  of  the  same  joint  in 
the  Williot  Diagram,  using  the  scale 
to  which  the  deformations  were  laid  out.  Thus  for  joint  D,  the 
distance  D-D'    shows   the  movement  of   the   joint.     The  direction 
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of  movement  Is  from  D  to  D\  that  is,  downward  and  to  the  right. 
These  movements  are  generally  given  in  terms  of  vertical  and  hori- 
zontal components  of  motion,  as  indicated  by  Dv  and  Dh  of  Fig.  27. 

220.  ■Williot-Mohr  Diagrams.  Solution  of  Typical  Problems. — 
A  great  advantage  of  the  graphical  method  for  the  determination 
of  the  deflection  of  structures  as  given  in  Art.  219  over  the  algebraic 
method  of  Art.  208  lies  in  the  fact  that  the  former  gives,  in  a  single 
diagram,  the  displacement  of  all  joints,  while  the  latter  applies  to  but 
one  joint  at  a  time  and  in  but  one  direction.  Where  the  displacement 
of  a  single  joint  only  is  needed,  the  algebraic  method  is  very 
satisfactory. 

Accuracy  in  the  determination  of  deflection  by  graphical  methods 
may  be  secured  by  laying  out  the  deformations  to  a  large  scale.  To 
maintain  accuracy,  the  shape  of  the  diagram  should  be  kept  as  compact 
as  possible.  A  careful  selection  of  the  reference  member  will  aid  in 
securing  this  result.  Figure  28  shows  clearly  the  effect  of  the  choice 
of  the  initial  conditions  on  the  size  of  the  Williot-Mohr  Diagram. 
Figure  286  is  drawn,  using  the  center  vertical  Z>  J  as  a  reference  member. 
Since  the  truss  and  its  loading  are  symmetrical  about  this  member, 
the  truss  as  a  whole  is  not  subjected  to  a  rotation  due  to  the  deformation 
of  the  members.  Figure  28c  is  drawn,  using  member  a  5  as  a  reference 
member.  Because  of  the  position  of  the  reference  member,  the  truss 
is  subjected  to  a  considerable  rotation,  even  though  the  truss  and  its 
loading  are  symmetrical  about  the  truss  center.  This  rotation  is 
indicated  by  the  size  of  the  Mohr  Rotation  Diagram.  Note  that 
Fig.  28c  is  more  than  twice  as  large  as  Fig.  28J.  Hence,  if  a  limited 
space  is  available  for  the  diagram,  the  scale  used  for  Fig.  28c  can  be 
not  more  than  one-half  that  used  for  Fig.  286.  Greater  accuracy  can 
therefore  be  secured  by  using  the  smaller  diagram  of  Fig.  28&. 

To  secure  a  small  compact  Williot-Mohr  Diagram  in  which  the 
deformations  may  be  laid  out  to  a  large  scale,  the  following  points 
should  be  considered  in  the  selection  of  the  reference  member: 

When  the  truss  and  its  load  are  symmetrical  about  a  central  axis, 
choose  as  the  reference  member  the  center  vertical  of  a  truss  with  an 
even  number  of  panels.  If  the  Renter  vertical  is  missing,  as  in  a 
Warren  truss,  use  the  horizontal  chord  member  at  the  truss  center. 
Where  the  number  of  panels  is  uneven,  choose  a  center  panel  chord 


324 


DEFLECTION    OF   STRUCTURES 

B      -0.068     C      -0.076     D      -0.076     E      -0-068      F 


+ 
Hinge/ +  0.051 


-f  0.051    \  Rollers 


C  d 

TRUSS   DIAGRAM 


Nots:- 

This  letter 

in  Ex.  1,  A]rt.  221 


WILLIOT  DIAGRAM 
Reference  Point;  Joint  a 
Pef  erence  Member;  Member  a  u 


0         0.1      0.2 
Scale  of  Defermationa 


WILLIOT-MOHR   DIAGRAM 
Reference  Point;  Joint  a 
Reference  Member;  Merr.bcr  C  3 


Fig.  28. 


DEFLECTION  OF  STRUCTURES  325 

member.  If  the  truss  and  its  loading  are  unsymmetrical  with  respect 
to  any  axis,  choose  as  a  reference  member  some  member  near  the 
center  of  the  truss. 

The  following  problems  illustrate  the  application  of  Williot-Mohr 
Diagrams: 

Example  i. — Determine  the  mov^ement  of  a  joint  d  of  the  truss  of  Fig.  2,  Art.  2og, 
due  to  a  uniform  load  of  2,500  lbs.  per  ft.  per  truss.  Assume  that  the  truss  is  supported 
at  the  left  end  by  a  hinged  joint  and  at  the  right  end  by  rollers  which  permit  only  a  hori- 
zontal movement.  The  deformations  of  the  members  are  given  on  the  truss  diagram 
in  Fig.  28a.     These  values  were  taken  from  the  table  given  in  Example  i  of  Art.  209. 

Since  the  truss  and  its  loading  are  symmetrical  about  the  span  center,  it  can  readily 
be  seen  that  the  center  vertical  D  d  is  not  subjected  to  a  rotation  due  to  the  deformation 
of  the  truss  members.  Member  Dd  will  therefore  be  taken  as  the  reference  member 
and  joint  d  will  be  taken  as  the  reference  point.  For  the  case  under  consideration  only  a 
WiUiot  Diagram  is  required  to  obtain  the  desired  information,  for  member  Dd  moves 
parallel  to  itself  and  the  truss  as  a  whole  is  not  rotated.  Hence  a  Mohr  Rotation  Diagram 
is  not  required. 

Since  the  left  end  of  the  truss  is  fixed  in  position,  the  Williot  Diagram  will  be  drawn 
for  the  portion  of  the  truss  to  the  left  of  joint  d.  Figure  286  shows  the  Williot  Diagram 
drawn  subject  to  conditions  stated  above.  In  measuring  the  true  movement  of  joint 
d,  it  will  be  found  convenient  to  shift  the  reference  point  to  point  a  of  Fig.  286,  for  the 
corresponding  joint  cf  the  truss  is  known  to  have  a  fixed  position  in  space.  Then  the 
deflection  of  joint  d  may  be  found  by  measuring  the  distance  from  point  a  to  point  d, 
using  the  scale  to  which  Fig.  28^  is  drawn.  As  shown  in  Fig.  28^,  the  movement  of 
joint  d  with  respect  to  joint  a  is  0.860  in.  downward  and  0.157  in.  to  the  right.  These 
values  check  the  results  given  in  Examples  i  and  2  of  Art.  209. 

Figure  28c  shows  the  Williot-Mohr  Diagram  drawn  for  member  a  .B  as  the  reference 
member  and  joint  a  as  the  reference  point.  Since  the  truss  and  its  loading  are  not  sym- 
metrical with  respect  to  the  reference  member,  the  entire  diagram  must  be  constructed. 
As  joint  g  moves  upward  due  to  the  assumptions  made  regarding  the  reference  member, 
the  Mohr  Rotation  Diagram  must  be  drawn  to  represent  a  counter-clockwise  rotation 
of  the  undeformed  truss.  Accordingly,  the  rotation  diagram  is  drawn  to  the  left  of 
the  base  a'g  of  Fig.  28c.  As  explained  in  Art.  219,  the  deflection  of  any  joint  may  be 
determined  from  Fig.  28c  by  measuring  the  distance  from  the  position  of  the  given  point 
in  the  Mohr  Rotation  Diagram  to  the  position  of  the  same  point  in  the  Williot  Diagram. 
Thus  for  joint  d,  measure  the  distance  from  point  d  to  point  d'.  As  indicated  in  the 
figure,  the  results  are  the  same  as  given  by  Fig.  286.  Note  that  Fig.  28c  is  more  than 
twice  as  large  as  Fig.  28^.     Hence  the  construction  shown  in  Fig.  28^  is  preferable. 

Example  2. — Determine  the  movement  of  joint  d  of  the  truss  of  Fig.  2,  Art.  209, 
due  to  panel  loads  of  62,500  lbs.  at  joints  d,  e,  and/.  Assume  that  the  conditions  at  the 
supports  are  the  same  as  in  Example  i.  Figure  29a  shows  the  truss  diagram  with  the 
deformations  indicated  on  the  several  members.  These  values  were  taken  from  the 
table  given  in  Example  3  of  Art.  209. 

Figure  2gb  is  drawn  for  a  reference  point  at  joint  d  and  member  D  (f  as  the  reference 
member.  The  Williot  Diagram  drawn  subject  to  these  assumptions  shows  that  a'  is 
above  g'.     To  bring  the  undeformed  truss  in  line  with  a'  and  g' ,  the  truss  must  be  rotated 
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in  a  clockwise  direction.  The  resulting  Mohr  Rotation  Diagram  is  constructed  about 
a'g  as  a  base,  as  shown  in  Fig.  28^.  As  indicated  on  the  figure,  the  results  check  those 
obtained  in  Example  3  of  Art.  209. 

Figure  29c  is  drawn  for  a  reference  point  at  a  with  a  5  as  the  reference  member.  On 
comparing  the  Mohr  Rotation  Diagrams  for  Figs,  igb  and  29c,  it  will  be  noted  that  the 
Mohr  Rotation  Diagram  for  Fig.  29c  is  much  larger  than  the  one  for  Fig.  29?),  indicating 
that  the  rotation  of  the  deformed  truss  for  reference  member  a  B  is  much  greater  than 
for  reference  member  D  d.     Also  the  WiUiot-Mohr  Diagram  of  Fig.  296  is  much  more 
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compact  than  that  of  Fig.  29c.  Hence,  as  explained  in  Art.  220,  a  larger  scale  may  be 
used  in  constructing  Fig.  296  than  for  Fig.  29c  without  increasing  the  size  of  the  diagram, 
thus  securing  greater  accuracy. 

Example  3.— Solve  the  problem  stated  in  Example  4,  Art.  209,  using  graphical 
methods. 

Problems  of  this  nature  may  be  solved  by  means  of  a  Williot  Diagram  constructed 
for  the  portion  of  the  structure  between  the  joints  whose  relative  motion  is  desired. 
Fig.  30&  is  the  Williot  Diagram  for  the  portion  of  the  truss  between  joints  C  and  c,  using 
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joint  d  as  a  reference  point  and  D  J  as  the  reference  member.  This  diagram  gi%'es  the 
relative  motion  in  space  of  the  several  joints.  Considering  C  as  the  reference  pomt, 
line  C  e  represents  the  relative  motion  of  e  with  respect  to  C.  To  determine  the  com- 
ponent of  this  motion  parallel  to  line  C  e,  draw  C-i  and  e-i,  respectively,  parallel  and  per- 
pendicular to  C  e.    Measure  C-i,  which  is  the  desired  result.     From  Fig.  30b,  this  move- 
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ment  is  0.0798  in.,  which  checks  the  result  of  Example  4,  Art.  209.     Since  pomt  i  of  Fig. 
sob  is  to  the  right  of  C,  the  motion  of  e  with  respect  to  C  is  to  the  right,  or  away  from  C. 

Example  4.— The  truss  of  Fig.  2,  Art.  209,  supports  panel  loads  of  62,500  lbs.  at 
joints  d,  e,  and  /.  Assume  that  the  left  end  of  the  truss  is  supported  by  a  hinged  joint 
and  the  right  end  is  supported  by  a  roller  bed  whose  plane  is  inclined  at  an  angle  of  30° 
to  the  horizontal,  as  shovTO  in  Fig.  31a.     Determine  the  movement  of  joint  d,  using 
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graphical  methods.     The  deformations  of  the  several  members  due  to  the  given  loading 
are  as  shown  on  Fig.  31a. 

Figure  sib  shows  the  Williot  Diagram  for  this  truss,  constructed  for  a  reference  point 
at  d  and  with  D  d  as  the  reference  member.  Points  a'  and  g'  of  Fig.  316  show  the  relative 
position  of  joints  a  and  g.  To  construct  the  Mohr  Rotation  Diagram  draw  from  g'  a 
Une  g'g  parallel  to  the  plane  of  the  roller  bed,  and  through  a  draw  a  vertical  line  a'g. 
On  a'g  as  a  base,  construct  a  figure  of  the  truss,  as  shown  by  the  dotted  lines.  The  move- 
ment of  joint  d  is  measured  by  the  distance  from  d  to  d',  as  indicated  on  Fig.  31/'. 

221.  Angular    Rotation    of    Members    and    Changes    in    Angles 
between  Truss  Members  Determined  from  Williot  Diagrams.— The 

angle  of  rotation  of  any  member  of  a  truss,  due  to  the  distortion  of  the 
members  under  stress,  is  equal  to  the  arc  through  which  the  end  of  the 
member  moves  divided  by  the  length  of  the  member.  On  referring 
to  Fig.  19,  we  note  that  as  member  D  B  revolves  about  B'  as  a  center, 
joint  D  moves  along  the  arc  7  D'.  Since  the  length  of  the  arc  is  very 
small  compared  to  the  radius  5 -7,  the  angular  rotation  of  member 
D  B  is  equal  to  7  D'  divided  by  the  length  of  member  D  B.  The 
movement  of  joint  D  is  from  7  to  D\  Hence  the  angular  rotation  of 
D  B  is  m  Si  counter-clockwise  direction. 

Measurements  of  arc  may  be  made  directly  from  a  Williot  Diagram. 
Thus  in  Fig.  20,  7-Z)'  is  a  measure  of  the  arc  through  which  joint  D 
moves  and  B'  represents  the  position  of  the  center  of  rotation  for 
member  D  B. 

The  rotation  angle,  determined  as  explained  above,  is  measured  with 
respect  to  a  reference  member  which  is  assumed  to  be  fixed  in  direction. 
If  this  reference  member  is  not  fixed  in  direction,  as  assumed,  then 
the  rotation  angle  for  the  given  member  includes  also  the  rotation 
angle  for  the  reference  member.  To  determine  the  true  rotation 
angle  for  the  member,  a  correction  must  be  made  for  the  rotation 
angle  of  the  reference  member.  This  correction  angle  is  equal  to  the 
vertical  movement  of  the  free  end  of  the  truss  divided  by  the  span 
length.     Thus,  in  Fig.  21,  the  correction  angle  is  a  =  Ev/L 

Example  i.— Solve  Example  i  of  Art.  215  by  means  of  a  Williot  Diagram. 

Williot  Diagrams  for  the  truss  and  loading  conditions  stated  are  given  in  Fig.  28. 
These  diagrams  will  be  used  in  the  solution  of  the  problem. 

Figure  286  is  drawn  for  a  reference  member  whose  rotation  angle  is  known  to  be  zero. 
Hence  no  correction  is  necessary.  In  Fig.  28b  the  line  k-C  measures  the  arc  through 
which  joint  C  rotates  about  a  center  at  d.  By  measurement  to  the  scale  for  which  the 
diagram  is  drawn,  k-C  =  0.153  in-  Member  C  J  has  a  length  of  469  in-  Hence,  angle 
of  rotation  of  member  Cd  =  0.153/469  =  0.000326  radian.     The  movement  of  joint 
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C  about  a  center  at  d,  as  shown  by  Fig.  285,  is  from  k  to  C,  that  is,  in  a  clockwise  direction. 
This  checks  closely  with  the  solution  given  in  Art.  215. 

In  Fig.  28c  the  reference  member  is  not  fixed  in  direction  as  assumed.  Hence,  a 
correction  angle  must  be  applied  in  determining  the  true  rotation  angle  for  any  member. 
From  Fig.  28c  joint  C  rotates  in  a  counter-clockwise  direction  about  joint  d,  moving 
through  an  arc  d'-k.  By  measurement,  d'-k  =  0.327  in.  Hence,  the  angular  rotation 
oi  C  d  =  0.327/469  =  0.000697  radian.  From  Fig.  28c  joint  g  rises  vertically  a  distance 
of  1.840  in.,  as  measured  from  a'  to  a  horizontal  line  through  g'.  The  length  of  the  truss 
is  150  ft.  =  1,800  in.  Hence,  the  correction  angle  is  1.840/1,800  =  0.001022  radian. 
This  rotation  is  clockwise.  Therefore,  the  true  rotation  angle  of  member  C  dis  0.001022  — 
0.000697  =  0.000325  radian  in  a  clockwnse  direction.  The  same  correction  angle  is  to 
be  applied  to  all  rotations  determined  from  Fig.  28c. 

Changes  in  the  angles  between  members  of  a  truss  may  be  deter- 
mined by  combining  the  angular  rotations  for  the  members  which 
include  the  given  angle.  In  determining  these  angular  rotations,  the 
method  explained  above  may  be  used.  However,  it  is  not  necessary 
to  make  a  correction  for  rotation  of  the  reference  member,  in  case 
this  member  is  not  fixed  in  direction  as  assumed.  This  is  due  to  the 
fact  that  any  such  correction  angle  is  the  same  for  both  members, 
and  therefore  may  be  neglected. 

Example  2. — Determine  the  change  in  the  angle  between  members  C  d  and  D  d 
of  the  truss  of  Fig.  2,  due  to  the  loading  conditions  given  in  Example  3  of  Art.  209.  Solve 
by  graphical  methods.  Williot  Diagrams  for  the  truss  in  question  under  the  given  loadmg 
Ire  shown  in  Fig.  29. 

Figure  296  is  drawn  with  D  d  a.s  a,  reference  member.  Hence,  the  rotation  angle  for 
D  d  is  zero.  Joint  C  moves  through  an  arc  shown  by  the  line  k~C'.  To  the  scale  to 
which  Fig.  2gb  is  drawn,  k-C  =  0.177  in.  Member  CJ  is  469  in.  in  length.  Hence, 
v:  d  rotates  in  a  clockwise  direction  through  an  arc  of  0.177/469  =  0.000378  radian. 
Therefore,  angle  C  d  D  is  decreased  by  0.000378  radian. 

Figure  29c  is  drawn  with  member  a  J5  as  a  reference  member,  and  D  d  and  C  d  are 
both  subjected  to  a  rotation.  Member  Dd  rotates  in  a  counter-clockwise  direction 
through  an  arc  which  is  shown  by  D'd'  of  Fig.  29c.  Arc  D'd'  measures  0.181  in.,  and 
member  D  d  is  360  in.  in  length.  Angle  of  rotation  oi  D  d  is  counter-clockwise  through 
an  angle  of  0.181/360  =  0.000503  radian.  Member  Cd  rotates  in  a  counter-clockwise 
direction  through  an  arc  shown  by  k-d'  of  Fig.  29c.  This  arc  measures  0.059  in.  and 
C  d  has  a  length  of  469  in.  Angle  or  rotation  of  C  d  is  counter-clockwise  through  an 
angle  of  0.059/469  =  0.000126  radian.  Both  members  rotate  in  the  same  direction. 
On  referring  to  Fig.  29a,  we  note  that  the  combined  result  of  these  rotations  is  to  decrease 
angle  C  d  D  by  0.000503  —  0.000126  =  0.000377  radian.  These  results  check  those 
given  in  Art.  215. 

222.  Maxwell's  Law  of  Reciprocal  Deflections;  Influence  Lines 
for  Deflection. — If  the  vertical  components  of  the  movements  of 
the  lower  chord  joints,  as  given  in  Fig.  28,  be  laid  off  from  a  horizontal 
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axis  the  resulting  curve  is  the  deflection  curve  for  the  lower  chord  joints. 
A.  similar  curve  may  be  drawn  for  the  upper  chord  joints. 

Suppose  now  that  a  displacement  diagram  similar  to  Fig.  28 
be  constructed  for  a  load  of  one  pound  placed  at  d.  Let  Fig.  32  {h) 
be  the  deflection  curve  for  the  lower  chord  joints,  constructed  from 
this  diagram.  Then  any  ordinate,  as  5,,  is  the  deflection  of  joint  c 
due  to  a  load  of  one  pound  placed  at  d.  Expressed  algebraically  the 
deflection  is  given  by  the  equation 

S  ul  .    s 
(31) 


5.  =  2 


EA' 


in  which  5"  =  stress  in  any  member  due  to  the  given  loads  (one  pound 


Fig.  32. 

at  d)  and  u  =  stress  in  any  member  due  to  one  pound  placed  at  c. 
Noting  that  in  this  case  5"  is  the  stress  due  to  a  one-pound  load  at  d, 
it  will  be  seen  that  this  expression  for  deflection  at  c  is  identical 
with  the  expression  for  the  deflection  at  d  for  one  pound  placed  at  c, 
the  quantities  5  and  u  being  interchanged.  Hence  the  important 
principle  that 

The  deflection  at  d  for  a  one-pound  load  acting  at  any  other  point  c 
is  equal  to  the  deflection  at  c  for  a  one-pound  load  acting  at  d. 

For  a  load  P  placed  at  c  the  deflection  at  d  will  be  P  8c,  and  for 

any  number  of  joints  loaded  the  deflection  at  d  is  given  by  the  general 

expression 

Da=  XP  8 (32) 
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The  deflection  curve  of  Fig.  32  (b)  is  therefore  the  influence  line  for 
deflection  at  d,  from  which  the  deflection  at  this  point  can  readily  be 
calculated  for  any  given  loading.  It  is  to  be  seen  that  such  an  influence 
line  requires  the  construction  of  but  a  single  Williot  diagram,  while 
the  analytical  method  would  need  to  be  appHed  separately  for  each 
individual  joint. 

Deflection  influence  lines  are  of  special  value  m  determining 
stresses  m  redundant  members  and  reactions  of  swmg  bridges,  arches 
and  other  structures  having  redundant  supports.  Their  use  for  such 
purposes,  is  further  explained  in  Art.  225  and  in  Part  II. 

Section  II.— Stresses  in  Redundant  Members 

iS23y<jeneral  Principles. — Redundant  members  of  a  framework  are 
"those Inembers  which  are  in  excess  of  the  minimum  number  required 
to  make  the  framework  a  rigid  structure,  that  is,  one  which  is  fixed  in 
form  except  for  small  changes  due  to  stress.  The  triangle  is  the  truss 
element,  and  the  least  number  of  members  required  to  fix  the  relative 
position  of  a  given  number  of  points  may  be  determined  by  conceivmg 
the  truss  made  up  of  triangles.  The  first  elemental  triangle  has  three 
sides  and  fixes  three  pomts.  To  fix  each  additional  point  requires 
two  additional  sides,  or  members;  hence  if  ja_^Jxd^Lilumber  of  points 
andw=JxitaLmimber  of  necessary  members,  we  have  the  relation 

w  —  3  =  2  (w  —  3),     whence  «  =  2  w  —  3.      .      .      (i) 

Whether  a  truss  has  redundant  members  can  usually  be  ascertained 
by  inspection,  but  in  compUcated  cases  it  may  be  convenient  to  employ 
the  foregoing  rule,  notmg  carefully,  however,  that  every  part  of  the 
structure  has  sufficient  members  for  the  stability  of  that  part. 

Applymg  this  rule  to  the  truss  of  Fig.  38,  we  have  m  =  14  and  hence 
w  =  25.  The  actual  number  of  members  is  26,  hence  there  is  one 
redundant  member.  This  is  a  famihar  case.  Another  common 
example  of  redundancy  is  where  two  diagonals  are  used  m  the  same 
quadrilateral.  Usually  they  are  both  rods  or  bars  and  mcapable  oL 
carrying  compression,  and  the  assumption  that  they  act  only  in  tension 
enables  their  stress  to  be  determined  by  the  methods  of  statics.  If 
they  are  built  to  take  both  tension  and  compression,  the  stresses  cannot 
thus  be  determined. 
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Every  redundant  member  introduces  one  unknown  quantity  in 
excess  of  the  number  determinable  by  statics;  hence  a  structure  is  said 
to  be  singly  or  doubly  indeterminate  as  it  has  one  or  two  redundant 
members,  etc. 

The  calculation  of  the  stresses  in  structures  with  redundant  mem- 
bers is  made  possible  by  determining  the  relation  between  the  distortion 
of  the  necessary  members  and  of  the  redundant  members.  For  this 
purpose  the  general  formula  for  deflection,  eq.  (6),  may  be  utilized. 

It  is 

S  ul 


D  =  Z 


AE' 


(2) 


in  which  D  =  deflection  or  movement  of  any  joint  in  any  given  direc- 
tion due  to  any  loading,  5  =  total  stress  in  any  member  due  to  this 


loading,  u  =  factor  of  reduction  =  numerically  the  stress  in  the 
member  due  to  one  po'and  applied  at  the  point  whose  movement  is 
desired  and  actmg  ir^  the  given  direction,  and  I,  A,  and  E  are  length, 
cross-section,  and  modulus  of  elasticity  of  the  member. 

224.  Stresses  in  Structures  Having  a  Single  Redundant  Mem- 
ber.—Let  A  B,  Fig.  7,^,  represent  any  structure  loaded  in  any  manner 
(at  joints  only) ,  and  having  one  redundant  member.  In  this  case  any 
member  may  be  taken  for  the  redundant  member;  we  will  take 
member  6.  The  truss  is  hinged  at  A  and  supported  on  rollers  at  B. 
Let  Si,  S2,  S3,  etc.,  be  the  stresses  in  the  several  members,  as  yet 
unknown.  Sq  is  the  stress  in  the  redundant  member.  Represent 
lengths,  cross-sections,  and  moduH  of  elasticity  by  h,  h,  etc.,  Ai,  A2, 
etc.,  and  £1,  E2,  etc.,  respectively. 

The  desired  elastic  relation  can  be  obtained  as  follows: 

Cut  the  member  6  very  close  to  one  end,  as  at  ^,  Fig.  34.    Let  A' 
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represent  the  free  end  of  the  member.     Consider  a  force  Sq,  equal 

to  the  stress  in  6,  applied  to  jomt  A  and  also  to  the  end  of  the  member 

at  ^'.     The  stresses  in  the  various  members  will  not  be  disturbed 

by  this  operation.     If  now  the  deflection  of  the  point  A',  with  reference 

to  A  be  calculated  by  means  of  the  distortions  of  the  various  members, 

1-6,  it  must  equal  zero,  the  point  A'  bemg  very  near  A.     This  deflec- 

S  ul 
tion  is  given  by  the  formula  D  =  Zi^  -^r^,  in  which  Si^  represents  a 

summation  for  members  i-6.     Hence  we  have 

:^i^  -^r-7  =  o (3)    ■ 

EA, 

This  is  the  desired  elastic  relation.  By  expressing  5  in  terms  of  the 
external  forces  and  the  stress  in  the  redundant  member  the  latter  may 
be  calculated. 

To  put  this  into  convenient  form  for  calculation,  the  stress  S  in 
any  member  may  be  considered  as  made  up  of  two  parts:  (a)  a  stress 
S'  which  would  be  caused  by  the  external  loads  with  the. redundant 
member  6  removed,  and  (b)  a  stress  S"  due  to  forces  applied  at>4  and 
A'  equal  to  Sq.  The  first  part,  S',  is  readily  calculated  by  the  usual 
■  methods  of  statics.  The  second  part,  S",  can  also  be  calculated 
when  56  is  known.  Noting  that  u  is  the  stress  in  any  member  due  to  /^ 
I  pound  acting  towards  the  left  at  A'  (reaction  at  A  is  also  i  pound),- 
it  is  evident  that  S"  is  equal  to  Sq  u.    Hence  we  may  write  the  general    i 

relation 

S  =  S'  +S6U (4) 

For  the  redundant  member,  No.  6,  S'  =  o  and  u  =  i. 
Substituting  in  eq.  (3),  we  have 

Whence  /I 


y 


U   ly 


s.^CA-'  a  "'^ 


__-    "i^-     '"^ 

In  this  expression  all-q«antitterafe7eadily  calculated.     Careful  atten- 
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tion  must  be  paid  to  sign,  tension  being  considered  plus  and  compres- 
sion minus.  The  stress  u  is  the  stress  in  any  member  for  i  pound 
tension  in  the  redundant  member. 

The  value  of  Sq  being  obtained  from  (5) ,  the  stress  in  any  member 
is  readily  got  from  (4),  the  value  S'  and  u  being  already  calculated.  If 
E  is  constant  it  may  be  omitted  from  the  calculations. 

The  form  of  expression  is  evidently  the  same  no  matter  how  many 

necessary  members  there  may  be.     If  n  is  the  number  of  such  members 

and  r  is  the  redundant  member,  we  may  write  the  more  general 

expression 

S'ul 


2i" 


Sr=    - 


EA 


2i 


EA 


(6) 


in  which  it  is  to  be  noted  that  S'  is  the  stress  in  any  of  the  n  members 
due  to  the  given  loads,  with  the  redundant  member  removed,  and  u  is 
the  stress  due  to  a  tension  of  i  pound  in  the  redundant  member.  In 
the  denominator  the  redundant  member  itself  must  be  included,  the 
value  of  u  being  unity. 

Example  i.— Let  it  be  required  to  calculate  the  stresses  in  the  structure  of  Fig.  ZZ, 
assuming  the  following  data:  Span  length  =  30  ft.;  height  =  15  ft.;  length  of  member 
5  =  7.5  ft.;  Pi  =  40,000  lbs.;  P2  =  10,000  lbs.;  Pz  =  30,000  lbs.  The  cross-sections 
will  be  assumed  at  4  sq.  in.  for  i  and  2,  3  sq.  in.  for  3,  4,  and  6,  and  2  sq.  in.  for  5.  The 
calculations  are  given  in  a  convenient  form  in  the  table  below.     The  first  three  columns 


Mem- 
ber. 

/ 

A 

5' 

u 

ul 

A 

S'  ul 

A 

A 

56  u 

5 

I 

255 

4 

— iog.2 

-f  I.4I 

+    89.5 

—    9,760 

+  126 

+   68.0 

-41.2 

2 

25s 

4 

—  119. 2 

-f-1.41 

+   89.5 

—  10,650 

-t-  126 

-f   68.0 

-51-2 

3 

201 

3 

+  940 

-2.23 

-149-5 

-14,050 

+  334 

-107 -5 

-13-S 

4 

201 

3 

+  940 

—  2.23 

-149-5 

-14,050 

+  334 

-107 -5 

-13-5 

5 

90 

2 

-f 114.2 

—  2.00 

—  90.0 

—  10,280 

-f  180 

-   96.4 

+  17-8 

6 

360 

3 

+  1.00 

-f  1 20.0 

-(-120 

+48.* 

■«K=;s^    * 

1 



-58,790     +1,220 

5,=  -:^5M92=+48.i9. 
1,220 

contain  the  given  data.     The_stresses  -S"  are  then  calculated  with  member  A  B  removed; 
also  the  stresses,  u  due  to  i  pound  tension  in  A  B.     It  is  then  convenient  to  calculate 

—    and  from  this  the  values  of  the  next  two  columns.     Then  from  the  summations  of 
A' 
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these  values  S^  is  obtained.     Then  the  values  of  Seji,  and  finally  the  values  of  5  from 

eq.   (4). 

Example  2. — Figure  35  shows  the  common  case  of  two  diagonals  of  a  panel  of  a  lateral 

system.    Members  i  and  2  are  chord  members,  3  ahd  4  are  struts,  and  5  and  6  are  diagonals, 

assumed  for  the  present  to  be  able  to  take  either  ten- 
sion or  compression.  A  shear  of  8,000  lbs.  is  assumed 
to  e.xist  in  the  panel,  and  other  forces  are  introduced 
to  give  equilibrium.  The  other  data  are  given  in  the 
table  below.  Member  6  is  assumed  to  be  the  redun- 
dant member.  The  cross-sections  of  i  and  2  are  so 
large  that  they  may  be  assumed  as  rigid  compared 
to  5  and  6.  The  result  shows  that  6  receives  a  com- 
pression of  6.7  and  5  a  tension  of  6.2.  If  members  3 
and  4  were  also  assumed  rigid,  the  resulting  stresses  in 

5  and  6  would  be  numerically  equal,  each  member  carrying  one-half  of  the  shear;  and 

for  all  practical  purposes  this  may  usually  be  assumed  to  be  the  case.     A  common  example 


Fig.  35. 


of  stiff  diagonal  bracing  is  the  usual  cross-bracing  between  plate  girders. 

Mem- 
ber. 

/ 

A 

S' 

u 

ul 
A 

S'  ul 

A 

.4 

56  u 

5 

I 

2 

3 
4 
5 
6 

240 
240 
192 
192 

307 
307 

large 
large 

6 

6 

I 
I 

—  lO.O 

—  lO.O 

-  8.0 

-  8.0 
+  12.9 

-  -783 

-  .783 

-  .625 

—  .625 
-^I.o 

+1  0 

0 
0 

—  20.0 

—  20.0 
+307.0 
+307.0 

0 

0 
+     160 
+     160 
+  3,960 

0 

0 
+    12.5 
+    12.5 
+307.0 
+307.0 

+  5 
+5 
+4 
+4 
-6 

3 
3 
3 
3 

7 

-4-7 

-4 

-3-7 

-3-7 

+6.2 

-6.7 

+4,280     +639.0 


+  4,280 

639-0. 


=  —  6.70. 


If  5  and  6  are  tie-rods  and  are  given  an  initial  tension,  then  the  resulting  stress  in  each 
tie-rod  will  equal  the  initial  tension  plus  the  stresses  above  given.  As  soon  as  the  com- 
pressive stress  in  6  equals  the  initial  tension,  then  this  rod  becomes  idle  and  the  other  carries 
the  entire  shear,  as  usually  assumed.  A  similar  condition  exists  with  reference  to  the 
counters  of  a  truss,  excepting  that  the  areas  of  the  two  diagonals  are  not  usually  equal, 
and  the  shear  is  carried  approximately  in  proportion  to  their  areas. 

Example  3. — Figure  36  shows  a  riveted  Pratt  Truss  with  an  odd  number  of  panels 
where  a  pair  of  stiff  diagonals  capable  of  taking  either  tension  or  compression  is  used  in 
the  center  panel.  In  practice  these  center-panel  diagonals  are  usually  designed  on  the 
assumption  that  the  dead-load  stresses  are  zero  and  that  maximum  live-load  shear  under 
unsymmetrical  loading  is  divided  equally  between  the  two  diagonals.  An  exact  deter- 
mination of  these  stresses  will  now  be  made,  using  the  methods  given  in  this  article. 

Assume  that  the  truss  of  Fig.  36  is  loaded  as  follows:  Dead  panel  loads  of  20,000  lbs. 
at  each  lower  chord  joint,  and  live  panel  loads,  including  impact,  of  60,000  lbs.  at  jomts 
d  and  e.  It  will  be  assumed  that  D  c  is  the  redundant  member.  Values  of  u  are  calcu- 
lated for  a  one-pound  load  acting  as  a  tension  in  the  line  of  member  D  c.  Note  that 
only  the  members  of  panel  c  d  have  values  of  n,  and  hence  values  of  S'  are  required  only 
for  truss  members  in  panel  c  d.     All  calculations  are  given  below  m  tabular  form: 
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From  the  table  it  will  be  noted  that  there  is  a  small  tension  in  the  center  diagonals 
under  dead  load.  These  stresses  are  due  to  the  distortion  of  the  members  in  panel 
c  d,  for  the  external  shear  in  this  panel  is  zero  under  dead  load.  On  examining  the  table 
it  can  be  seen  that  if  the  areas  of  the  top  and  bottom  chord  members  in  panel  c  d  were 

CI  ..  7 

equal   the  values  of for  these  members  would  be  equal  but  opposite  in  sign  and 

hence  S  — ^  would  be  zero.     Under  this  condition  the  stresses  in  the  diagonals  would 

A 
be  zero.    If  in  any  case  the  area  of  the  bottom  chord  members  is  greater  than  the  top 
chord  members,  the  stresses  in  the  diagonals  would  be  compressive.     The  areas  of  mem- 
bers shown  in  Fig.  36  represent  the  usual  case  in  practice. 

Under  live-load  maximum  shear  in  panel  c  d  for  the  assumed  live  loading  the  tension 
diagonal  C  <i  has  a  stress  slightly  larger  than  the  compression  in  diagonal  D  c.  If  it  be 
assumed  that  the  live-load  shear  is  carried  equally  by  the  two  diagonals,  the  stress  in 
each  would  be  22,500  lbs.  The  approximate  value  is,  therefore,  only  about  3  per  cent 
less  than  the  exact  value. 

From  the  above  discussion  we  conclude  that  the  results  obtained  by  using  dead-load 


6  of  15  =75 


Note:-Figiires  shown  in  circles 

are  areas  of  members  in  square  inches 

>\ 

I 


Fig.  36. 

stresses  in  the  diagonals  as  zero  and  the  live-load  shear  as  equally  divided  between  the  two 
diagonals  are  sufficiently  correct  for  all  practical  purposes.  Approxhnate  values  of  chord 
stresses  may  be  determined  by  taking  moments  about  the  point  of  intersection  of  the 
diagonals.  By  this  method  the  center  panel  dead-load  chord  stresses  are  45,000  lbs.  and 
the  live-load  stresses  are  67,500  lbs.  These  values  are  practically  the  same  as  the  more 
exact  values  given  in  the  foregoing  table. 

Example  4. — Figure  zl  shows  a  t\-pical  end  cross-frame  for  a  deck  plate  girder  span. 
Stresses  in  the  diagonal  members  of  these  frames  are  generally  determined  on  the  assump- 
tion that  each  member  carries  half  the  horizontal  shear. 

Before  an  exact  determination  of  the  stresses  in  this  frame  can  be  made  some  assump- 
tion must  be  made  regarding  the  conditions  of  restraint  at  the  supports  A  and  B  of  Fig.  37. 
In  general,  these  frames  are  fastened  to  the  shoes  by  bolts.  If  the  bolts  fit  perfectly, 
both  bolts  may  assist  in  transferring  the  horizontal  forces  to  the  shoes.  However,  it  is 
probable  tiiat  only  one  of  the  bolts  is  in  action,  due  to  an  imperfect  fit  of  the  bolts  in  bolt 
holes.     The  following  end  conditions  may  then  exist. 

Case  A:   Bolt  at  A,  bearing;  bolt  at  B,  free.     (Fig.  37a.) 

CaseB:    Bolt  at  5,  bearing;  bolt  at /I,  free.     (Fig.  376.) 

Case  C:    Both  bolts  bearing.     (See  Art.  227.) 
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Assuming  conditions  of  restraint  as  given  by  Cases  A  and  B,  an  application  of  eq.  (i) 
to  Fig.  37  shows  that  there  is  present  one  redundant  member.  The  stress  in  the  frame 
of  Fig.  37  may  then  be  determined  by  the  method  of  this  article.  Under  the  assumptions 
made  in  Case  C  there  will  be  two  redundant  members,  one  member  of  the  frame,  and  one 
of  the  reactions.  This  problem  may  be  solved  by  the  methods  given  in  Art.  227.  (See 
Example  i,  Art.  227,  for  a  solution  of  Case  C.) 

The  solution  for  Cases  A  and  B  is  given  in  the  table  on  page  340.  Member  D  B  has 
been  taken  as  the  redundant  member.     The  resulting  stresses  are  shown  in  Fig.  37. 

From  Fig.  37  it  will  be  noted  that  for  Case  A  the  stress  in  diagonal  C  ^  is  almost 
twice  that  in  diagonal  D  B,  while  in  Case  B  the  stresses  in  the  two  diagonals  are  equal. 
To  explain  this  difference  in  stress  distribution,  note  that  in  each  case  there  are  two 
paths  over  which  the  load  travels  from  joint  C  to  the  bearing  bolt  in  the  shoe.  In  Case  A 
these  paths  are  formed  by  member  C  A  for  one  path,  and  members  CD,  D  B,  and  B  A 
for  the  other  path.  Evidently,  member  C  A  forms  the  more  direct  and  rigid  path.  In 
Case  B  members  C  D  and  D  B  form  one  path  and  members  C  A  and  A  B  form  the  other 
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Fig.  37. 


path.     Note  that  these  two  paths  are  composed  of  members  of  the  same  length  and 
cross-section. 

The  division  of  horizontal  shear  between  the  diagonal  members 
of  the  frame  of  Fig.  37  serves  to  illustrate  a  very  important  principle 
in  stress  distribution  in  structures  containing  redundant  members. 
This  principle  may  be  stated  as  follows: 

In  a  structure  containing  redundant  members  where  it  is  possible 
for  the  load  to  travel  to  the  supports  over  more  than  one  path,  the  members 
forming  the  more  rigid  and  direct  path  will  carry  the  greater  part  of  the 
load. 

From  the  study  of  the  stresses  shown  in  Fig.  37  it  would  seem  best  to  determine  the 
stresses  in  the  diagonals  by  assuming  that  each  diagonal  be  designed  to  carry  a  compres- 
sion determined  for  two-thirds  of  the  horizontal  shear,  instead  of  one-half,  as  is  used  in 
practice.    If  the  stresses  be  determined  on  this  assumption,  the  stress  in  the  compression 
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diagonal  will  be  -  X  18,000  X  — —  =  16,400  lbs.    This  is  but  slightly  greater  than 

3  78 

the  stress  shown  for  member  C  A  oi  Fig.  37a.     Assuming  one-half  the  shear  carried  by- 
each  member  gives  the  stresses  shown  in  Fig.  37  6. 

Example  5. — A  complete  analysis  will  be  made  of  the  double  triangular  truss  of  Fig. 
38.  To  do  this  it  is  only  necessary  to  calculate  the  stresses  in  all  the  members  for  a  load 
of  unity  placed  successively  on  each  of  the 
three  joints,  d,  e,  and  /.  From  symmetry, 
the  stresses  for  loads  on  b  and  c  will  then 
also  be  known.  Knowing  then  the  stresses 
due  to  a  load  of  unity  at  each  joint,  the 
effect  of  any  combination  of  loads  can  be 
determined  as  in  any  other  case.     Influence  F^G-  Sp- 

lines can  also  be  drawn  and  used  for  get- 
ting maximum  stresses.    The  three  sets  of  computations  are  all  given  in  the  table  on  page 
342.   The  member  A  a  is  taken  as  the  redundant  member  in  each  case,  and  for  this  member 

—  =  40.    The  several  values  of  S'  due  to  the  several  joint  loads  are  denoted  by  5/,  Se, 
A 

and  Sa,  and  the  final  stresses  by  Sf,  Se,  and  Sa- 
From  the  several  summations  we  have 

Sr  (load  at/)  =  -  i^^  =  -  .167;  5r(load  at  e)  =  -  — — ^  =  -  .032; 
1,516  IjS^O 

+  757-9 

Sr  (load  a.td)  = —  =  -  -Soo- 

1,516 

The  stresses  in  the  other  members  are  then  found  as  before.    They  are  given  in  the  last 
three  columns  of  the  table. 

The  effect  of  loading  any  part  of  the  bridge  can  now  be  ascertained,  and  comparisons 
made  with  the  approximate  method  of  calculation  given  in  Chapter  IV,  based  on  the 
assumption  of  independent  web  systems.  We  first  note  that  a  load  at  d  causes  no  stress 
in  the  web  members  aB,  B  c,  etc.,  and  these  results  are  therefore  exactly  the  same  as 
obtained  by  the  approximate  method.  Furthermore,  when  the  truss  is  loaded  symmetric- 
ally in  any  manner  it  will  be  found  that  the  stresses  obtained  by  the  two  methods  are 
exactly  the  same.  Hence  for  maximum  chord  stresses  and  maximum  stresses  in  a  5  and 
A  b  the  usual  method  gives  correct  results.  For  unsymmetrical  loading,  however,  there 
is  a  small  error  in  the  assumption  of  independent  systems.  Thus  it  is  seen  that  a  load 
of  unity  at  e  causes  stresses  of  .041  in  each  web  member  of  the  web  system  a  B  c,  etc. 
For  a  unit  load  at/,  the  effect  is  too  small  to  be  noticed  with  the  precision  of  calculation 
here  employed.  The  true  maximum  stress  in  C  d,  for  example,  is  found  by  adding  the 
stresses  for  loads  at  d,  e,  and/.  This  sum  is  +  .208  -|-  .041  +  .625  =  +  .874  for  unity 
loads.  By  the  usual  method  of  calculation  it  is  -f  .833,  giving  an  error  of  .041,  about 
5  per  cent.  For  member  B  c,  joints  c,  d,  e,  and  /  are  loaded.  Stress  for  load  at  c  =  stress 
in  e  F  for  load  at  e  =  -f  .874.  Total  in  S  c  therefore  =  -f  .874  -f  0.0  +  .376  =  -|-  1.25. 
The  other  method  also  gives  1.25.  It  is  evident  from  these  calculations  that  the  approx- 
imate method  gives  results  sufficiently  accurate. 
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225.  Graphical  Method  of  Calculation. — Influence  Lines  for  Stresses 
in  Redundant  Members. — The  graphical  method  of  calculating  deflec- 
tions, explained  in  Art.  222,  can  readily  be  applied  to  the  solution  of 
stresses  in  redundant  members.  The  method  of  calculation  will  be 
explained  by  the  solution  of  Example  5,  of  the  preceding  Article. 

To  apply  this  method  the  displacement  diagram  will  be  drawn  for 
the  truss  for  a  load  of  one  pound  applied  at  the  lower  end  of  the  re- 
dundant member  A  a' ,  the  member  being  cut  just  above  a.  No  other 
loads  are  to  be  considered  acting.  The  stresses  in  the  several  members 
are  given  by  the  values  of  u  in  the  preceding  table  and  the  deformations 

u  I 
(multiplied  by  E),  are  given  by  the  values  — .     The  term  E  being 

ul 
constant  may  be  neglected  and  the  values  of  —  used  directly.     It 

j± 

will  be  convenient  to  begin  the  diagram  at  g.    The  complete  diagram 

is  given  in  Fig.  39  {h).     The  correction  diagram  is  shown  in  dotted 

lines,  assuming  point  a  to  be  the  fixed  point.    The  vertical  deflection 

of  a',  Fig.  (a),  is  measured  by  the  distance  a  a'  of  Fig.  (J).     It  is  found 

to  be  1,516  units,  checking  with  the  value  of  S  -—  of  the  table.     Thr 

Ji. 

measured  vertical  deflections  of  the  lower  chord  joints  are  as  follows; 
Joint.  Deflection, 

h  1,262  down 
c  50  up 

d  756  down 
e  50  down 

/  254  down 

Plotting  these  in  Fig.  {c)  gives  the  deflection  influence  line  a"  h"  g" 
for  the  deflection  of  point  a'  of  Fig.  (a). 

To  utilize  this  diagram  for  determining  stresses  in  .4  a'  it  is  first 
to  be  noted  that  as  the  ordinate  ba  gives  the  downward  deflection  of 
point  a'  for  a  one-pound  load  applied  at  a' ,  the  length  of  this  ordinate 
represents  also  the  upward  deflection  of  a'  for  a  one-pound  load  acting 
upward  at  a'.  Consider  now  a  load  of  one  pound  acting  at  h  with 
member  A  a  cut  as  before.  The  downward  deflection  of  a'  caused 
by  this  load  is  given  by  the  ordinate  b^.     If  a  sufficient  upward  force 
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Fig.  39. 
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now  be  applied  at  a'  to  reduce  the  deflection  at  this  point  to  zero,  the 
amount  of  such  upward  force  will  be  equal  to  65/  5„.     This  upward 
force  is  evidently  the  compression  which  would  be  caused  in  the  redun- 
dant member  ^  a  for  a  one-pound  load  at  6.     In  a  smiilar  manner 
it  can  be  shown  that  the  stress  in  the  redundant  member  due  to  a  one- 
pound  load  at  c  is  a  tension  equal  to  5,/ 5.  (the  ordinate  5^  showing 
an  upward  deflection  of  a').    Hence  m  general  the  stress  in  the  redun- 
dant member  caused  by  a  one-pound  load  any  point  is  equal  to 
d/8a    where    8  =  deflection   of  given  point  for  a  one-pound  load 
acting  at  the  cut  end  of  the  redundant  member.     Due  attention  must 
be  paid  to  sign,  it  being  noted  that  when  the  deflections  5  and  5a  are 
of  hke  sign,   the  stress  in  the  redundant  member  is  compression, 
assuming  the  unit  loads  appHed  as  here  explained. 

Finally  for  any  number  of  joint  loads  P  the  total  stress  m  tne 
redundant  member  is  given  by  the  expression: 


(7) 


This  equation  is,  in  fact,  identical  with  eq.  (5)  of  Art.  224. 

In  the  present  example,  dividing  the  joint  deflections  by  1,516,  we 
have  the  following  stresses  for  one-pound  loads: 

Stress  in  A  a 

Load  at  &  -  0-832 

"     "   c  +  0.033 

c<   a  J  _  0.500 

"  "  e  -  0-033 

II      n    f  —  0.167 

These  results  are  seen  to  agree  very  closely  with  those  obtained  by  the 

analytical  method.  1  4.,.  j  *    o 

It  is  to  be  noted  that  if  the  diagram  of  Fig.  39  (^)  be  replotted  to  a 
scale  such  that  5„  =  unity  the  curve  becomes  an  in^umce  hne  jor 
stress  in  the  redundant  member.  , 

226.  Stresses  Due  to  Errors  in  Length.-ln  a  structure  with  redun- 
dant members,  if  such  members  are  not  of  exactly  the  correct  length 
mitial  stresses  will  be  caused  throughout  the  structure.     The  effect  of 


346  DEFLECTION  OF   STRUCTURES 

a  given  error  in  length  may  be  calculated.  In  Fig.  33,  if  member  6  is 
made  too  short  by  an  amount  x,  then  the  deflection  given  by  eq.  (3) 
must  be  equal  to  x.     Or,  in  general, 

^^  =  ^ (8) 

E  A 

As  before,  S  =  S'  -[■  Sr  u-,  but  in  this  case  S'  is  zero.  Substituting 
in  (8),  we  derive 

^'  =  -^W <5) 

^'       EA 

227.  Stresses  in  Structures  Having  Two  or  More  Redundant  Mem- 
bers.— The  foregoing  analysis  has  dealt  with  but  a  single  redundant 
member.  Suppose  there  are  two,  the  number  of  necessary  members 
being  n.  Let  Sr  and  5^  +  1  be  the  stresses  in  the  redundant  members, 
Ir  and  Ir  +  1  their  lengths,  etc.  6*1,  6*2,  etc.,  are  the  actual  stresses  in  the 
other  members.  Consider,  first,  the  movement  at  the  end  of  member  r. 
As  before,  this  movement  may  be  expressed  in  terms  of  the  distortions 
of  the  necessary  members  and  of  member  r.     The  equation  is  (from  (3)) 


in  which  u  is  the  stress  in  any  of  the  n  members  due  to  a  one-pound  ten- 
sion in  member  r,  the  other  redundant  member  being  retnovcd.  Likewise 
we  can  write  a  similar  expression  for  the  distortion  in  the  direction  of 
member  r  +  i,  and  have 

....      (11) 


in  which  v  is  the  stress  in  any  of  the  n  members  due  to  a  one-pound 
tension  in  member  r  -f-  i,  member  r  being  removed. 
In  this  case  we  may  also  write 

S    =    S'    +SrU+Sr^lV, (12) 

where  S'  is  the  stress  due  to  the  external  loads,  both  redundant  mem- 
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bers  being  removed.     From  these  equations  we  may  derive  the  two 
similar  equations. 

From  these  equations  Sr  and  Sr  +  i  may  be  obtained,  and  then 
S  from  eq.  (12). 

In  a  similar  manner  any  number  of  redundant  members  may  be 
dealt  with,  it  being  always  possible  to  establish  as  many  equations 
as  there  are  redundant  members. 

Example  i.— Determine  the  stresses  in  the  cross-frame  of  Fig.  37,  Example  4,  Art.  224, 
for  the  end  restraint  conditions  as- 
sumed under  Case  C.  Since  points 
A  and  B,  Fig.  40,  are  bolted  to  the 
shoes,  the  distribution  of  the  reac- 
tions to  the  shoes  is  indeterminate. 
To  determine  these  reactions,  the 
horizontal  component  of  one  of  the 
reactions  may  be  considered  as  a  re- 
dundant force  acting  on  a  member  of 
infinite  area.  Let  the  horizontal 
component  of  the  reaction  at  B  be 
assumed  as  the  indeterminate  reac- 
tion, and  let  member  ^  C  be  assumed 

as  the  redundant  member  of  the  frame.  Let  u  =  stress  in  members  due  to  a  one- 
pound  load  acting  as  a  tension  in  the  line  of  member  A  C  and  let  v  =  stress  due  to  a 
one-pound  load  acting  as  a  tension  horizontally  at  B.  The  following  table  gives  all 
calculations  in  tabular  form: 


I 


^ 10.450 


Fig.  40. 


Mem- 

I 

A 

5' 

/ 

ul 

5'  u  I 

ber. 

(Ins.) 

(Sq.  In.) 

Pounds. 

A 

A 

A 

AD 

72.0 

30 

-16,615 

-0.6782 

0 

2.4 

-    1,628 

+        27,050 

BC 

72.0 

3° 

0 

-0.6782 

0 

2.4 

—    1,628 

0 

DC 

78.0 

3 

—  18,000 

-0.7348 

0 

26.0 

-19,105 

+     343,900 

A  B 

78.0 

3 

—  18,000 

-0.7348 

-fi.o 

26.0 

-19,105 

+     343,900 

DB 

106.  2 

3 

+  24,495 

+  1.0 

0 

35.38 

+  35,383 

-f     866,700 

CA 

IC6.2 

3 

-fi.o 

35  38 

+  35,383 

Hb 

0 

+1.0 

0 

+1,581,550 
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Mem- 
ber. 

uH 

A 

vl 
A 

S'vl 
A 

.4 

U  V  I 

A 

S,u 

Hb" 

5 

AD 

1. 104 

0 

0 

0 

0 

+   9,640 

0 

-    6,975 

BC 

I.  104 

0 

0 

0 

0 

+   9,640 

0 

+   9,640 

DC 

14.038 

0 

0 

0 

0 

+  10,450 

0 

-    7,550 

AB 

14.038 

+  26 

—  468,000 

+  26 

-19.105 

+  10,450 

+  7,550 

0 

DB 

35-383 

0 

0 

0 

0 

+  14,210 

0 

+  10,285 

CA 

35-383 

0 

—  14,210 

+  7,550 

—  14,210 

Eb 

0 

0 

0 

+   7,550 

+  101.050 


—468,000    +26      —19.105 


Substituting  in  eqs.  (13)  and  (14),  letting  Sr  =  stress  in  redundant  member  and  Hb  = 
horizontal  component  of  reaction  at  B,  we  have  the  following  simultaneous  equations: 


101.050  5r  —  19-105  Hb==  —  1,581,550, 
—  19.105  Sr  +  26.0  Hb  =  468,000, 


from  which 


Sr  =  —  14,310  and  Hb  =  7,55o. 

The  stresses  in  the  members  of  the  cross-frame  are  shown  in  Fig.  40.     Note  that  the 
stresses  are  practically  an  average  of  the  values  given  in  Fig.  37  for  Cases  A  and  B. 

228.  Calculations  of  Deflection  of  Structures  Containing  Redun- 
dant Members. — The  values  of  u  required  for  the  calculation  of  the 


C    D 


C    D> 


Wj  W2  W3  w, 


^ 


C    D 


|s4c  Id  I   F 
Wi  W2  W3  W4 

Fig.  41. 


^ 


lib. 


deflection  of  structures  containing  redundant  members  may  be 
determined  as  for  the  simple  structure  found  by  removing  the  redun- 
dant member.  Thus  in  Fig.  41  a,  suppose  the  vertical  deflection  of 
joint  d  be  required.  It  is  evident  that  the  conditions  of  static  and 
elastic  equilibrium  of  the  structure  will  not  be  changed  if  member 
D  c  be  removed  and  in  its  place  forces  Sr  equal  to  the  stress  in  the 
member  be  substituted,  as  shown  in  Fig.  41  b.  A  structure  without 
redundant  members  is  thus  obtained,  but,  due  to  the  presence  of  the 
forces  Sr,  the  stresses  6*  in  all  members  are  the  same  as  if  the  redundant 
member  were  in  place.  Then  to  determine  values  of  ti  for  deflection 
of  joint  d,  place  a  one-pound  vertical  load  at  d  and  calculate  stresses 
in  the  truss  as  shown  in  Fig.  41  b,  which  will  give  the  same  values  of  u 
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as  will  be  obtained  by  using  the  truss  of  Fig.  41  c,  a  simple  truss 
without  a  redundant  member.  Considerable  time  required  in  the 
determination  of  stresses  u  is  thus  saved  by  the  elimination  of  the 
redundant  member. 

We  may  then  state  the  general  principle  that  in  calculating  the 
deflection  of  trusses  with  one  or  more  redundant  members,  the  stresses  or 
ratios  u  may  be  determined  by  using  a  truss  with  the  redundant  members 
eliminated.  The  same  result  will  be  obtained,  as  must  necessarily  be 
the  case,  if  the  redundant  members  are  not  removed,  but  the  process 
will  be  considerably  lengthened  thereby.  The  values  of  u  will  be 
different,  but  there  will  be  additional  terms  to  include  in  the  summa- 
tion (corresponding  to  the  redundant  members)  and  the  sum  total  will 
be  the  same.  The  general  relations  may  be  made  clear  if  we  consider 
that  the  lengths  of  the  necessary  members  (excluding  the  redundant 
members)  are  sufficient  to  fix  the  relative  positions  of  the  joints  of 
the  truss,  and  therefore  the  new  or  deflected  positions  of  the  joints 
can  be  completely  determined  by  considering  the  deformations  of 
the  necessary  members  only. 

Figure  42  a  shows  a  continuous  truss  structure.  To  determine 
values  of  u  for  this   structure,  ^      ^ 

consider  that  the  chord  member 
over  the  center  support  is  a  re- 
dundant member.      Remove  this  Continuous  Truss 

\a) 
member,  forming  the  two  simple 


spans  shown  in  Fig.  42  b.    Values 
of  u  may  then  be  determined  for 

the    span    containing    the     point  structure  for  calculation  of  values  of  M 

'■  ,         •      1      •       1         -T'  Two  Simple  Trusses 

whose  deflection  is  desired,     r  or  i^-^ 

the  two-hinged  arch  of  Fig.  43  a,  P^^  ^^ 

remove   the   center    top    chord 

members,  forming  the  three-hinged  arch  shown  in  Fig.  43  b.  It  must 
be  remembered,  however,  that  the  stresses  S  to  be  used  in  eq.  (6), 
Art.  208,  must  be  calculated  for  the  structure  with  the  redundant 
member  in  place.  Only  the  values  of  u  may  be  determined  for  the 
simple  structures. 

Graphical  determination  of  deflections  of  structures  containing 
redundant  members  by  means  of  Williot-Mohr  Diagrams  may  also 
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Stracture  for  calculation  of  values  of  ^ 
Three-Hinged  Arch 

Fig.  43. 


be  made,  using  the  simple  structures  shown  in  Figs.  41  c,  42  b,  and 

43  ft.  As  a  check  on  the  graphical 
work,  it  should  be  noted  that  in  Fig. 
41  f  the  movement  of  joint  D  with 
respect  to  joint  c  in  the  direction  of 
member  D  c  must  be  equal  to  the 
deformation  of  member  D  c,  Fig. 
41  a,  under  its  stress  Sr.  Also  in 
Figs.  42  and  43  the  movement  of 
point  a  with  respect  to  point  b  must 
be  equal  to  the  deformation  of  mem- 
ber A  B. 

229.  The  Principle  of  Least  Work 
Applied  to  Structures  with  Redundant 

„  S  ul 
Members. — By  Art.  216   the  expression  for  deflection   -  ^   . ,  may 

S}_    dS 

EA'dW 

ternal  work  with  respect  to  a  force  W  applied  at  the  joint  in  ques- 
tion. Taken  as  explained  in  Art.  223  this  deflection  is  zero;  that 
is,  the  first  derivative  of  the  internal  work,  with  respect  to  a  force 
applied  at  the  end  of  the  redundant  member,  is  zero.  But  if  the 
first  derivative  of  a  function  is  zero,  that  function  is  either  a  maximum 
or  a  minimum.  In  this  case  it  must  be  a  minimum.  Hence  it  may 
be  said  that  the  stresses  in  a  structure  with  redundant  members  are 
so  distributed  that  the  internal  work  of  distortion  is  a  minimum.  This 
is  the  well-known  principle  of  least  work. 


be  written   Z 


and  is  the  dift'erential  coefficient  of  the  in- 
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Changes  in  angles  between  truss  members,  algebraic  methods 309 

graphical  methods 33° 

Chord  increments,  method  of iS4 

Chord  stresses,  effect  of  portals  on 268 

for  concentrated  loads 201,  220,  227 

for  uniform  loads i3i»  ^57 

Chords,  defined S 

CoeflScients,  method  of I5S 

Components  of  stresses  in  inclined  members 156 

Compound-triangular  truss 183 

Concentrated  loads,  methods  of  calculation  for 208 

Concurrent  forces,  analysis  of 16 

Conventional  load  systems 244 

Cooper's  loadings 244 

tabulation  for 208 

Counterbrace,  defined S 

Counters,  exact  analysis  of 33^ 

Couple,  defined ^5 

Curved-chord  Pratt  truss 163 

Curved-chord  trusses ^^7 

Curved  track,  stresses  due  to 273 
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Dead  loads  for  highway  bridges i^S 

railway  bridges i^S 

roof  trusses 79 

Deck-bridge,  defined 7 

Deck  Pratt  truss,  analysis  of IS2 

Deflection  as  a  function  of  work 3^^ 

due  to  errors  of  length 3°2 

stress 296 

temperature  changes 300 

formula  for  a  Pratt  truss 303 

from  chords  and  web 3^4 

graphical  determination  of 3^^ 

of  a  Pratt  truss 297,  325 

of  beams 3^^ 

of  trusses ^93 

of  trusses  containing  redundant  members 3°^ 

Displacement  diagrams 3io 

Double-intersection  trusses ^7i>  i77.  239 

Double  Warren  truss ^74 

exact  analysis  of 34i>  343 

with  sub-verticals ^°3 
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Eccentricity  of  track,  stresses  due  to 276 

Elastic  limit,  defined 3 

Ele^'ated  railroad  bent,  stresses  in 281 

End  bracing,  stresses  in 273 

End  post,  stresses  in 258 

Equilibrium,  defined 15 

Equilibrium  polj^gon 24 

for  concentrated  loads 223 

for  moments 42 

through  three  points 38 

Equivalent  load  systems 246 

uniform  loads 247 

Excess  loads 247 

F 

Fink  truss,  history  of il 

Fink  roof  truss 77>  94 

Floor-beam  load,  maximum 204 

Floor  loads 86 

Force,  defined ' i»  iS 

G 

Graphical  analysis  for  concentrated  loads 218 

concurrent  forces 16,  18 

fixed  loads 63,  72 

non-concurrent  forces 24 

determination  of  deflection  of  trusses 316 

H 

Highway  bridges,  live  loads  for 117 

weight  of 116 

History  of  truss  development 7 

Howe  truss,  defined 1^3 

analysis  of i54 

I 

Inclined  members,  stresses  in ' 156 

Influence  lines,  construction  of 187 

defined 187 

for  deflections 33° 

double-intersection  trusses 239 

equivalent  uniform  loads 249 

floor-beam  load 204 

moments  in  a  beam 196 

a  truss 201 

Pettit  truss 235 

reaction ^9° 
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Influence  lines,  shear  in  a  beam 192 

truss 206 

stresses  in  redundant  members 332 

skew-bridges 242 

web  stresses  in  curved-chord  stresses 227 

use  of  in  general 189 

graphical  analysis 226 

Initial  tension,  effect  on  stresses 33(> 

L 

Lateral  trusses,  analysis  of 259 

Lattice  girders,  analysis  of 176 

weight  of 116 

Least  work,  principle  of 35° 

Live  load  for  highway  bridges n? 

railway  bridges 244 

roofs 82 

Load-line 220 

M 

Mains  and  counters,  defined 5 

Maxwell's  law  of  deflections 33° 

Modulus  of  elasticity 3 

Moment,  defined iS 

in  a  beam 121,  196 

truss 134,  201,  220 

Moment  of  inertia 45 

Moments,  diagram  of,  for  concentrated  loads 208,  220 

graphical  method  of 42 

N 
Non-concurrent  forces,  analysis  for 23 

r 

Panel  concentrations,  calculation  of 217 

Panel  loads 118 

Parallel  forces,  graphical  analysis  fcr 27 

Pegram  truss 168 

Pettit  truss '. "4 

analysis  of 181,  235 

Plate  girders,  weight  of 116 

Pony  truss,  defined 7 

Portal  bracing,  analysis  of 258,  283 

stresses 268 

Portals  in  buildings 285 

Post  truss,  history  of ^3 

Pratt  truss,  analysis  of i47,  211,  216 

deflection  of 297,  325 

depth  for  maximum  economy 3°5 

history  of ^3 
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Radius  of  gyration,  determination  of 48 

Railway  bridges,  loads  for "7 

weight  of 116 

Reaction  polygon 191 

Reactions,  determination  of 49.  5^ 

for  roof  trusses ^° 

bridge  trusses ^^^ 

Redundant  members,  stresses  in 332 

Resultant,  defined ^" 

of  concurrent  forces ^" 

non-concurrent  forces 23 

Roof  trusses,  analysis  of 77 

apex  loads  for °7 

arch  truss '  ^'  ^°S 

dead  loads  for 79 

fan  truss 7° 

Fink  truss 77,  94 

forms  of 77 

French  truss 77 

Howe  truss °^ 

live  loads  for 

quadranguloj  truss 99 

reactions  for 

saw-tooth ^ 

snow  load  for S 

unsymmetrical ^°9 

weight  of 79 


wind  load. 


82 
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Schwedler  truss. 


167 

Shear  in  beams  for  concentrated  loads ^9°,  192 

uniform  loads ^  ^" 

influence  line  for ^9° 

trusses  for  concentrated  loads 2°°»  ^^S 

uniform  loads ^^ 

influence  line  for ^° 

Skew-bridges,  analysis  for  concentrated  loads 242 

uniform  loads ^°S 

influence  lines  for ^'^^ 

Skew-portals .  


Slope  of  beams ^^'^ 

Snow  load 

Strain,  defined 

Statically  indeterminate 


Snow  load 

Strain,  defined 

structures ^^^'  34° 

Stress  defined 

Stress  diagram ■* 
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Struts,  defined 4 

Sway-bracing 272 

T 

Through-bridge,  defined 7 

Ties,  defined 4 

Towers,  analysis  of 290 

Tractive  force,  stresses  due  to 280,  289 

Train  loads 244 

Transverse  bracing 272 

Trestles,  analysis  of 286 

Triple-intersection  truss 1 74 

Truss,  action  of  a 6 

defined 4 

historical  development  of 7>  10 

members,  angular  rotation  of 307>  329 

Trusses,  deflection  of 293 

economic  depth  of S°S 

See  also  Bridge  Trusses  and  Roof  Trusses. 
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Warren  truss 113 

analysis  for  concentrated  loads 215 

uniform  loads 140 

double-intersection 1 74 

with  verticals 146 

Web  members,  defined 5 

Web  stresses  in  trusses  with  curved  chords 158,  227 

parallel  chords 136,  206 

for  concentrated  loads 206,  223,  227,  233 

uniform  loads 136,  158 

Weight  of  floor  loads 86 

highway  bridges 116 

railway  bridges 116 

roof  coverings 79 

roof  trusses 80 

Wheel-load  tabulation 208 

WTiipple  truss 113 

analysis  for  concentrated  loads 239 

uniform  loads 171 

history  of 12 

Williot  diagrams 3^6 

Wind  bracing.     See  Lateral  Trusses  and  Portal  Bracing. 

Wind  pressure 82 

on  bridges 258 

trestles  and  towers 288,  291 

overturning  effect  of 271 

Work  of  deflection 3^"^ 

principle  of  least  work 35° 
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